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Series Preface 

Mathematics is playing an ever more important role in the physical and 
biological sciences, provoking a blurring of boundaries between scientific 
disciplines and a resurgence of interest in the modern as well as the clas
sical techniques of applied mathematics. This renewal of interest, both in 
research and teaching, has led to the establishment of the series: Texts in 
Applied Mathematics (TAM). 

The development of new courses is a natural consequence of a high level of 
excitement on the research frontier as newer techniques, such as numerical 
and symbolic computer systems, dynamical systems, and chaos, mix with 
and reinforce the traditional methods of applied mathematics. Thus, the 
purpose of this text book series is to meet the current and future needs of 
these advances and encourage the teaching of new courses. 

TAM will publish textbooks suitable for use in advanced undergraduate 
and beginning graduate courses, and will complement the Applied Math
ematical Sciences (AMS) series, which will focus on advanced textbooks 
and research level monographs. 

California Institute of Technology 
Brown University 
University of Houston 

J .E. Marsden 
L. Sirovich 

M. Golubitsky 



Preface 

This textbook has grown out of a course that we teach periodically at the 
University of Iowa. We have beginning graduate students in mathematics 
who wish to work in numerical analysis from a theoretical perspective, and 
they need a background in those "tools of the trade" that we cover in this 
text. Ordinarily, such students would begin with a one-year course in real 
and complex analysis, followed by a one- or two-semester course in func
tional analysis and possibly a graduate level course in ordinary differential 
equations, partial differential equations, or integral equations. We still ex
pect our students to take most of these standard courses, but we also want 
to move them more rapidly into a research program. The course based on 
this book is designed to facilitate this goal. 

The textbook covers basic results of functional analysis and also some 
additional topics that are needed in theoretical numerical analysis. Ap
plications of this functional analysis are given by considering, at length, 
numerical methods for solving partial differential equations and integral 
equations. 

The material in the text is presented in a mixed manner. Some topics are 
treated with complete rigor, whereas others are simply presented without 
proof and perhaps illustrated (e.g., the principle of uniform boundedness). 
We have chosen to avoid introducing a formalized framework for Lebesgue 
measure and integration and also for distribution theory. Instead we use 
standard results on the completion of normed spaces and the unique ex
tension of densely defined bounded linear operators. This permits us to 
introduce the Lebesgue spaces formally and without their concrete realiza
tion using measure theory. The weak derivative can be introduced similarly 
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using the unique extension of densely defined linear operators, avoiding the 
need for a formal development of distribution theory. We describe some 
of the standard material on measure theory and distribution theory in 
an intuitive manner, believing this is sufficient for much of subsequent 
mathematical development. In addition, we give a number of deeper re
sults without proof, citing the existing literature. Examples of this are the 
open mapping theorem, the Hahn-Banach theorem, the principle of uniform 
boundedness, and a number of the results on Sobolev spaces. 

The choice of topics has been shaped by our research program and inter
ests at the University of Iowa. These topics are important elsewhere, and 
we believe this text will be useful to students at other universities as well. 

The book is divided into chapters, sections, and subsections where appro
priate. Mathematical relations (equalities and inequalities) are numbered 
by chapter, section, and their order of occurrence. For example, (1.2.3) is 
the third-numbered mathematical relation in Section 1.2 of Chapter 1. Defi
nitions, examples, theorems, lemmas, propositions, corollaries, and remarks 
are numbered consecutively within each section, by chapter and section. For 
example, in Section 1.1, Definition 1.1.1 is followed by Example 1.1.2. 

The first three chapters cover basic results of functional analysis and 
approximation theory that are needed in theoretical numerical analysis. 
Early on, in Chapter 4, we introduce methods of nonlinear analysis, as stu
dents should begin early to think about both linear and nonlinear problems. 
Chapter 5 is a short introduction to finite difference methods for solving 
time-dependent problems. Chapter 6 is an introduction to Sobolev spaces, 
giving different perspectives of them. Chapters 7 through 10 cover material 
related to elliptic boundary value problems and variational inequalities. 
Chapter 11 is a general introduction to numerical methods for solving in
tegral equations of the second kind, and Chapter 12 gives an introduction 
to boundary integral equations for planar regions with a smooth boundary 
curve. 

We give exercises at the end of most sections. The exercises are numbered 
consecutively by chapter and section. At the end of each chapter, we provide 
some short discussions of the literature, including recommendations for 
additional reading. 

During the preparation of the book, we received helpful suggestions 
from numerous colleagues and friends. We particularly thank P.G. Ciar
let, William A. Kirk, Wenbin Liu, and David Stewart. We also thank the 
anonymous referees whose suggestions led to an improvement of the book. 

Kendall Atkinson 
Wei min Han 

Iowa City, IA 
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1 
Linear Spaces 

Linear (or vector) spaces are the standard setting for studying and solving 
a large proportion of the problems in differential and integral equations, 
approximation theory, optimization theory, and other topics in applied 
mathematics. In this chapter, we gather together some concepts and re
sults concerning various aspects of linear spaces, especially some of the 
more important linear spaces such as Banach spaces, Hilbert spaces, and 
certain other function spaces that are used frequently in this work and in 
applied mathematics generally. 

1.1 Linear spaces 

A linear space is a set of elements equipped with two binary operations, 
called vector addition and scalar multiplication, in such a way that the 
operations behave linearly. 

Definition 1.1.1 Let V be a set of objects, to be called vectors; and let 
K be a set of scalars, either ~ the set of real numbers, or C the set of 
complex numbers. Assume there are two operations: (u, v) f--> U + v E V and 
(a, v) f--> av E V, called addition and scalar multiplication, respectively, 
defined for any u, v E V and any a E K. These operations are to satisfy 
the following rules. 

1. U + v = v + U for any u, v E V (commutative law); 

2. (u + v) + w = u + (v + w) for any u, v, wE V (associative law); 
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3. there is an element 0 E V such that O+u = u Jor any u E V (existence 
oj the zero element); 

4. Jor any u E V, there is an element -u E V such that u + (-u) = 0 
(existence oj negative elements); 

5. lu = u Jor any u E V; 

6. a({3u) = (a{3)u Jor any u E V, any a, {3 E OC (associative law Jor 
scalar multiplication); 

7. a(u + v) = au + av and (a + (3)u = au + {3u Jor any u,v E V, and 
any a, {3 E OC (distributive laws). 

Then V is called a linear space, or a vector space. 

When OC is the set of the real numbers, V is a real linear space; and when 
OC is the set of the complex numbers, V becomes a complex linear space. In 
this work, most of the time we only deal with real linear spaces. So when 
we say V is a linear space, the reader should usually assume V is a real 
linear space, unless explicitly stated otherwise. 

Some remarks are in order concerning the definition of a linear space. 
From the commutative law and the associative law, we observe that to add 
several elements, the order of summation does not matter, and it does not 
cause any ambiguity to write expressions such as u + v + w or I:~=1 Ui. 

By using the commutative law and the associative law, it is not difficult 
to verify that the zero element and the negative element (-u) of a given 
element u E V are unique, and they can be equivalently defined through 
the relations v + 0 = v for any v E V, and (-u) + u = O. Below, we write 
u - v for u + (-v). 

Example 1.1.2 (a) The set oj the real numbers JR. is a real linear space 
when the addition and scalar multiplication are the usual addition and mul
tiplication. Similarly, the set oj complex numbers C is a complex linear 
space. 

(b) Let d be a positive integer. The letter d is used generally in this work Jor 
the spatial dimension. The set oj all vectors with d real components, with 
the usual vector addition and scalar multiplication, Jorms a linear space 
JR.d. A typical element in JR.d can be expressed as x = (Xl, ... , xdf, where 
Xl, ... , Xd E R Similarly, Cd is a complex linear space. 

(c) Let 0 ~ JR.d be an open subset oj JR.d. In this work, the symbol 0 
always stands Jor an open subset oj JR.d. The set oj all the continuous Junc
tions on 0 Jorms a linear space C(O), under the usual addition and scalar 
multiplication oj Junctions: For J,g E C(O), the Junction J + g defined by 

(f + g)(x) = J(x) + g(x) xE 0, 
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belongs to c(n); so does the scalar multiplication function a f defined 
through 

(a f)(x) = a f(x) xEn. 

Similarly, c(n) denotes the space of continuous functions on the closed set 
n. Clearly, C(n) ~ C(n). 

(d) A related function space is C(D), containing all functions f : D ---> IK 
that are continuous on a general set D ~ IRd. The arbitrary set D can 
be an open or closed set in IRd , or perhaps neither; and it can be a lower 
dimensional set such as a portion of the boundary of an open set in IRd. 
When D is a closed and bounded subset of IRd , a function from the space 
C(D) is necessarily bounded. 

(e) For any non-negative integer m, we may define the space cm(n) as the 
space of all the functions that together with their derivatives of orders up 
to m are continuous on n. We may also define the space cm(n) to be the 
space of all the functions that together with their derivatives of orders up 
to m are continuous on n. These function spaces are discussed at length in 
Section 1.4. 

(f) The space of continuous 27r-periodic functions is denoted by Cp (27r). It 
is the set of all f E C( -00,00) for which 

f(x + 27r) = f(x) - 00 < x < 00. 

For an integer k 2: 0, the space C;(27r) denotes the set of all functions 
in Cp (27r) that have k continuous derivatives on (-00,00). We usually 
write C2(27r) as simply Cp (27r). These spaces are used in connection with 
problems in which periodicity plays a major role. 

Definition 1.1.3 A subspace W of the linear space V is a subset of V 
that is closed under the addition and scalar multiplication operations of V, 
i. e., for any u, v E Wand any a ElK, we have u + v E Wand av E W. 

It can be verified that W itself, equipped with the addition and scalar 
multiplication operations of V, is a linear space. 

Example 1.1.4 In the linear space 1R3 , 

W = {x = (Xl,X2,of I Xl,X2 E IR} 

is a subspace, consisting of all the vectors on the Xlx2-plane. In contrast, 
~ T 
W = {x = (Xl,X2, 1) I Xl,X2 E IR} 

is not a subspace. Nevertheless, we observe that W is a translation of the 
subspace W, 

~ 

W=xo+W, 

where Xo = (O,O,l)T. The set tV is an example of an affine set. 
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Given vectors Vb . .. ,Vn E V and scalars Q;l, ..• ,Q;n ElK, we call 

n 

L Q;iVi = Q;lVl + ... + Q;nVn 

i=l 

a linear combination of vb .. " vn . It is meaningful to remove "redundant" 
vectors from the linear combination. Thus we introduce the concepts of 
linear dependence and independence. 

Definition 1.1.5 We say VI,"" Vn E V are linearly dependent if there 
are scalars Q;i ElK, 1 ~ i ~ n, with at least one Q;i non-zero such that 

n 

LQ;iVi = O. 
i=l 

(1.1.1) 

We say VI, ••• ,Vn E V are linearly independent if they are not linearly 
dependent, meaning that the only choice of scalars {Q;i} for which (1.1.1) 
is valid is Q;i = 0 for i = 1,2, ... ,n. 

We observe that VI, ... ,Vn are linearly dependent if and only if at least 
one of the vectors can be expressed as a linear combination of the rest of 
the vectors. In particular, a set of vectors containing the zero element is 
always linearly dependent. Similarly, Vb ... ,Vn are linearly independent if 
and only if none of the vectors can be expressed as a linear combination of 
the rest of the vectors; in other words, none of the vectors is "redundant." 

Example 1.1.6 In ]Rd, d vectors XCi) = (xii), ... , X~i)) T, 1 ~ i ~ d, are 
linearly independent if and only if the determinant 

(1) (d) 
Xl ... Xl 

(1) (d) 
Xd •.• Xd 

is non-zero. This follows from a standard result in linear algebra. The con
dition (1.1.1) is equivalent to a homogeneous system of linear equations, 
and a standard result of linear algebra says that this system has (0, ... ,0) T 

as its only solution if and only if the above determinant is non-zero. 

Example 1.1.7 Within the space e[O,I], the vectors 1, X, x2 , • •• ,xn are 
linearly independent. This can be proven in several ways. Assuming 

n 

LQ;jXj = 0, 
j=O 

o ~ X ~ 1, 

we can form its first n derivatives. Setting X = 0 in this polynomial and its 
derivatives will lead to Q;j = 0 for j = 0,1, ... ,n. 
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Definition 1.1.8 The span of Vl, ... , Vn E V is defined to be the set of all 
the linear combinations of these vectors: 

span { Vl, ... , Vn } = {t CtiVi I Cti ElK, I::; i ::; n } . 

Evidently, span {Vl, ... , vn } is a linear subspace of V. Most of the 
time, we apply this definition for the case where Vl, ... , Vn are linearly 
independent. 

Definition 1.1.9 A linear space V is said to be finite dimensional if there 
exists a finite maximal set of independent vectors {Vl, ... , vn }; i. e., the 
set {Vl, ... , vn } is linearly independent, but {Vl, ... , V n , vn + l} is linearly 
dependent for any Vn+1 E V. The set {Vl, ... , vn } is called a basis of the 
space. If such a finite basis for V does not exist, then V is said to be infinite 
dimensional. 

We see that a basis is a set of independent vectors such that any vector 
in the space can be written as a linear combination of them. Obviously a 
basis is not unique, yet we have the following important result. 

Theorem 1.1.10 For a finite-dimensional linear space, every basis for V 
contains exactly the same number of vectors. This number is called the 
dimension of the space. 

A proof of this result can be found in most introductory textbooks on 
linear algebra; for example, see [3, Section 5.4]. 

Example 1.1.11 The space ]R.d is d-dimensional. There are infinitely 
many possible choices for a basis of the space. A canonical basis for 
this space is {ei = (0, ... ,0, Ii, 0, ... ,O)T}f=l in which the single I is in 
component i. 

We introduce the concept of a linear function. 

Definition 1.1.12 Let L be a function from the linear space V to the linear 
space W. We say L is a linear function if 
(a) for all u, v E V, 

L(u + v) = L(u) + L(v); 

(b) for all v E V and all Ct ElK, 

L(Ctv) = CtL(v). 

For such a linear function, we often write 

L(v) = Lv, v E V. 

This definition is extended and discussed extensively in Chapter 2. 
Other common notations are linear mapping, linear operator, and linear 
transformation. 
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Definition 1.1.13 Two linear spaces U and V are said to be isomorphic 
if there is a linear bijective (i. e., one-to-one and onto) function l ; U -t V. 

Many properties of a linear space U hold for any other linear space V 
that is isomorphic to U; and then the explicit contents of the space do 
not matter in the analysis of these properties. This usually proves to be 
convenient. One such example is that if U and V are isomorphic and are 
finite dimensional, then their dimensions are equal, a basis of V can be 
obtained from a basis of U by applying the mapping l, and a basis of U 
can be obtained from a basis of V by applying the inverse mapping of l. 

Example 1.1.14 The set Pk of all polynomials of degree less than or equal 
to k is a subspace of continuous function space C[O, 1]. An element in the 
space Pk has the form ao + alX + ... + akxk. The mapping l ; ao + alX + 
... + akxk ...... (ao, al, ... , ak)T is bijective from Pk to ]Rk+l. Thus, Pk is 
isomorphic to ]Rk+l. 

Definition 1.1.15 Let U and V be two linear spaces. The Cartesian 
product of the spaces, W = U xV, is defined by 

W = {w = (u, v) I u E U, v E V} 

endowed with componentwise addition and scalar multiplication 

(Ul, VI) + (U2, V2) = (UI + U2, VI + V2) \f (Ul, vt), (U2, V2) E W, 
a (u, V) = (a u, a v) \f (u, v) E W, \f a ElK. 

It is easy to verify that W is a linear space. The definition can be extended 
in a straightforward way for the Cartesian product of any finite number of 
linear spaces. 

Example 1.1.16 The real plane can be viewed as the Cartesian product 
of two real lines: ]R2 = ]R x lR. In general, 

]Rd = ]R X ... x ]R . 
~ 

d times 

Exercise 1.1.1 Show that the set of all continuous solutions of the differ
ential equation u" (x) + u( x) = 0 is a finite-dimensional linear space. Is the 
set of all continuous solutions of u"(x) + u(x) = 1 a linear space? 

Exercise 1.1.2 When is the set {u E C[O, 1]1 u(O) = a} a linear space? 

Exercise 1.1.3 Show that in any linear space V, a set of vectors is always 
linearly dependent if one of the vectors is zero. 

Exercise 1.1.4 Assume U and V are finite-dimensional linear spaces, and 
let {UI, ... ,Un } and {Vl, ... ,vm } be bases for them, respectively. Using 
these bases, create a basis for W = U xv. 
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1.2 Normed spaces 

In numerical analysis, we frequently need to examine the closeness of a 
numerical solution to the exact solution. To answer the question quanti
tatively, we need to have a measure on the magnitude of the difference 
between the numerical solution and the exact solution. A norm of a vector 
in a linear space provides such a measure. 

Definition 1.2.1 Given a linear space V, a norm II· II is a function from 
V to ]R with the following properties. 

1. Ilvll ~ 0 for any v E V, and Ilvll = 0 if and only if v = 0; 

2. Ilavll = lalllvil for any v E V and a E ][(; 

3. Ilu + vii ~ Ilull + Ilvll for any u, v E v. 
The space V equipped with the norm 11·11 is called a normed linear space or 
a normed space. We usually say V is a normed space when the definition 
of the norm is clear from the context. 

Some remarks are in order on the definition of a norm. The three axioms 
in the definition mimic the principal properties of the notion of the ordinary 
length of a vector in ]R2 or ]R3. The first axiom says the norm of any vector 
must be non-negative, and the only vector with zero norm is zero. The 
second axiom is usually called positive homogeneity. The third axiom is 
also called the triangle inequality, which is a direct extension of the triangle 
inequality on the plane: The length of any side of a triangle is not greater 
than the sum of the lengths of the other two sides. With the definition of 
a norm, we can use the quantity Ilu - vii as a measure for the distance 
between u and v. 

Definition 1.2.2 Given a linear space V, a semi-norm I . I is a function 
from V to ]R with the properties of a norm except that Ivl = 0 does not 
necessarily imply v = o. 

One place in this work where the notion of a semi-norm plays an 
important role is in estimating the error of polynomial interpolation. 

Example 1.2.3 (a) Forx= (Xl, ... ,Xd)T, the formula 

(1.2.1) 

defines a norm in the space ]Rd (cf. Exercise 1.2.5), called the Euclidean 
norm, which is the usual norm for the space ]Rd. When d = 1, the norm 
coincides with the absolute value: IIxI12 = Ixi for X E lR. 
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_+_---II-----_+_ X1 _+_---II-----_+_ X1 

Figure 1.1. The unit ball Sp = {x E ]R2 : Ilxllp S I} for p = 1,2,00 

(b) More generally, for 1 :S p :S 00, the formulas 

for 1 :S p < 00, (1.2.2) 

(1.2.3) 

define norms in the space lR.d (cf. Exercise 1.2.5). The norm II· lip is called 
the p-norm, and II . 1100 is called the maximum or infinity norm. It is 
straightforward to show that 

Ilxll oo = lim Ilxllp p-too 

by using the inequality (1.2.5) given below. Again, when d = 1, all these 
norms coincide with the absolute value: IIxllp = lxi, x E lR.. Over lR.d , the 
most commonly used norms are II . lip, p = 1,2,00. The unit ball in ]R2 for 
each of these norms is shown in Figure 1.1. 

Example 1.2.4 (a) The standard norm for C[a, b] is the maximum norm 

Ilflloo = a~~b If(x)l, f E C[a,b]. 

This is also the norm for Cp (27f) (with a = 0 and b = 27f), the space of 
continuous 27f-periodic functions introduced in Example 1.1.2(f). 
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(b) For an integer k > 0, the standard norm for Okra, bJ is 

( .) k Ilfllk 00 = max Ilf J 1100, f E 0 [a, bJ. 
, O=S;j=S;k 

This is also the standard norm for 0;(27r). 

With the use of a norm for V we can introduce a topology for V, a set 
of open and closed sets for V. 

Definition 1.2.5 Let (V, 11·11) be a normed space. Given Vo E V and r > 0, 
the sets 

B(vo,r) = {v E V Illv - voll < r}, 

B(vo,r) = {v E V Iliv - voll s r} 

are called the open and closed balls centered at Vo with radius r. When r = 1 
and Vo = 0, we have unit balls. 

Definition 1.2.6 Let A s;:; V, a normed linear space. The set A is open if 
for every v E A, there is a radius r > ° such that B(v, r) s;:; A. The set A 
is closed in V if its complement V - A is open in V. 

1.2.1 Convergence 

With the notion of a norm at our disposal, we can define the important 
concept of convergence. 

Definition 1.2.7 Let V be a normed space with the norm II . II. A sequence 
{ un} s;:; V is convergent to u E V if 

lim Ilun - ull = 0. 
n-+oo 

We say that u is the limit of the sequence {un}, and write Un --+ u as 
n --+ 00, or limn -+oo Un = U. 

It can be verified that any sequence can have at most one limit. 

Definition 1.2.8 A function f : V --+ lR is said to be continuous at u E V 
if for any sequence {un} with Un --+ U, we have f(un) --+ f(u) as n --+ 00. 

The function f is said to be continuous on V if it is continuous at every 
uE V. 

Proposition 1.2.9 The norm function II . II is continuous. 

Proof. We need to show that if Un --+ u, then Ilunll --+ Iluli. This follows 
from the backward triangle inequality 

Illull - Ilvlll s Ilu - vii Yu,v E V (1.2.4) 

derived from the triangle inequality. • 
We have seen that on a linear space various norms can be defined. 

Different norms give different measures of size for a given vector in the 
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space. Consequently, different norms may give rise to different forms of 
convergence. 

Definition 1.2.10 We say two norms 11·11(1) and 11·11(2) are equivalent if 
there exist positive constants C1, C2 such that 

c111ull (1) :=::: Ilull (2) :=::: c211Uli (1) 'VUE V 

With two such equivalent norms, a sequence {Un} converges in one norm 
if and only if it converges in the other norm: 

lim Ilun - ull(l) = 0 ~ lim Ilun - ull(2) = o. 
n~oo n~oo 

Example 1.2.11 For the norms (1.2.2)-(1.2.3) on ]Rd, it is straightforward 
to show 

(1.2.5) 

Thus all the norms IIxllp , 1 :=::: p :=::: 00, on]Rd are equivalent. 

More generally, we have the following well-known result. For a proof, see 
[11, p. 483]. 

Theorem 1.2.12 Over a finite-dimensional space, any two norms are 
equivalent. 

Thus, on a finite-dimensional space, different norms lead to the same 
convergence notion. Over an infinite-dimensional space, however, such a 
statement is no longer valid. 

Example 1.2.13 Let V be the space of all bounded functions on [0,1]. For 
u E V, in analogy with Example 1.2.3, we may define the following norms: 

{
I }l/P 

Iluli p = l lu (x)IPdX , I:=::: p < 00, 

Ilull oo = sup lu(x)l. 
O::O;x::O;l 

Now consider a sequence of functions {un} ~ V, defined by 

{
I - nx, 0 :=::: x :=::: !, 

un(x) = 1 n 
0, - < x:=::: 1. 

n 
It is easy to show that 

Ilunll p = [n(p + 1)r1/p , I:=::: p < 00. 

(1.2.6) 

(1.2.7) 

Thus we see that the sequence {un} converges to u = 0 in the norm II . lip, 
I:=::: p < 00. On the other hand, 

n 2: 1, 

so {un} does not converge to u = 0 in the norm II . 1100. 
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As we have seen in the last example, in an infinite-dimensional space, 
some norms are not equivalent. Convergence defined by one norm can be 
stronger than that by another. 

Example 1.2.14 Consider again the space of all bounded functions on 
[0,1], and the family of norms II· lip, 1 ~ p < 00, and 11·1100. We have, for 
anypE [1,(0), 

uE V. 

Thus, convergence in II . 1100 implies convergence in II . lip, 1 ~ p < 00, but 
not conversely. Convergence in 11·1100 is usually called uniform convergence. 

1.2.2 Banach spaces 

The concept of a normed space is usually too general, and special attention 
is given to a particular type of normed space called a Banach space. 

Definition 1.2.15 Let V be a normed space. A sequence {un} C V is 
called a Cauchy sequence if 

lim Ilum - unll = O. 
m,n--+CX) 

Obviously, a convergent sequence is a Cauchy sequence. In the finite
dimensional space ~d, any Cauchy sequence is convergent. However, in a 
general infinite-dimensional space, a Cauchy sequence may fail to converge; 
see Example 1.2.18 below. 

Definition 1.2.16 A normed space is said to be complete if every Cauchy 
sequence from the space converges to an element in the space. A complete 
normed space is called a Banach space. 

Example 1.2.17 Let n ~ ~d be a bounded open set. For v E C(O) and 
1 ~ P < 00, define the p-norm 

Ilvllp = (In Iv(x)IP dX) lip (1.2.8) 

Here, x = (Xl, ... , xdf and dx = dXldx2··· dXd. In addition, define the 
oo-norm or maximum norm 

Ilvlloo = m~ Iv(x)l. 
xEO 

The space C(O) with II . 1100 is a Banach space; i.e., the uniform limit of 
continuous functions is itself continuous. 

Example 1.2.18 The space C(O) with the norm II . lip, 1 ~ p < 00, is 
not a Banach space. To illustrate this, we consider the space C[O, 1] and a 
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sequence in 0[0, 1 J defined as follows: 

{ 
0, ° :s; x :s; ~ - 2~' 

u (x) = n x - .! (n - 1) .! - ....!.. < x < .! + ....!.. n 2' 2 2n - - 2 2n ' 
1, ~ + 2~ :s; X :s; 1. 

Let 

u(x) = {O, ~ :s; x < ~, 
1, 2" < x :s; 1. 

Then Ilun - ull p -> ° as n -> 00; i.e., the sequence {un} converges to u in 
the norm II . lip' But obviously no matter how we define u(1/2), the limit 
function u is not continuous. 

1.2.3 Completion of normed spaces 

It is important to be able to deal with function spaces using a norm of our 
choice, as such a norm is often important or convenient in the formulation of 
a problem or in the analysis of a numerical method. The following theorem 
allows us to do this. A proof is discussed in [88, p. 84J. 

Theorem 1.2.19 Let V be a normed space. Then there is a complete 
normed space W with the following properties: 
(a) There is a subspace V ~ Wand a bijective (one-to-one and onto) linear 
function I : V -> V with 

IIIvllw = Ilvllv Vv E V. 

The function I is called an isometric isomorphism of the spaces V and V. 
(b) The subspace V is dense in W; i.e., for any wE W, there is a sequence 
{vn} ~ V such that 

as n -> 00. 

The space W is called the completion of V, and W is unique up to an 
isometric isomorphism. 

The spaces V and V are generally identified, meaning no distinction is 
made between them. However, we also consider cases where it is important 
to note the distinction. An important example of the theorem is to let V 
be the rational numbers and W be the real numbers 1R. One way in which 
IR can be defined is as a set of equivalence classes of Cauchy sequences of 
rational numbers, and V can be identified with those equivalence classes of 
Cauchy sequences whose limit is a rational number. A proof of the above 
theorem can be made by mimicking this commonly used construction of 
the real numbers from the rational numbers. 
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Example 1.2.20 Theorem 1.2.19 guarantees the existence of a unique ab
stract completion of an arbitrary normed vector space. However, it is often 
possible, and indeed desirable, to give a more concrete definition of the 
completion of a given normed space; much of the subject of real analysis 
is concerned with this topic. In particular, the subject of Lebesgue mea
sure and integration deals with the completion of C(O) under the norms of 
(1.2.8), II . lip for 1 ::::; p < 00. A complete development of Lebesgue mea
sure and integration is given in any standard textbook on real analysis; for 
example, see Royden f141} or Rudin f142}. We do not introduce formally 
and rigorously the concepts of measurable set and measurable function. 
Rather we think of measure theory intuitively as described in the following 
paragraphs. Our rationale for this is that the details of Lebesgue measure 
and integration can often be bypassed in most of the material we present in 
this text. 

Measurable subsets of lR include the standard open and closed intervals 
with which we are familiar. Multivariable extensions of intervals to lRd are 
also measurable, together with countable unions and intersections of them. 
Intuitively, the measure of a set D ~ lRd is its "length," "area," "volume," 
or suitable generalization; and we denote the measure of D by meas(D). 
For a formal discussion of measurable set, see Royden f141} or Rudin f142}. 

To introduce the concept of measurable function, we begin by defining a 
step function. A function v on a measurable set D is a step function if 
D can be decomposed into a finite number of pairwise disjoint measurable 
subsets D 1 , .•. , Dk with v(x) constant over each D j . We say a function v 
on D is a measurable function if it is the pointwise limit of a sequence of 
step functions. This includes, for example, all continuous functions on D. 

For each such measurable set D j, we define a characteristic function 

.( ) _ {I, x E D j , 
XJ X - 0 rf D 

, X 'F j. 

A general step function over the decomposition D 1 , ... , Dk of D can then 
be written 

k 

v(x) = L DjXj(X), 

j=1 

xED (1.2.9) 

with D1, ... ,Dk scalars. For a general measurable function v over D, we 
write it as a limit of step functions Vk over D: 

V(x) = lim Vk(X), 
k-+oo 

xE D. (1.2.10) 

We say two measurable functions are equal almost everywhere if the set 
of points on which they differ is a set of measure zero. For notation, we 
write 

v = w (a.e.) 
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to indicate that v and w are equal almost everywhere. Given a measur
able function v on D, we introduce the concept of an equivalence class of 
equivalent functions: 

[v] = {w I w measurable on D and v = w (a.e.)} . 

For most purposes, we generally consider elements of an equivalence class 
[v] as being a single function v. 

We define the Lebesgue integral of a step function v over D, given in 
(1.2.9), by 

For a general measurable function, given in (1.2.10), define the Lebesgue 
integral of v over D by 

[ v(x) dx = lim [ Vk(X) dx. JD k-+OOJD 
There are a great many properties of Lebesgue integration, and we refer 
the reader to any text on real analysis for further details. Note that the 
Lebesgue integrals of elements of an equivalence class [v] are identical. 

Let 0 be an open measurable set in lid. Introduce 

V(O) = {[v] I v measurable on 0 and IIvllp < 00 } . 

The norm IIvllp is defined as in (1.2.8), although now we use Lebesgue 
integration rather than Riemann integration. 

LOO(O) = {[v] I v measurable on 0 and IIvlloo < co}. 

For v measurable on 0, define 

Ilvlloo = esssup Iv(x)1 
xEO 

== inf sup Iv(x) I , 
meas(O')=0 xEO\O' 

where "meas(O') = 0" means 0' is a measurable set with measure zero. 
The spaces LP(O), 1 ~ p < 00, are Banach spaces, and they are concrete 
realizations of the abstract completion of C(n) under the norm of (1.2.8). 
The space LOO(O) is also a Banach space, but it is much larger than the 
space C(O) with the oo-norm II . 1100. Additional discussion of the spaces 
LP(O) is given in Section 1.5. 

Example 1.2.21 More generally, let w be a positive measurable function 
on 0, called a weight function. We can define weighted spaces L~(O) as 
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follows: 

L~(O) = {v measurable I In w(x) Iv(x)[P dx < oo}, P E [1, (0), 

L::: (0) = {v measurable less sUPn w(x) Iv(x) I < oo} . 
These are Banach spaces with the norms 

Ilvllp,w = (In w(x) Iv(x)[P dX) liP, P E [1, (0), 

Ilvllp,oo = esssupw(x)lv(x)l· 
xEn 

The space c(r!) of Example 1.1.2(c) with the norm 

Ilvllc(o) = m~ Iv(x)1 
xEn 

is also a Banach space, and it can be considered as a proper subset of 
Loo(O). See Example 2.5.3 for a situation where it is necessary to distin
guish between C(r!) and the subspace of Loo(O) to which it is isometric and 
isomorphic. 

Example 1.2.22 (a) For any integer m ~ 0, the normed spaces Cm[a, b] 
and C;(27f-) of Example 1.2.4(b) are Banach spaces. 

(b) Let 1 ~ p < 00. As an alternative norm on Cm[a, b], introduce 

The space Cm [a, b] is not complete with this norm. Its completion is denoted 
by Wm,P(a, b), and it is an example of a Sobolev space. It can be shown 
that iff E Wm,P(a,b), thenf,f', ... ,f(m-l) are continuous, andf(m) 
exists almost everywhere and belongs to LP (a, b). This and its multivariable 
generalizations are discussed at length in Chapter 6. 

A knowledge of the theory of Lebesgue measure and integration is very 
helpful in dealing with problems defined on spaces of such functions. 
Nonetheless, many results can be proven by referring to only the origi
nal space and its associated norm, say, C(r!) with II . lip, from which a 
Banach space is obtained by a completion argument, say LP(O). We return 
to this in Theorem 2.4.1 of Chapter 2. 

Exercise 1.2.1 Prove the backward triangle inequality of (1.2.4). 

Exercise 1.2.2 Show that II . 1100 is a norm on C(r!), with 0 a bounded 
open set in IRd. 

Exercise 1.2.3 Show that II· 1100 is a norm on Loo(O), with 0 a bounded 
open set in IRd. 
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Exercise 1.2.4 Show that II . IiI is a norm on L1(O), with 0 a bounded 
open set in lRd . 

Exercise 1.2.5 Show that for 1 :S p :S 00, Ilxllp defined by (1.2.2)-(1.2.3) 
is a norm in the space lRd . The main task is to verify the triangle inequality, 
which can be done by first proving the Holder inequality, IX'yl :S IlxllpIIYllp" 
x, y E lRd • Here p' is the conjugate of p defined through the relation lip' + 
lip = 1; by convention, p' = 1 if p = 00, p' = 00 if p = 1. 

Exercise 1.2.6 Define C"[a, b], a < 0: :S 1, as the set of all f E C[a, b] 
for which 

If(x) - f(y)1 < 
M,,(f) == sup I I" 00. 

a~x,y9 x - y 
x-j.y 

Define Ilfll" = Ilflloo + M,,(f). Show C"[a, b] with this norm is complete. 

Exercise 1.2.1 Define Cb [0,(0) as the set of all functions f that are 
continuous on [0, (0) and satisfy 

Ilflloo == sup If(x)1 < 00. 
x~O 

Show Cb [0,(0) with this norm is complete. 

Exercise 1.2.8 Does the formula (1.2.2) define a norm on lRd for 0< p < 
19 

Exercise 1.2.9 Prove the equivalence on C 1[0, 1] of the following norms: 

Ilflla == If(O)1 + l 11f'(x)1 dx, 

Ilfllb == l1If(X)1 dx + l 11f'(x)1 dx. 

Hint: You may need to use the integral mean value theorem: Given g E 
C[O,l], there is ~ E [0,1] such that 

101 
g(x) dx = g(~). 

Exercise 1.2.10 Let V1 and V2 be normed spaces with norms II . 111 and 
II· 112. Recall that the product space V1 x V2 is defined by 

V 1 x V 2 = {(Vl, V2) I V1 E Vi, V2 E V2}' 

Show that the quantities max{llv1iI1, Ilv2112} and (11v111f + Ilv211~)1/p, 1 :S 
p < 00 all define norms on the space V1 x V2 • 

Exercise 1.2.11 Over the space C1 [0,1]' determine which of the following 
is a norm, and which is only a semi-norm: 

(a) max lu(x)l; 
O~x~l 



(b) max [lu(x)1 + lu'(x)I]; 
0:::; x:::; 1 

(c) max lu'(x)l; 
0:::;x9 

(d) lu(O)1 + max lu'(x)l; 
0:::;x9 

(e) max lu'(x)1 + Joo~2Iu(x)1 dx. 
0:::;x9 . 
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Exercise 1.2.12 Over a normed space (V, II . 11), we define a function of 
two variables d(u,v) = Ilu-vll. Then d(.,.) is a distance function; in other 
words, d(·,·) has the following properties of an ordinary distance between 
two points: 

(a) d(u,v) ~ 0 for any u,v E V, and d(u,v) = 0 if and only ifu = v; 

(b) d(u, v) = d(v,u) for any u,v E V; 

(c) (the triangle inequality) d(u, w) :S d(u, v) + d(v, w) for any u, v, wE 

V. 

A linear space endowed with a distance function is called a metric space. 
Certainly a normed space can be viewed as a metric space. There are ex
amples of metrics (distance functions) that are not generated by any norm, 
though. 

Exercise 1.2.13 Let V be a normed space and {un} a Cauchy sequence. 
Suppose there is a subsequence {un'} S;; {un} and some element v E V such 
that Un' --+ u as n' --+ 00. Show that Un --+ u as n --+ 00. 

Exercise 1.2.14 Let V be a normed space, Vo S;; V a subspace. The 
quotient space VIVo is defined to be the space of all the classes [v] = 
{v + vo I Vo E Vo}· Prove that the formula 

II[v]llv/vo = inf Ilv + vollv 
voEVo 

defines a norm on VIVo. Show that if V is a Banach space and Vo S;; V is 
a closed subspace, then VIVo is a Banach space. 

Exercise 1.2.15 Assuming a knowledge of Lebesgue integration, show that 

W 1,2(a, b) S;; C[a, b]. 

Generalize this result to the space Wm,P(a, b) with other values of m and 
p. 
Hint: For v E W 1,2(a, b), use 

v(x) - v(y) = l Y v'(z) dz. 
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Exercise 1.2.16 On G1 [O, 1], define 

(u, vt = u(O) v(O) + 11 u'(x) v'(x) dx 

and 

Show that 

for a suitably chosen constant c. 

1.3 Inner product spaces 

In studying linear problems, inner product spaces are usually used. These 
are the spaces where a norm can be defined through the inner product and 
the notion of orthogonality of two elements can be introduced. The inner 
product in a general space is a generalization of the usual scalar product 
in the plane ffi.2 or the space ffi.3. 

Definition 1.3.1 Let V be a linear space over K = ffi. or C. An inner 
product (.,.) is a function from V x V to K with the following properties. 

1. For any u E V, (u,u) ~ 0 and (u,u) = 0 if and only ifu = O. 

2. For any u, v E V, (u, v) = (v, u). 

3. For any u, v, wE V, any 0:, f3 E K, (o:u+f3v, w) = 0: (u, w)+f3 (v, w). 

The space V together with the inner product (.,.) is called an inner product 
space. When the definition of the inner product (', .) is clear from the con
text, we simply say V is an inner product space. When K = ffi., V is called 
a real inner product space, while if K = C, V is a complex inner product 
space. 

In the case of a real inner product space, the second axiom reduces to 
the symmetry of the inner product: 

(u, v) = (v, u) Vu,v E V. 

For an inner product, there is an important property called the Schwarz 
inequality. 

Theorem 1.3.2 (SCHWARZ INEQUALITY) If V is an inner product space, 
then 

l(u,v)1 ::; V(u,u)(v,v) Vu,v E V, 

and the equality holds if and only if u and v are linearly dependent. 
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Proof. We give the proof only for the real case. The result is obviously 
true if either u = 0 or v = O. Now suppose u i- 0, vi- O. Define 

¢( t) = (u + tv, u + tv) = (u, u) + 2 ( u, v) t + (v, v) t 2 , t E ~ . 

The function ¢ is quadratic and non-negative, so its discriminant must be 
non-positive, 

[2(u,vW -4(u,u)(v,v) SO; 

i.e., the Schwarz inequality is valid. For v i- 0, the equality holds if and 
only if u = -t v for some t E ~. • 

An inner product (.,.) induces a norm through the formula 

Ilull = V(u,u), u E V. 

In verifying the triangle inequality for the quantity thus defined, we need 
to use the above Schwarz inequality. 

Proposition 1.3.3 An inner product is continuous with respect to its in
duced norm. In other words, if II· II is the norm defined by Ilull = V(u, u), 
then Ilun - ull ---t 0 and Ilvn - vii ---t 0 as n ---t 00 imply 

(un,vn ) ---t (u,v) 

In particular, if Un ---t u, then for any v, 

(un, v) ---t (u, v) 

as n ---t 00. 

as n ---t 00. 

Proof. Since {un} and {vn} are convergent, they are bounded; i.e., for 
some M < 00, Ilunll S M, Ilvnll S M for any n. We write 

(un,vn) - (u,v) = (un - u,vn ) + (u,vn - v). 

Using the Schwarz inequality, we have 

I(un , vn) - (u, v)1 S Ilun - ullllvnli + Ilullllvn - vii 
S M Ilun - ull + Ilullllvn - vii· 

Hence the result holds. • Commonly seen inner product spaces are usually associated with their 
canonical inner products. As an example, the canonical inner product for 
the space ~d is 

d 

(x,y) = LXiYi = yTx, \Ix = (Xl, ... ,xdf, y = (Yl, ... ,Ydf E ~d. 
i=l 

This inner product induces the Euclidean norm 

d 

Ilxll = Z)xil 2 = V(x,x). 
i=l 
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When we talk about the space ]Rd, implicitly we understand the inner 
product and the norm are the ones defined above, unless stated otherwise. 
For the complex space Cd, the inner product and the corresponding norm 
are 

d 

(x,y) = LXiYi = y*x, "Ix = (Xl, ... ,xdf, y = (Yl, ... ,Ydf E Cd 
i=l 

and 

d 

Ilxll = L IX il 2 = v(x,x). 
i=l 

The space L2(0) is an inner product space with the canonical inner 
product 

(u,v) = in u(x)v(x)dx. 

This inner product induces the standard L2(0)-norm 

We have seen that an inner product induces a norm, which is always the 
norm we use on the inner product space unless stated otherwise. It is easy 
to show that on a complex inner product space, 

1 
(u, v) = =lUlu + vl12 - Ilu - vl12 + illu + ivll2 - illu - iv112], 

and on a real inner product space, 

1 
(u, v) = =lUlu + vl12 -Ilu - v11 2J. (1.3.1) 

These relations are called the polarization identities. Thus in any normed 
linear space, there can exist at most one inner product that generates the 
norm. 

On the other hand, not every norm can be defined through an inner 
product. We have the following characterization for any norm induced by 
an inner product. 

Theorem 1.3.4 A norm II . lion a linear space V is induced by an inner 
product if and only if it satisfies the parallelogram law: 

Vu,v E V. (1.3.2) 

Note that if u and v form two adjacent sides of a parallelogram, then 
Ilu + vii and Ilu - vii represent the lengths of the diagonals of the parallelo
gram. This theorem can be considered to be a generalization of the theorem 
of Pythagoras for right triangles. 
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Proof. We prove the result for the case of a real space only. Assume 
11·11 = ~ for some inner product (', .). Then for any u, v E V, 

Ilu + vl12 + Ilu - vl12 
= (u + v, u + v) + (u - v, u - v) 

= [lIu112 + 2(u, v) + Ilv112] + [llul12 - 2(u, v) + Ilv112] 
= 211ul1 2 + 211v11 2. 

Conversely, assume the norm II . II satisfies the parallelogram law. For 
u, v E V, let us define 

1 
(u, v) = 4 [Ilu + vl1 2 - Ilu - v11 2] 

and show that it is an inner product. First, 

and (u, u) = 0 if and only if u = O. Second, 

1 
(u, v) = 4 [II v + ul12 -llv - u11 2] = (v, u). 

Finally, we show the linearity, which is equivalent to the following two 
relations: 

(u+v,w)=(u,w)+(v,w) "i/u,v,WEV 

and 

(au, v) = a (u, v) "i/UEV, aElR.. 

We have 

(u,W) + (v,w) 

= ~ [Ilu + wI12 - Ilu - wI12 + Ilv + wI12 - Ilv - w112] 
= ~ [(Ilu + wl12 + Ilv + w11 2) - (Ilu - wl12 + Ilv - wI12)] 
= ~ [~(Ilu + v + 2wl12 + Ilu - v11 2) - ~ (Ilu + v - 2wl12 + Ilu - vI1 2)] 
= l [Ilu + v + 2wl12 -Ilu + v - 2w112] 
= l [2 (Ilu + v + wl12 + Ilw112) -Ilu + vl1 2 

- 2 (Ilu + v - wl1 2 + Ilw112) + Ilu + v11 2] 
= ~ [Ilu + v + wl1 2 - Ilu + v - w112] 
=(u+v,w). 

The proof of the second relation is more involved. For fixed u, v E V, let 
us define a function of a real variable 
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We show that f(a) is a linear function of a. We have 

f(a) - f((3) 

= Ilau + vll2 + lI(3u - vll2 -liau - vll2 -1I(3u + vll2 
=~ [1I(a+(3)uIl 2 +II(a-(3)u+ 2v Il 2] 

-~ [1I(a+(3)uIl 2 +II(a-(3)u- 2vIl 2 ] 

- ~ [1I(a - (3) u + 2vll2 -1I(a - (3) u - 2v1l2] 
= 2 [II Q;J3 u + vll2 - II Q;J3 u - V1l2] 

= 2f (Q;J3) . 
Taking (3 = 0 and noticing f(O) = 0, we find that 

f(a)=2f(~). 
Thus we also have the relation 

f(a) - f((3) = f(a - (3). 
From the above relations, the continuity of f, and the value f(O) = 0, one 
concludes that (see Exercise 1.3.2) 

f(a) = coa = a f(1) = a [liu + vll2 -liu - v1l2] 
from which, we get the second required relation. • 
1.3.1 Hilbert spaces 

Among the inner product spaces, of particular importance are the Hilbert 
spaces. 

Definition 1.3.5 A complete inner product space is called a Hilbert space. 

From the definition, we see that an inner product space V is a Hilbert 
space if V is a Banach space under the norm induced by the inner product. 

Example 1.3.6 (SOME EXAMPLES OF HILBERT SPACES) 

(a) The Cartesian space Cd is a Hilbert space with the inner product 

d 

(x,y) = LXiYi. 
i=l 

(b) The space l2 = {x = {Xdr:~l 1 2:::1 IXi 12 < oo} is a linear space with 

ax + (3y = {axi + (3Yih::::1. 

It can be shown that 
00 

(x,y) = LXiYi 
i=l 
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defines an inner product on l2. Furthermore, l2 becomes a Hilbert space 
under this inner product. 
(c) The space L2(0, 1) is a Hilbert space with the inner product 

(u, v) = 11 u(x) v(x) dx. 

(d) The space L2(0) is a Hilbert space with the inner product 

(u,v) = In u(X) v(x) dx. 

More generally, if w(x) is a positive function on 0, then the space 

L;(O) = {v measurable I In Iv(x)1 2w(x) dx < ()() } 

is a Hilbert space with the inner product 

(u,v)w = In u(X) v(x) w(x) dx. 

This space is a weighted L2 space. 

Example 1.3.7 Recall the Sobolev space Wm,p ( a, b) defined in Example 
1.2.22. If we choose p = 2, then we obtain a Hilbert space. It is usually 
denoted by Hm(a, b) == W m,2(a, b). The associated inner product is defined 
by 

m 

(j, g) H= = 2:: (!(j) , g(j») , 
j=O 

using the standard inner product C·) of L2(a,b). Recall from Exercise 
1.2.15 that H1(a,b) <:;;; C[a,b]. 

1.3.2 Orthogonality 

With the notion of an inner product at our disposal, we can define the 
angle between two vectors u and v as follows: 

[ (u, v) ] 
e = arccos Ilullllvll . 

This definition makes sense because, by the Schwarz inequality (Theorem 
1. 3.2), the argument of arccos is between -1 and 1. The case of a right 
angle is particularly important. We see that two vectors u and v form a 
right angle if and only if (u, v) = O. 

Definition 1.3.8 Two vectors u and v are said to be orthogonal if (u, v) = 
O. A n element v E V is said to be orthogonal to a subset U <:;;; V, if ( u, v) = 0 
for any u E U. 
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Definition 1.3.9 Let U be a subset of an inner product space V. We define 
its orthogonal complement to be the set 

U.L = {v E V I (v,u) = 0 Vu E U}. 

The orthogonal complement of any set is a closed subspace (cf. Exercise 
1.3.7). 

Definition 1.3.10 Let V be an inner product space. 
(a) Suppose V is finite dimensional. A basis {VI, ... , vn } of V is said to be 
an orthogonal basis if 

1 :::; i =1= j :::; n. 

If, additionally, Ilvi II = 1, 1 :::; i :::; n, then we say the basis is orthonormal, 
and we combine these conditions as 

( ) 5: _ { 1, i = j, 
Vi, Vj = Vij = O. -'- . 

,Z r J. 

(b) Suppose V is infinite dimensional normed space. We say V has a count
ably infinite basis if there is a sequence {Vdi~1 S;;; V for which the following 
is valid: For each V E V, we can find scalars {O!n,i}i=ll n = 1,2, ... , such 
that 

n 

V - LO!n,iVi ----> 0 
i=1 

as n ----> 00. 

The space V is also said to be separable. The sequence {vih~1 is called a 
basis if any finite subset of the sequence is linearly independent. If V is an 
inner product space, and if the sequence {Vdi>1 also satisfies 

i,j 2 1, (1.3.3) 

then {Vdi~1 is called an orthonormal basis for v. 
(c) We say that an infinite dimensional normed space V has a Schauder 

basis {Vn}n~1 if for each v E V, it is possible to write 

00 

v = LO!nVn 

n=1 

as a convergent series in V for a unique choice of scalars {O!n}n~l. 

(1.3.4) 

For a discussion of the distinction between V having a Schauder basis 
and V being separable, see [103, p.68]. For V an inner product space, it 
is straightforward to show that an orthonormal basis {Vn}n>l is also a 
Schauder basis, and therefore (1.3.4) is valid for an orthonormal basis. The 
advantage of using an orthogonal or an orthonormal basis is that it is easy to 
decompose a vector as a linear combination of the basis elements. Assuming 
{Vn}n>1 is an orthonormal basis of V, let us determine the coefficients 
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{an }n2:1 in the decomposition (1.3.4) for any v E V. By the continuity of 
the inner product and the orthonormality condition (1.3.3), we have 

00 

(V,Vk) = Lan(Vn,Vk) = ak. 
n=l 

Thus 
00 

v = L(v, vn) Vn· 
n=l 

In addition, by direct computation using (1.3.3), 

2 N 

= L I(v, vn )12. 
n=l 

Using the convergence of (1.3.5) in V, we can let N -+ 00 to obtain 

00 

Ilvll = L l(v,vn )1 2 . 

n=! 

A simple consequence of the identity (1.3.6) is the inequality 

N 

L l(v,vnW:s Ilv112, N ~ 1, v E V. 
n=l 

(1.3.5) 

(1.3.6) 

(1.3.7) 

The decomposition (1.3.5) can be termed as the generalized Fourier series; 
then the identity (1.3.6) can be called the generalized Parseval identity, 
whereas (1.3.7) can be called the generalized Bessel inequality. 

Example 1.3.11 Let V = L2 (0,21f) with complex scalars. The complex 
exponentials 

1 . 
Vn (x) = "f2ir etnX , n = 0, ±1, ±2, . . . (1.3.8) 

form an orthonormal basis. For any v E L2 (0,21f), we have the Fourier 
series expansion 

(1.3.9) 
n=-oo 

where 

an = (v, vn) = ~ r21r 
v(x) e-inxdx. (1.3.10) 

v 21f Jo 
Also (1.3.6) and (1.3.7) reduce to the ordinary Parseval identity and Bessel 
inequality. 
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When a non-orthogonal basis for an inner product space is given, there 
is a standard procedure to construct an orthonormal basis. 

Theorem 1.3.12 (GRAM-SCHMIDT METHOD) Let {Wn}n?:l be a basis of 
the inner product space V. Then there is an orthonormal basis {Vn}n?:l 

with the property that 

'v' N 2: 1. 

Proof. The proof is done inductively. For N = 1, define 

Wl 

Vl = Ilwlll' 

which satisfies IlvliI = 1. For N 2: 2, assume {vn};;==-l have been 
constructed with (vn, vm) = Dnm , 1 :::; n, m :::; N - 1, and 

Write 

{ }N-l {}N-l span Wn n=l = span Vn n=l· 

N-l 
VN = WN + L aN,nVn· 

n=l 

Now choose {aN,n};;==--ll by setting 

(VN, vn ) = 0, 1:::;n:::;N-1. 

This implies 

1:::;n:::;N-1. 

This procedure "removes" from W N the components in the directions of 
Vl,···, VN-l· 

Finally, define 

VN 

VN = IlvNII' 

which is meaningful since VN =I o. (Why?) Then the sequence {Vn};;=l 

satisfies 

and 

• The Gram-Schmidt method can be used, e.g., to construct an orthonor-
mal basis in L2( -1,1) for a polynomial space of certain degrees. As a result 
we obtain the well-known Legendre polynomials (after a proper scaling), 
which play an important role in some numerical analysis problems. 
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Example 1.3.13 Let us construct the first three orthonormal polynomials 
in L2(-1, 1). For this purpose, we take 

W1(X) = 1, 

Then easily, 

W1(X) 1 
V1(X) = ~ = y'2' 

To find V2(X), we write 

V2(X) = W2(X) + 0:2,lV1(X) = x + ~0:2'1 

and choose 

1 11 1 
0:2,1 = -(x, y'2) = - -1 y'2 xdx = O. 

So V2(X) = x, and 

Finally, we write 

V3(X) = W3(X) + 0:3,lV1(X) + 0:3,2V2(X) = x2 + ~0:3'1 + j[0:3,2X. 

Then 

Hence 

_ () 2 1 
V3 X = X - 3' 

The fourth orthonormal polynomial is 

V4(X) = Ir (5X3 - 3x) . 

The graphs of these first four Legendre polynomials are given in Figure 1.2. 
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Figure 1.2. Graphs on [-1, 1] of the orthonormal Legendre polynomials of degrees 
0,1,2,3 

As we see from Example 1.3.13, it is cumbersome to construct orthonor
mal (or orthogonal) polynomials directly, Fortunately, for many important 
cases of the weighted function w( x) and integration interval (a, b), formulas 
of orthogonal polynomials in the weighted space L;(a, b) are known (see 
Section 3.4). 

Exercise 1.3.1 Given an inner product, show that the formula Ilull = 
vi (u, u) defines a norm. 

Exercise 1.3.2 Assume f : JR ....... JR is a continuous function, satisfying 
f(a) = f({3) + f(a - (3) for any a,{3 E JR, and f(O) = O. Then f(a) = 
a f(l). 
Solution: From f(a) = f({3) + f(a - (3) and f(O) = 0, by an induction 
argument, we have f(na) = nf(a) for any integer n. Then from f(a) = 
2f(a/2), we have f(I/2n) = (1/2n) f(l) for any integer n 2 O. Finally, 
for any integer m, any non-negative integer n, f(m2- n ) = mf(2-n ) = 
(m2-n) f(l). Now any rational can be represented as a finite sum q = 

L:imi2-i. Hence, f(q) = L:d(mi 2- i ) = L:imi2-i f(l) = qf(l). Since 
the set of the rational numbers is dense in JR and f is a continuous function, 
we see that for any real~, f(~) = ~ f(l). 
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Exercise 1.3.3 The norms II . lip, 1 :::; p :::; 00, over the space lRd are 
defined in Example 1.2.3. Find all the values of p for which the norm II . lip 
is induced by an inner product. 
Hint: Apply Theorem 1.3.4. 

Exercise 1.3.4 Let WI, ... ,Wd be positive constants. Show that the for
mula 

d 

(x, Y) = L WiXiYi 

i=1 

defines an inner product on lRd . This is an example of a weighted inner 
product. What happens if we only assume Wi ~ 0, 1 :::; i :::; d? 

Exercise 1.3.5 Let A E lRdxd be a symmetric, positive definite matrix 
and let (', .) be the Euclidean inner product on lRd . Show that the quantity 
(Ax, y) defines an inner product on lR d . 

Exercise 1.3.6 Show that in an inner product space, Ilu + vii = Ilull + 
Ilvll for some u, v E V if and only if u and v are non-negatively linearly 
dependent (i.e., for some Co ~ 0, either u = CoV or v = cou). 

Exercise 1.3.7 Prove that the orthogonal complement of a subset is a 
closed subspace. 

Exercise 1.3.8 Let Vo be a subset of a Hilbert space V. Show that the 
following statements are equivalent: 

(a) Vo is dense in V; i.e., for any v E V, there exists {vn }n>1 ~ Vo such 
that Ilv - vnllv ....... 0 as n ....... 00. -

(b) vl = {o}. 

(c) Ifu E V satisfies (u,v) = 0 \:Iv E Vo, then u = o. 
(d) For every 0 =1= u E V, there is a v E Vo such that (u, v) =1= O. 

Exercise 1.3.9 On C 1 [a, b], define 

(f,g)* = f(a)g(a) + 11 f'(x)g'(x)dx, f,g E C 1 [a,b] 

and Ilfll* = J(f, f)*. Show that 

IlfILXl:::; cllfll* \:I f E C 1 [a,b] 

for a suitable constant c. 

Exercise 1.3.10 Consider the Fourier series (1.3.9) for a function v E 

C;"(27r) with m ~ 2. Show that 

N~1. 
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Hint: Use integration by parts in (1.3.10). 

1.4 Spaces of continuously differentiable functions 

Spaces of continuous functions and continuously differentiable functions 
were introduced in Example 1.1.2. In this section, we provide a more 
detailed review of these spaces. 

Let 0 be an open bounded subset of~d. A typical point in ~d is denoted 
by x = (Xl' ... ' Xd) T. For multivariable functions, it is convenient to use 
the multi-index notation for partial derivatives. A multi-index is an ordered 
collection of d non-negative integers, a = (al, ... , ad). The quantity lal = 

Lt=l ai is said to be the length of a. 
If v is an m-times differentiable function, then for any a with lal ~ m, 

a _ ola1v(x) 
D vex) - OXfl ... OX~d 

is the ath order partial derivative. This is a handy notation for partial 
derivatives. Some examples are 

for a = (1,0, ... ,0), 

for a = (1,1, ... ,1). 

The set of all the derivatives of order m of a function v can be written 
as {Dav I lal = m}. For low-order partial derivatives, there are other 
commonly used notations; e.g., the partial derivative OV/OXi is also written 
as OXi v, or OiV, or v, Xi , or V,i· 

The space C(O) consists of all real-valued functions that are continuous 
on O. Since 0 is open, a function from the space C(O) is not necessarily 
bounded. For example, with d = 1 and 0 = (0,1), the function vex) = l/x 
is continuous but unbounded on (0,1). Indeed, a function from the space 
C(O) can behave "nastily" as the variable approaches the boundary of o. 
Usually, it is more convenient to deal with continuous functions that are 
continuous up to the boundary. Let C(fl) be the space of functions that are 
uniformly continuous on O. Any function in C(fl) is bounded. The notation 
C(fl) is consistent with the fact that a uniformly continuous function on 0 
has a unique continuous extension to fl. The space C(fl) is a Banach space 
with its canonical norm 

IIvIlC(!1) = sup{lv(x)1 I xED} == max{lv(x)11 x E fl}. 

We have C(fl) ~ C(O), and the inclusion is proper; i.e., there are functions 
v E C(O) that cannot be extended to a continuous function on fl. A simple 
example is vex) = l/x on (0,1). 
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Denote by Z+ the set of non-negative integers. For any mE Z+, Cm(O) 
is the space of functions that, together with their derivatives of order less 
than or equal to m, are continuous on 0; that is, 

Cm(O) = {v E C(O) I DQ v E C(O) for 1001 :S m}. 

This is a linear space. The notation Cm (r!) denotes the space of functions 
which, together with their derivatives of order less than or equal to m, are 
continuous up to the boundary, 

Cm(r!) = {v E C(r!) I DQv E C(r!) for 1001 :S m}. 

The space Cm(r!) is a Banach space with the norm 

Ilvllcm(o) = max IIDQvllc(o). 
IQI~m 

Algebraically, Cm(r!) ~ Cm(O). When m = 0, we usually write C(O) and 
C(r!) instead of CO(O) and CO(r!). We set 

00 

m=O 
00 

Coo(r!) = n Cm(r!) == {v E C(r!) I v E Cm(r!) 'tim E Z+}. 
m=O 

These are spaces of infinitely differentiable functions. 
Given a function v on 0, its support is defined to be 

support v = {x E 0 I v(x) -=I- O}. 

We say that v has a compact support if support v is a proper subset of 0: 
support v C O. Thus, if v has a compact support, then there is a neighbor
ing open strip about the boundary an such that v is zero on the part of 
the strip that lies inside O. Later on, we need the space 

CO'(O) = {v E Coo(O) I support v cO}. 

Obviously, CO'(O) ~ COO (r!). In the case 0 is an interval such that 0 ::J 

(-1,1), a standard example of a non-analytic CO'(O) function is 

{ 
el/(x2-1) Ixl < 1 

v(x) = " 
0, otherwise. 

1.4.1 Holder spaces 

A function v defined on n is said to be Lipschitz continuous if for some 
constant c, there holds the inequality 

Iv(x) - v(y)1 :S c Ilx - yll 'tIx,y E O. 

In this formula, Ilx - yll denotes the standard Euclidean distance between 
x and y. The smallest possible constant in the above inequality is called the 
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Lipschitz constant of v, and is denoted by Lip(v). The Lipschitz constant 
is characterized by the relation 

. {Iv(x) - v(Y)1 I } 
Llp(V) = sup Ilx _ yll x, yEn, x -I- y . 

More generally, a function v is said to be Holder continuous with exponent 
(3 E (0,1] if for some constant c, 

Iv(x) - v(y)1 ~ c Ilx _ yll{3 for X,y E n. 

The Holder space co,{3(n) is defined to be the subspace of C(n) that con
sists of functions that are Holder continuous with the exponent (3. With 
the norm 

{ Iv(x) - v(y)1 I } 
Ilvllco,/3(i1) = IIv ll c (i1) + sup {3 x, yEn, x -I- y 

Ilx-yll 

the space CO,{3 (n) becomes a Banach space. When (3 = 1, the Holder space 
CO,l (n) consists of all the Lipschitz continuous functions. 

For m E Z+ and (3 E (0,1], we similarly define the Holder space 

c m,{3(n) = {v E Cm(n) I Dav E Co,{3(D) for all a with lal = m} ; 

this is a Banach space with the norm 

II VII Cm,/3(i1) = Ilvllcm(i1) 

+ L sup {IDav(x) - D;v(Y)1 I X,y E n, x i= y}. 
lal=m Ilx - yll 

Exercise 1.4.1 Show that C(D) with the norm IlvllC(i1) is a Banach space. 

Exercise 1.4.2 Show that the space C1(D) with the norm IlvIIC(i1) is not 
a Banach space. 

Exercise 1.4.3 Let vn(x) = ~ sin nx. Show that Vn --+ ° in Co,{3[O, 1] for 
any (3 E (0,1), but Vn ~ ° in CO,l[O, 1]. 

Exercise 1.4.4 Discuss whether it is meaningful to use the Holder space 
cO,{3 (D) with (3 > 1. 

Exercise 1.4.5 Consider v(s) = so. for some ° < a < 1. For which (3 E 
(0,1] is it true that v E Co,{3[O, 1]? 

1.5 £P spaces 

In the study of LP(n) spaces, we identify functions (i.e., such functions 
are considered identical) that are equal almost everywhere (a.e.) on n. For 
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P E [1,00), V(O) is the linear space of measurable functions v : 0 --+ R 
such that 

IlvIlLP(O) = {llv(X)lPdX } lip < 00. (1.5.1) 

The space LOO(O) consists of all essentially bounded measurable functions 
v:O--+R, 

IlvIILOO(O) = inf sup Iv(x)1 < 00. 
meas (0')=0 xEO\O' 

(1.5.2) 

Some basic properties of the V spaces are summarized in the following 
theorem. 

Theorem 1.5.1 Let 0 be an open bounded set in Rd. 

(a) For p E [1,00], LP(O) is a Banach space. 

(b) For p E [1,00], every Cauchy sequence in LP(O) has a subsequence 
that converges pointwise a.e. on O. 

(c) If 1:::; p :::; q :::; 00, then Lq(O) ~ LP(O), 

Vv E U(O), 

and 

(d) If 1 :::; p:::; r :::; q :::; 00 and we choose 0 E [0,1] such that 

1 0 (1 - 0) 
-=-+--, 
r p q 

then 

In (c), when q = 00, l/q is understood to be O. The result (d) is called 
an interpolation property of the LP spaces. To prove (c) and (d), we need 
to use the Holder inequality. We first prove Young's inequality. 

Lemma 1.5.2 (YOUNG'S INEQUALITY) Leta,b 2: 0, p,q > 1, l/p+l/q = 
1. Then 

aP bq 
ab< -+-. 

- p q 

Proof. For any fixed b 2: 0, define a function 

aP bq 
f(a) = - + - - ab 

p q 

on [0,00). From f'(a) = ° we obtain a = bl/(p-l). We have f(bl/(p-l») = 0. 
Since f(O) 2: 0, lima--+oo f(a) = 00 and f is continuous on [0,00), we see 
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that 

inf f(a) = f(b 1/(p-1)) = o. 
O~a<oo 

Hence Young's inequality holds. • 

Lemma 1.5.3 (MODIFIED YOUNG'S INEQUALITY) Let a, b > 0, E > 
0, p, q > 1, l/p + l/q = 1. Then 

E aP E1- qbq 

ab<-+--. 
- p q 

Lemma 1.5.4 (HOLDER'S INEQUALITY) Let u E LP(n), v E Lq(n), p, q ~ 
1, l/p + l/q = 1. Then 

In lu(x) v(x)1 dx :::; Ilulb(o) IlvIILq(O). 

Remark 1.5.5 If p = 1, then q = 00. Formally, we write 1/00 = O. 

Proof. (HOLDER'S INEQUALITY) The inequality is obviously true if p = 1 
or 00, or IluIILP(O) = O. For p E (1, (0) and Ilulb(o) =1= 0, we use the 
modified Young's inequality to obtain 

1 E E1- q 

lu(x) v(x)1 dx :::; -llulliP(O) + -llvlllq(o) "IE> O. 
o P q 

Then we set E = IlvIILq(O)/llulli-;to); this choice of E minimizes the value of 
the right-hand side of the above inequality. • 

To show that (1.5.1) (and (1.5.2)) defines a norm, we need to verify the 
triangle inequality, which in this case is called the Minkowski inequality. 

Lemma 1.5.6 (MINKOWSKI INEQUALITY) 

Ilu + vIILP(O) :::; IluIILP(O) + IlvIILP(O) 'iu, v E p(n), p E [1, ooJ. 

Proof. The inequality is obviously true for p = 1 and 00. Suppose p E 
(1, (0). Applying the Holder inequality, we have 

in lu(x) + v(x)IPdx 

:::; in lu(x) + v(x)lp-1Iu(x)1 dx + in lu(x) + v(x)IP-1Iv(x)1 dx 

:::; (in lu(x) + v(x)I(P-1)qdX) l/q (1IuIILP(O) + IlvIILP(O)) 

= (In lu(x) + v(x)IPdX) 1-i (1Iulb(o) + IlvIILP(O)). 

Therefore, the Minkowski inequality holds. • 
Smooth functions are dense in LP(n), 1 :::; p < 00. 



1.6. Compact sets 35 

Theorem 1.5.7 Let 0 <;;:: jRd be an open set, 1 ::; p < 00. Then the space 
CO'(O) is dense in U(O); in other words, for any v E U(O), there exists 
a sequence {vn } <;;:: CO' (0) such that 

Ilvn - vIILP(!1) -7 ° as n -7 00. 

For any mE Z+, by noting the inclusions CO'(O) <;;:: cm(n) <;;:: U(O), we 
see that the space Cm(n) is also dense in U(O). 

Exercise 1.5.1 Prove the modified Young's inequality by applying Young's 
inequality. 

Exercise 1.5.2 Lemma 1.5.2 is a special case of the following general 
Young's inequality: Let f : [0,(0) -7 [0,(0) be a continuous, strictly in
creasing function such that f(O), limx-'>oof(x) = 00. Denote g as the inverse 
function of f. For ° ::; x < 00, define 

F(x) = fox f(t) dt, G(x) = fox g(t) dt. 

Then 

ab::; F(a) + F(b), Va, b 2: 0, 

and the equality holds if and only if b = f (a). Prove this result and deduce 
Lemma 1.5.2 from it. 

Exercise 1.5.3 Show the generalized Holder inequality 

110 VI" .vmdxl::; IlvIilLP1(!1) " 'IIvmIILPm(!1) VVi E LPi(O), 1::; i::; m, 

where the exponents Pi > 0 satisfy the relation L:~l l/pi = 1. 

Exercise 1.5.4 Consider the function 

f(x) = e- , x ~ { 
l/x2 0 

0, x - O. 

Prove 

lim f(m)(x) = 0 
x '\.0 

for all integers m 2: 0. 

1.6 Compact sets 

There are several definitions of the concept of compact set, most being 
equivalent in the setting of a normed linear space. 
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Definition 1.6.1 (a) Let S be a subset of a normed linear space V. We 
say S has an open covering by a collection of open sets {Ua I a E A}, A an 
index set, if 

We say S is compact if for every open covering {Ua } of S, there is a finite 
subcover {Uaj I j = 1, ... , m} ~ {Ua I a E A} which also covers S. 

(b) Equivalently, S is compact if every sequence {x j} ~ S contains a 
convergent subsequence {Xjk} that converges to a point xES. 

(c) If S is a set for which S is compact, we say S is precompact. 

Part (a) of the definition is the general definition of compact set, valid in 
general topological spaces; and (b) is the usual form used in metric spaces 
(spaces with a distance function defining the topology of the space). In 
every normed linear space, a compact set is both closed and bounded. 

For finite dimensional spaces, the compact sets are readily identified. 

Theorem 1.6.2 (HEINE-BoREL THEOREM) Let V be a finite-dimensional 
normed linear space, and let S be a subset of V. Then S is compact if and 
only if S is both closed and bounded. 

A proof can be found in most textbooks on advanced calculus; for exam
ple, see [4, Theorems 3-38, 3-40]. For infinite-dimensional normed linear 
spaces, it is more difficult to identify the compact sets. The results are de
pendent on the properties of the norm being used. We give an important 
result for the space of continuous functions C(D) with the uniform norm 
II· II ex" with some set D ~ JRd. A proof is given in [88, p. 27]. 

Theorem 1.6.3 (ARZELA-AsCOLI THEOREM) Let S ~ C(D), with D ~ 
JRd closed and bounded. Suppose that the functions in S are uniformly 
bounded and equicontinuous over D, meaning that 

and 

sup Ilflloo < 00 
fES 

If(x) - f(y)1 ::; cs(c) for Ilx - yll ::; c Vf E S 

with cs(c) -+ 0 as c -+ O. Then S is precompact in C(D). 

In Chapter 6, we review compact embedding results for Sobolev spaces, 
and these provide examples of compact sets in Sobolev spaces. 

Suggestion for Further Readings 
Detailed discussions of normed spaces, Banach spaces, Hilbert spaces, 

linear operators on normed spaces and their properties are found in most 
textbooks on Functional Analysis; see for example CONWAY [40], HUTSON 
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AND PYM [81], KANTOROVICH AND AKILOV [88], KESAVAN [94], KREYSZIG 
[103], ZEIDLER [174, 175]. 

In this work, we emphasize the ability to understand and correctly ap
ply results from functional analysis in order to analyse various numerical 
methods and procedures. An important pioneering paper that advocated 
and developed this approach to numerical analysis is that of L.V. KAN
TOROVICH [87]. It was published in 1948; and much of the work of this paper 
appears in expanded form in KANTOROVICH AND AKILOV [88, chaps. 14-
18]. Another associated and influential work is the text of KANTOROVICH 
AND KRYLOV [89], which appeared in several editions over a 30-year pe
riod. Other important general texts that set the study of numerical analysis 
within a framework of functional analysis include AUBIN [17], COLLATZ 
[38], CRYER [41], LEBEDEV [105], LINZ [108], and MOORE [121]. 



2 
Linear Operators on Normed Spaces 

Many of the basic problems of applied mathematics share the property of 
linearity, and linear spaces and linear operators provide a general and useful 
framework for the analysis of such problems. More complicated applications 
often involve nonlinear operators, and a study of linear operators also offers 
some useful tools for the analysis of nonlinear operators. In this chapter we 
review some basic results on linear operators, and we give some illustrative 
applications to obtain results in numerical analysis. Some of the results are 
quoted without proof; and usually the reader can find detailed proofs of 
the results in a standard textbook on functional analysis (e.g., see Conway 
[40], Kantorovich and Akilov [88], and Zeidler [174, 175]). 

Linear operators are used in expressing mathematical problems, often 
leading to equations to be solved or to functions to be optimized. To ex
amine the theoretical solvability of a mathematical problem and to develop 
numerical methods for its solution, we must know additional properties 
about the operators involved in our problem. The most important such 
properties in applied mathematics involve one of the following concepts or 
some mix of them . 

• Closeness to a problem whose solvability theory is known. The Geo
metric Series Theorem given in Section 2.3 is the basis of most results 
for linear operator equations in this category. 

• Closeness to a finite dimensional problem. One variant of this leads 
to the theory of completely continuous or compact linear operators, 
which is taken up in Section 2.8. 
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• Arguments based on finding the minimum of a function, with the 
point at which the minimum is attained being the solution to the 
problem being studied. The function being minimized is sometimes 
called an energy function. This is taken up in later chapters, but some 
of its framework is provided in the material of this chapter. 

There are other important means of examining the solvability of mathemat
ical problems in applied mathematics, based on Fourier analysis, complex 
analysis, positivity of an operator within the context of partially order lin
ear spaces, and other techniques. However, we make only minimal use of 
such tools in this text. 

2.1 Operators 

Given two sets V and W, an operator T from V to W is a rule that assigns 
to each element in a subset of Va unique element in W. The domain D(T) 
of T is the subset of V where T is defined, 

D(T) = {v E V I T(v) is defined}, 

and the range R(T) of T is the set of the elements in W generated by T, 

R(T) = {w E W I w = T(v) for some v E D(T)}. 

It is also useful to define the null set, the set of the zeros of the operator, 

N(T) = {v E V I T(v) = a}. 

An operator is sometimes also called a mapping, a transformation, or a 
function. Usually the domain D(T) is understood to be the whole set V, 
unless it is stated explicitly to be otherwise. 

Addition and scalar multiplication of operators are defined as they are 
for ordinary functions. Let Sand T be operators mapping from V to W. 
Then S + T is an operator from V to W with the domain D( S) n V(T) and 
the rule 

(S + T) (v) = S(v) + T(v) \;Iv E V(S) nV(T). 

Let a E K. Then aT is an operator from V to W with the domain D(T) 
and the rule 

(aT)(v) = aT(v) \;I v E D(T). 

Definition 2.1.1 An operator T V -+ W is said to be one-to-one or 
injective if 

(2.1.1) 

The operator is said to map V onto W or is called surjective ifR(T) = W. 
If T is both injective and surjective, it is called a bijection from V to W. 
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Evidently, when T : V --> W is bijective, we can define its inverse T- l : 

W --> V by the rule 

v = T-l(w) ~ W = T(v). 

More generally, if T : V --> W is one-to-one, we can define its inverse from 
R(T) ~ W to V by using the above rule. 

Example 2.1.2 Let V be a linear space. The identity operator I : V --> V 
is defined by 

I(v) = v 'VvEV. 

It is a bijection from V to V; and moreover, its inverse is also the identity 
operator. 

Example 2.1.3 Let V = en, W = em, and L(v) = Av, v E en, where 
A = (aij) E emxn is a complex matrix and Av denotes matrix-vector mul
tiplication. From results in finite-dimensional linear algebra, the operator 
L is injective if and only if rank(A) = n; and L is surjective if and only if 
rank(A) = m. 

Example 2.1.4 We consider the differentiation operator d/dx from V = 
e[o, 1] to W = e[O, 1] defined by 

d 
dx:v~v' forvEel [O,l]. 

We take the domain of the operator, V( d/ dx), to be e l [0, 1], which is a 
proper subspace of e[o, 1]. It can be verified that the differentiation opera
tor is a surjection, R(d/dx) = e[O, 1]. The differentiation operator is not 
injective, and its null set is the set of constant functions. 

Example 2.1.5 Although the differentiation operator d/ dx is not injective 
from el[O, 1] to e[O, 1], the following operator 

D: v(x) ~ (~~1) 
is a bijection between V = el[O, 1] and W = e[O, 1] x IR. 

If both V and W are normed spaces, we can talk about the continuity 
and boundedness of the operators. 

Definition 2.1.6 Let V and W be two normed spaces. An operator T : 
V --> W is continuous at v E V(T) if 

{vn} ~ V(T) and Vn --> v in V =} T(vn) --> T(v) in W. 

T is said to be continuous if it is continuous over its domain V(T). The 
operator is bounded if for any r > 0 there is an R > 0 such that 

v E V(T) and Ilvll ~ r =} IIT(v)11 ~ R. 
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We observe that an alternative definition of the boundedness is that for 
any set B ~ D(T), 

sup Ilvllv < 00 ~ sup IIT(v)llw < 00. 
vEB vEB 

Example 2.1.7 Let us consider the differentiation operator again. The 
spaces e[O, 1] and e l [0, 1] are associated with their standard norms 

Ilvllc[o 1] = max Iv(x)1 
, o:S;x:s;I 

and 

Ilvllc1 [o,1] = Ilvllc[O,l] + Ilv'llc[O,l]' (2.1.2) 

Then the operator 

d 
Tl = dx : el[O, 1] ~ e[O, 1]----+ e[a, 1] 

is not continuous using the infinity norm of e[O, 1], while the operator 

d 
T2 = dx : el[O, 1]----+ C[O, 1] 

is continuous using the norm of (2.1.2). 

Exercise 2.1.1 Consider Example 2.1.7. Show that Tl is unbounded and 
T2 is bounded, as asserted in the example. 

2.2 Continuous linear operators 

This chapter is focused on the analysis of a particular type of operators 
called linear operators. From now on, when we write T : V ----+ W, we implic
itly assume D(T) = V, unless stated otherwise. As in Chapter 1, K denotes 
the set of scalars associated with the vector space under consideration. 

Definition 2.2.1 Let V and W be two linear spaces. An operator L : V ----+ 
W is said to be linear if 

L(alvl + a2v2) = alL(vl) + a2L(v2) \1Vl,V2 E V, \1al,a2 E K, 

or equivalently, 

L(VI +V2) = L(Vl) +L(V2) \1Vl,v2 E V, 

L(av)=aL(v) \1vEV, \1aEK. 

For a linear operator L, we usually write L(v) as Lv. 

An important property of a linear operator is that the continuity and 
boundedness are equivalent. We state and prove this result in the form of a 
theorem after two preparatory propositions that are themselves important. 
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Proposition 2.2.2 Let V and W be normed spaces, L : V -+ W a linear 
operator. Then continuity of L over the whole space is equivalent to its 
continuity at anyone point, say, at v = O. 

Proof. Assume 

(2.2.1) 

Let v E V be arbitrarily given and {vn } ~ V be a sequence converging 
to v. Then Vn - v -+ 0, and by (2.2.1), L(vn - v) = LVn - Lv -+ 0; i.e., 
LVn -+ Lv. Hence L is continuous at v. • 

Proposition 2.2.3 Let V and W be normed spaces, L : V -+ W a linear 
operator. Then L is bounded if and only if there exists a constant , 2 0 
such that 

IILvllw ::::: ,llvllv 'VvEV. (2.2.2) 

Proof. Obviously (2.2.2) implies the boundedness. Conversely, suppose 
L is bounded, then 

,== sup IILvllw < 00, 
vEB l 

where Bl = {v E V Illvllv ::::: I} is the unit ball centered at O. Now for any 
v =I- 0, v/llvllv E Bl and by the linearity of L, 

IILvllw = Ilvllv IIL(v/llvllv)llw ::::: ,llvllv. 

• 
Theorem 2.2.4 Let V and W be normed spaces, L : V -+ W a linear 
operator. Then L is continuous on V if and only if it is bounded on V. 

Proof. Firstly we assume L is not bounded and prove that it is not 
continuous at O. Since L is unbounded, we can find a bounded sequence 
{vn } ~ V such that IILvnl1 -+ 00. Without loss of generality, we may 
assume LVn =I- 0 for all n. Then we define a new sequence 

_ Vn 
Vn = 

IILvnllw' 

This sequence has the property that vn -+ 0 and IILvnllw = 1. Thus L is 
not continuous. 

Secondly we assume L is bounded and show that it must be continuous. 
Indeed from (2.2.2) we have the Lipschitz inequality 

which implies the continuity in an obvious fashion. 

(2.2.3) 

• 
From (2.2.3), we see that for a linear operator, continuity and Lipschitz 

continuity are equivalent. 
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We use the notation .c(V, W) for the set of all the continuous linear 
operators from a normed space V to another normed space W. In the 
special case W = V, we use .c(V) to replace .c(V, V). We see that for 
a linear operator, boundedness (2.2.2) is equivalent to continuity. Thus if 
L E .c(V, W), it is meaningful to define 

IILvllw 
IILllv,w = sup II II . 

O#vEV v V 
(2.2.4) 

Using the linearity of L, we have the following relations 

1 IILllv,w = sup IILvllw = sup IILvllw = - sup IILvllw 
vEE! v:llvllv=l r v:llvllv=r 

for any r > O. The norm IILllv,w is the maximum size in W of the image 
under L of the unit ball Bl in V. 

Theorem 2.2.5 The set .c(V, W) is a linear space, and (2.2.4) defines a 
norm over the space. 

We leave the proof of the theorem to the reader. The norm (2.2.4) is usu
ally called the operator norm of L, which enjoys the following compatibility 
property 

IILvllw:::; IILllv,wllvllv "Iv E V. (2.2.5) 

If it is not stated explicitly, we always understand the norm of an operator 
as an operator norm defined by (2.2.4). Another useful inequality involving 
operator norms is given in the following result. 

Theorem 2.2.6 Let U, V and W be normed spaces, and let S : U ~ 
V and T : V ~ W be continuous linear operators. Then the composite 
operator T S : U ~ W defined by 

TS(v) = T(S(v)) "Iv E U 

is a continuous linear mapping. Moreover, 

IITSllu,w:::; IISllu,vIITllv,w. (2.2.6) 

Proof. We only need to prove (2.2.6). By (2.2.5), for any v E U, 

IITS(v)llw = IIT(S(v))llw :::; IITllv,wllSvllv :::; IITllv,wIISllu,vllvllu . 
Hence, (2.2.6) is valid. • 

As an important special case, if V is a normed space and if L E .c(V), 
then for any positive integer n, 

Both (2.2.5) and (2.2.6) are very useful relations for the error analysis of 
some numerical methods. 
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For a linear operator, the null set N(L) becomes a subspace of V, and 
we have the statement 

L is one-to-one {:=;> N(L) = {a}. 

Example 2.2.7 Let V be a linear space. Then the identity operator I : 
V -+ V belongs to .c(V), and 11111 = 1. 

Example 2.2.8 Recall Example 2.1.3. Let V = en, W = em, and L(v) = 
A v, v E en, where A = (aij) E em x n is a complex matrix. If the norms 
on V and Ware II· 1100, then the operator norm is the matrix oo-norm, 

n 

IIAlloo = max 2)aijl. 
l<.<m 

- - j=l 

If the norms on V and Ware II . 111, then the operator norm is the matrix 
I-norm, 

m 

If the norms on V and Ware 11·112, then the operator norm is the spectral 
norm 

For a square matrix B, ra(B) denotes the spectral radius of the matrix B, 

ra(B) = max IAI 
AEa(B) 

and cr(B) denotes the spectrum of B, the set of all the eigenvalues of B. 
Proofs of these results are given in [11, Section 7.3j. 

Example 2.2.9 Let V = W = C[a, b] with the norm II . 1100' Let k E 
C([a, bj2), and define K : C[a, b] -+ C[a, b] by 

(Kv)(x) = lb k(x, y) v(y) dy. (2.2.7) 

The mapping K in (2.2.7) is an example of a linear integral operator, and 
the function k(·, .) is called the kernel function of the integral operator. Un
der the continuity assumption on k(·, .), the integral operator is continuous 
from C[a, b] to C[a, b]. Furthermore, 

IIKII = a~~blb Ik(x,y)ldy. (2.2.8) 

The linear integral operator (2.2.7) is later used extensively. 
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2.2.1 £(V, W) as a Banach space 

In approximating integral and differential equations, the integral or dif
ferential operator is often approximated by a sequence of operators of a 
simpler form. In such cases, it is important to consider the limits of conver
gent sequences of bounded operators, and this makes it important to have 
£(V, W) be a complete space. 

Theorem 2.2.10 Let V be a normed space, and W be a Banach space. 
Then £(V, W) is a Banach space. 

Proof. Let {Ln} be a Cauchy sequence in £(V, W). This means 

En == SUp IILn+p - Lnll ~ 0 as n ~ 00. 
p~1 

We must define a limit for {Ln} and show that it belongs to £(V, W). 
For each v E V, 

(2.2.9) 

Thus {Ln v} is a Cauchy sequence in W. Since W is complete, the sequence 
has a limit, denoted by L(v). This defines an operator L : V ~ W. Let us 
prove that L is linear, bounded, and IILn - Lllv,w ~ 0 as n ~ 00. 

For any VI, V2 E V and ctl, ct2 E K, 

L( ctl VI + ct2V2) = lim Ln (ctl VI + ct2V2) 
n-->oo 

= lim (ctILnVI + ct2LnV2) 
n-->oo 

= ctl lim LnVI + ct2 lim LnV2 
n----+oo n---+oo 

Thus L is linear. 
Now for any V E V, we take the limit p ~ 00 in (2.2.9) to obtain 

Thus 

IlL - Lnllv,w = sup IILv - Lnvllw ~ En ~ 0 as n ~ 00. 
Ilvllv::S;1 

Hence L E £(V, W) and Ln ~ L as n ~ 00. • 

Exercise 2.2.1 For a linear operator L : V ~ W, show that L(O) = O. 

Exercise 2.2.2 Prove that £(V, W) is a linear space, and (2.2.4) defines 
a norm on the space. 

Exercise 2.2.3 Assume k E C([a, bF). Show that the operator K defined 
by (2.2.7) is continuous, and its operator norm is given by the formula 
(2.2.8) . 
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Exercise 2.2.4 A linear operator L is called nonsingular if N(L) = {a}. 
Otherwise it is called singular. Show that if L is nonsingular, then a solution 
of the equation Lu = f is unique. 

Exercise 2.2.5 If a linear operator L : V ---+ W is nonsingular and maps 
V onto W, then for any fEW, the equation Lu = f has a unique solution 
uE V. 

2.3 The geometric series theorem and its variants 

The following result is used commonly in numerical analysis and applied 
mathematics. It is also the means by which we can analyze the solvability 
of problems that are "close" to another problem known to be uniquely 
solvable. 

Theorem 2.3.1 (GEOMETRIC SERIES THEOREM) Let V be a Banach 
space, L E .c(V). Assume 

IILII < 1. (2.3.1) 

Then I - L is a bijection on V, its inverse is a bounded linear operator, 
and 

-1 1 
11(1 - L) II:::; 1 -IILII' (2.3.2) 

Proof. Define a sequence in .c(V): Mn = 2:~=o Li , n 2:: O. For p 2:: 1, 

Using the assumption (2.3.1), we have 

Hence, 

sup IIMn+p - Mnll ---+ 0 as n ---+ 00, 
p;:::l 

(2.3.3) 

and {Mn} is a Cauchy sequence in .c(V). Since .c(V) is complete, there is 
an M E .c(V) with 

liMn - Mil ---+ 0 as n ---+ 00. 

Using the definition of Mn and simple algebraic manipulation, 

(I - L)Mn = Mn(I - L) = 1- Ln+1. 

Let n ---+ 00 to get 

(1 - L) M = M (1 - L) = I. 



2.3. The geometric series theorem and its variants 47 

This relation implies I - L is a bijection, and 

n 00 
M = (I - L )-1 = lim "'"" Li = "'"" Ln. 

n---+oo~ ~ 
i=Q n=Q 

To prove the bound (2.3.2), first note that 

n . 1 
IIMnl1 :s:: t; liLli' :s:: 1 -IILII' 

Taking the limit n -7 00, we obtain (2.3.2). • 
The theorem says that under the stated assumptions, for any f E V, the 

equation (I -L) u = f has a unique solution u = (I _L)-l f E V. Moreover, 
the solution depends continuously on the right-hand side f: Letting (I -
L) U1 = II and (I - L) U2 = 12, it follows that 

U1 - U2 = (I - L)-l (II - h), 

and so 

with c = 1/(1 - IILII). 
Example 2.3.2 Consider the linear integral equation of the second kind 

AU(X)-lbk(x,y)u(Y)dY=f(x), a:s::x:s::b (2.3.4) 

with A =1= 0, k(x, y) continuous for x, y E [a, b], and f E C[a, b]. Let V = 
C[a, b] with the norm 11·1100' Symbolically, we write 

(AI - K) u = f (2.3.5) 

where K is the linear integral operator generated by the kernel function 
k(·, .). We also will often write this as (A - K) u = f, understanding it to 
mean the same as in (2.3.5). 

This equation (2.3.5) can be converted into the form needed in the 
geometric series theorem: 

1 
(I - L) u = >. f, L-~K - A . 

Applying the geometric series theorem, we assert that if 

1 
IILII = T\T IIKII < 1, 

then (I - L)-l exists and 

1 
II(I - L)-lll :s:: l-IILII 
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Equivalently, if 

IIKII = arg~blbIK(x,Y)ldY< IAI, 

then (M - K)-l exists and 

-1 1 
II(M - K) II:::; IAI-IIKII 

(2.3.6) 

Hence under the assumption (2.3.6), for any f E C[a, b]' the integral 
equation (2.3.4) has a unique solution U E C[a, b] and 

We observe that the geometric series theorem is a straightforward gen
eralization to linear continuous operators on a Banach space of the power 
series 

00 

(l-X)-l = Lxn , Ixl < 1 
n=O 

or its complex version 

00 

(1 - z)-l = L zn, z E C, Izl < 1. 
n=O 

From the proof of the theorem we see that for a linear operator L E C(V) 
over a Banach space V, if IILII < 1, then the series 2::'=0 Ln converges in 
C(V) and the value of the series is the operator (1 - L)-l. More generally, 
we can similarly define an operator-valued function f(L) of an operator 
variable L from a real function f(x) of a real variable x (or a complex
valued function f(z) of a complex variable z), as long as f(x) is analytic 
at x = 0; i.e., 

00 

f(x) = L anxn, Ixl <"( 

n=O 

for some constant "( > 0, where an = f(n)(O)/n!, n 2: O. Now if V is a 
Banach space and L E C(V) satisfies IILII < ,,(, then we define 

00 

f(L) = LanLn. 
n=O 

The series on the right-hand side is a well-defined operator in C(V), thanks 
to the assumption IILII < "(. We now give some examples of operator-valued 
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functions obtained by this approach, with L E £(V) and V a Banach space: 

eL = ~ ~Ln 
L.J, ' 
n=O 

n. 

2.3.1 A generalization 

To motivate a generalization of Theorem 2.3.1, consider the Volterra 
integral equation of the second kind 

u(x) -fox £(x, y)u(y) dy = f(x), x E [O,B]. (2.3.7) 

Here, B > 0 and we assume the kernel function £(x, y) is continuous for 
o :::::: y :::::: x :::::: B, and f E C[O, B]. We can use a variant of the geometric 
series theorem to show that this equation is uniquely solvable, irregardless 
ofthe size of the kernel function £(x, y). Symbolically, we write this integral 
equation as (I - L) u = f. 
Corollary 2.3.3 Let V be a Banach space, L E £(V). Assume for some 
m 2: 2 that 

(2.3.8) 

Then J - L is a bijection on V, its inverse is a bounded linear operator, 
and 

m-1 

II (J - L)-lll :::::: 1 -1~Lmll L IILill· 
i=O 

Proof. From Theorem 2.3.1, we know that (I - Lm)-l exists as a 
bounded bijective operator on V to V, with 

and with the series 
00 

LLjm 
j=O 

convergent in £(V). Then we can make use of the identity 
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to prove that (I - L)-l exits and belongs to 'c(V). The details are similar 
to those in the proof of Theorem 2.3.1, and we omit them here. • 

Example 2.3.4 Returning to (2.3.7), define 

Lv(x) = fox £(x, y)v(y) dy, a S x S B, v E c[a, B]. 

Easily, L is a bounded linear operator on C[a, B] to itself. The iterated 
operators Lk take the form 

Lkv(x) = fox £k(X, y)v(y) dy 

for k = 2,3, ... , and £l(X, y) == £(x, y). It is straightforward to show 

Let 

£k+l(X,y) = l x 
£k(x,z)£(z,y)dz, k = 1,2, ... 

M(x) = max I£(x, y)l, 
O::;y::;x 

a s x S B. 

It is relatively straightforward, using induction, to show that 

k (x _ y)k-l 
l£k(X, y)1 s M(x) (k _ I)! ' as y s x S B, k = 1,2,3, ... 

Then 

k = 1,2, ... 

It is clear that the right side converges to zero as k --+ 00, and thus (2.3.8) 
is satisfied for m large enough. We can also use this result to construct 
bounds for the solutions of (2.3.7), which we leave to Exercise 2.3.6. 

2.3.2 A perturbation result 

An important technique in applied mathematics is to study an equation 
by relating it to a "nearby" equation for which there is a known solvability 
result. One of the more popular tools is the following perturbation theorem. 

Theorem 2.3.5 Let V and W be normed spaces with at least one of them 
being complete. Assume L E 'c(V, W) has a bounded inverse L -1 : W --+ V. 
Assume M E 'c(V, W) satisfies 

1 
11M -LII s ilL-III' 

Then M : V --+ W is a bijection, M-1 E 'c(W, V) and 

ilL-III 
11M- I II s 1- ilL-III ilL - Mil' 

(2.3.9) 

(2.3.10) 
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Moreover, 

(2.3.11) 

For solutions of the equations LVI = wand M V2 = w, we have the estimate 

(2.3.12) 

Proof. We write M as a perturbation of L. If W is complete, we write 

M = [1 - (L - M) L-1] L; 

while if V is complete, we write 

M = L [1 - L-1 (L - M)]. 

Let us prove the result for the case W is complete. 
The operator (L - M) L-1 E .L:(W) satisfies 

II(L-M)L-1 11 ~ IlL-Mil IlL-III < 1. 

Thus applying the geometric series theorem, [I - (L - M) L-1]-1 exists 
and 

1 1 
11[1 - (L - M) L-1]-111 ~ 1-IIL-l(L _ M)II :::; I-IlL-III IlL _ Mil' 

So M-1 exists with 

and 

11M-I II < IlL-III 11[1 - (L - M) L-1r 1 11 < IlL-III 
- - I-IlL-III IlL - Mil 

To prove (2.3.11), we write 

L-1 - M-1 = M-1(M - L) L-1, 

take norms and use (2.3.10). For the estimate (2.3.12), write 

VI - V2 = (L- 1 - M- 1 ) w = M- 1(M - L) L- 1w = M- 1(M - L) VI 

and take norms and bounds. • 
The above theorem can be paraphrased as follows: An operator that is 

close to an operator with a bounded inverse will itself have a bounded in
verse. This is the framework for innumerable solvability results for linear 
differential and integral equations, and variations of it are also used with 
nonlinear operator equations. 

The estimate (2.3.11) can be termed the local Lipschitz continuity of the 
operator inverse. The estimate (2.3.12) can be used both as an a priori and 
an a posteriori error estimate, depending on the way we use it. First, let us 
view the equation Lv = w as the exact problem, and we take a sequence of 
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approximation problems Lnvn = w, n = 1,2, .... Assuming the sequence 
{Ln} converges to L, we can apply the perturbation theorem to conclude 
that at least for sufficiently large n, the equation Ln Vn = W has a unique 
solution Vn , and we have the error estimate 

The consistency of the approximation is defined by the condition 

II(L - Ln) vii --> 0, 

while the stability is- defined by the condition that {IIL;:;-III}n large 

is uniformly bounded. We see that consistency plus stability implies 
convergence: 

The error estimate provides sufficient conditions for convergence (and order 
error estimate under regularity assumptions on the solution v) before we 
actually solve the approximation problem Lnvn = w. Such an estimate is 
called an a priori error estimate. We notice that usually an a priori error 
estimate does not tell us quantitatively how small is the error. 

Another way to use (2.3.12) is to view Mv = w as the exact problem, 
and L = Mn an approximation of M, n = 1,2, .... Denote Vn to be the 
solution ofthe approximation equation Mnvn = W; the equation is uniquely 
solvable at least for sufficiently large n. Then we have the error estimate 

Suppose we can estimate the term 11M-I II. Then after the approximate 
solution Vn is found, the above estimate offers a numerical upper bound for. 
the error. Such an estimate is called an a posteriori error estimate. 

Example 2.3.6 We examine the solvability of the integral equation 

AU(X) -11 
sin(xy)u(y)dy = f(x), o ::; x ::; 1, 

with A # O. From the discussion of the Example 2.3.2, if 

IAI > IIKII = 11 sin(y) dy = 1 - cos(l) ~ 0.4597 

(2.3.13) 

(2.3.14) 

is satisfied, then for every f E C[O,l], (2.3.13) admits a unique solution 
u E C[O, IJ. 

To extend the values of A for which (2.3.13) has a unique solution, we 
apply the perturbation theorem. Since sin(xy) ~ xy for small values of Ixyl, 
we compare (2.3.13) with 

AV(X) -11 
xyv(y)dy = f(x), O::;x::;l. (2.3.15) 
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In the notation of the perturbation theorem, equation (2.3.13) is Mu = f 
and (2.3.15) is Lv = f. The normed space is V = C[O, 1] with the norm 
II· 1100, and L, ME £(V). 

The integral equation (2.3.15) can be solved explicitly. From (2.3.15), 
assuming A =f. 0, we have that every solution v takes the form 

v(x) = [f(x) + cx] 

for some constant c. Substituting this back into (2.3.15) leads to a formula 
for c, and then 

v(x) = ~ [f(X) + A ~ ~ 11 XYf(Y)dY] (2.3.16) 

The relation (2.3.16) defines L-1 f for all f E C[O, 1]. 
To use the perturbation theorem, we need to measure several quantities. 

It can be computed that 

-1 1 [ 1] IlL II S f:\T 1 + 21A _ ~ I 

and 

IlL - Mil = {1 (y - siny) dy = cos(1) - ~ ~ 0.0403. Jo 2 

The condition (2.3.9) is implied by 

I~I [1 + 21/- ~Il < cos(i) - r (2.3.17) 

A graph of the left side of this inequality is given in Figure 2.1. If .A is 
assumed to be real, then there are three cases to be considered: A > ~, 
o < A < ~, and A < O. For the case A < 0, (2.3.17) is true if and only if 
A < AO ~ -0.0881, the negative root of the equation 

A2 - (~- COS(1)) A - ~ (COS(1) -~) = O. 

As a consequence of the perturbation theorem, we have that if A < AO, 
then (2.3.13) is uniquely solvable for all f E C[O, 1]. This is a significant 
improvement over the condition (2.3.14). Bounds can also be given on the 
solution u, but these are left to the reader, as are the remaining two cases 
for A. 

Exercise 2.3.1 Consider the integral equation 

AU(X) - (I 1u(y) ~Y2 = f(x), 
Jo +x y 
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Figure 2.1. Graph of the left-hand side of inequality (2.3.17) 

for a given f E C[O, 1]. Show this equation has a unique continuous solution 
u if IAI is chosen sufficiently large. For such values of A, bound the solution 
u in terms of Ilflloo. 
Exercise 2.3.2 Complete the solvability analysis for Example 2.3.6. 

Exercise 2.3.3 Repeat the solvability analysis of Example 2.3.6 for the 
integral equation 

AU(x) -11 
u(y) tan-1 (xy) dy = f(x), O::;x::;l. 

Use the approximation based on the Taylor approximation 

for small values of s. 

Exercise 2.3.4 Assume the conditions of the geometric series theorem are 
satisfied. Then for any f E V, the equation (I - L) u = f has a unique 
solution u E V. Show that this solution can be approximated by a sequence 
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{Un} defined by: Uo E V, Un = f + LUn-1, n = 1,2, .... Derive an error 
estimate for Ilu - unll· 
Exercise 2.3.5 Let f E C[O, 1]. Show that the continuous solution of the 
boundary value problem 

is 

- u"(x) = f(x), 0< x < 1, 

u(O) = u(l) = 0 

u(x) = 11 k(x,y)f(y)dy, 

where the kernel function k(x, y) = min(x, y) (1 - max(x, y)). Let a E 

C[O, 1]. Apply the geometric series theorem to show that the boundary value 
problem 

- u"(x) + a(x) u(x) = f(x), 0< x < 1, 

u(O) = u(l) = 0 

has a unique continuous solution u if maxo'5,x9Ia(x)1 :::; ao is sufficiently 
small. Give an estimate of the value ao. 

Exercise 2.3.6 Recall the Volterra equation (2.3.7). Bound the solution u 
using Corollary 2.3.3. Separately, obtain a bound for u by examing directly 
the convergence of the series 

00 

u= LLkf 
k=O 

and relating it to the Taylor series for exp(M(B)B). 

2.4 Some more results on linear operators 

In this section, we collect together several independent results that are 
important in working with linear operators. 

2.4.1 An extension theorem 

Bounded operators are often defined on a subspace of a larger space, and 
it is desirable to extend the domain of the original operator to the larger 
space, while retaining the boundedness of the operator. 

Theorem 2.4.1 (EXTENSION THEOREM) Let V be a normed space, and let 

V denote its completion. Let W be a Banach space. Assume L E £(V, W). 

Then there is a unique operator L E £(V, W) with 

Lv =Lv "Iv E V 
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and 

IILllv w = IILllv,w. , 

The operator L is called an extension of L. 

Proof. Given v E V, let {vn} ~ V with Vn --t v in V. The sequence 
{Lvn } is a Cauchy sequence in W by the following inequality: 

IILvn+p - Lvnll :s; IILllllvn+p - vnll· 
Since W is complete, there is a limit L(v) E W. We must show that L is 
well defined (i.e., L(v) does not depend on the choice ofthe sequence {vn }), 

linear, and bounded. 
To show that L is well defined, let Vn --t v and vn --t v with {vn}, {vn} ~ 

V. Then as n --t 00, 

IILvn - Lvnll :s; IILllllvn - vnll :s; IILII (1lvn - vii + Ilvn - vii) --t O. 

Thus {Lvn} and {Lvn} must have the same limit. 
To show the linearity, let Un --t U and Vn --t v, and let a, f3 ElK. Then 

L(au + f3v) = lim L(aun + f3vn) = lim (a LUn + f3 Lvn) =a Lu + f3 Lv. 
n~oo n~oo 

To show the boundedness, let Vn --t v and {vn} ~ V. Then taking the 
limit n --t 00 in 

we obtain 

IILvllw :s; IILllllvllv· 
So L is bounded and 

IILII = sup IILvllw:s; IILII. 
O~vEV Ilvll v 

To see that IILllv,w = IILllv,w, we note 

IILvllw IILvllw IILvllw ~ 
IILllv,w = sup II II = sup II 11_ :s; suP_ II 11_ = IILllv,w' 

O~vEV v v O~vEV V V O~vEV V v 

To show that L is unique, let L be another extension of L to V. Let 
v E V and let Vn --t v, {vn} ~ V. Then 

IILv - Lvnllw = IILv - LVnllw :s; IILllllv - vnll --t 0 as n --t 00. 

This shows LVn --t Lv as n --t 00. On the other hand, LVn --t Lv. So we 
must have Lv = Lv, for any v E V. Therefore, L = L. • 

There are a number of ways in which this theorem can be used. Often we 
wish to work with linear operators that are defined and bounded on some 
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normed space, but the space is not complete with the given norm. Since 
most function space arguments require complete spaces, the above theorem 
allows us to proceed with our arguments on a larger complete space, with 
an operator that agrees with our original one on the original space. 

Example 2.4.2 Let V = e1[0, 1] with the inner product norm 

Ilv111,2 = (1Ivll~ + Ilv'II~)1/2. 

The completion of e1[0, 1] with respect to II . 111,2 is the Sobolev space 
H1(0, 1), which was introduced earlier in Example 1.3.7. (Details of Sobolev 
spaces are also given later in Chapter 6.) Let W = L2(0,1) with the 
standard norm 11·112. 

Define the differentiation operator D: e1[0, 1]-t L2(0, 1) by 

(Dv)(x) = v'(x), ° ~ x ~ 1, v E e1[0, 1]. 

We have 

and thus 

IIDllv,w ~ l. 
By the extension theorem, we can extend D to jj E £.(H1(0, 1), L2(0, 1)), 

the differentiation operator on H1(0, 1). A more concrete realization of fj 
can be obtained using the theory of distributions. This is also discussed in 
Chapter 6. 

2.4.2 Open mapping theorem 

This theorem is widely used in obtaining boundedness of inverse operators. 
When considered in the context of solving an equation Lv = w, the theorem 
says that existence and uniqueness of solutions for all w E W implies the 
stability of the solution v; i.e., "small changes" in the given data w cause 
only "small changes" in the solution v. For a proof of this theorem, see [40, 
p. 91] or [175, p.179]. 

Theorem 2.4.3 Let V and W be Banach spaces. If L E £.(V, W) is a 
bijection, then L -1 E £'(W, V). 

To be more precise concerning the stability of the problem being solved, 
let Lv = wand Lv = w. We then have 

'L-1 ( ') V-V= w-w, 

and then 

IIv - vII ~ IIL-11111w - wll· 
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As w-w becomes small, so must v-v. The term IlL-III gives a relationship 
between the size of the error in the data wand that of the error in the 
solution v. A more important way is to consider the relative changes in the 
two errors: 

Ilv - vii < IIL- 1 1111 w - wll = IIL-11111Lllllw - wll 
Ilvll - Ilvll IILllllvl1 . 

Applying Ilwll :::; IILllllvll, we obtain 

Ilv - vii < IlL -IIIIILllllw - wll 
Ilvll - Ilwll . 

(2.4.1) 

The quantity cond(L) == IlL -l1IIILII is called the condition number of the 
equation, and it relates the relative errors in the data wand the solution 
v. Note that we always have cond(L) ~ 1 as 

IlL -l1IIILII ~ IlL -1 LII = IIIII = 1. 

Problems with a small condition number are called well-conditioned, while 
those with a large condition number ill-conditioned. 

In a related vein, consider a problem Lv = w, L : V -> W, in which L is 
bounded and injective, but not surjective. The inverse operator L -1 exists 
on the range R(L) S;;; W. If L- 1 is unbounded on R(L) to V, we say the 
original problem Lv = w is ill-posed or unstable. Such problems are not 
considered in this text, but there are a number of important applications 
(e.g., many indirect sensing devices) that fall into this category. Problems 
in which L -1 is bounded (along with L) are called well-posed or stable; they 
can still be ill-conditioned, as was discussed in the preceding paragraph. 

2.4.3 Principle of uniform boundedness 

Another widely used set of results refer to the collective boundedness of a 
set of linear operators. 

Theorem 2.4.4 Let {Ln} be a sequence of bounded linear operators from 
a Banach space V to another Banach space W. Assume for every v E V, 
the sequence {Ln v} is bounded. Then 

sup IILnl1 < 00. 
n 

This theorem is often called the principle of uniform boundedness; see 
[40, p. 95] or [175, p. 172] for a proof and a more extended development. 
We also have the following useful variant of this principle. 

Theorem 2.4.5 (BANACH-STEINHAUS THEOREM) Let V and W be Ba
nach spaces, and let L, Ln E .c(V, W). Let Vo be a dense subspace of V. 
Then in order for Ln v -> Lv 't/ v E V, it is necessary and sufficient that 
(a) Lnv -> Lv, 't/v E Vo; and 
(b) sUPn IILnl1 < 00. 
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Proof. (=?) Assume Ln v ---+ Lv for all v E V. Then (a) follows trivially; 
and (b) follows from the principle of uniform boundedness. 

({:::) Assume (a) and (b). Denote B = sUPn IILnll. Let v E V and E > 0. 
By the denseness of Va in V, there is an element V E E Vo such that 

E 

Ilv - v,11 ::; 3 max{IILII,B}" 

Then 

IILv - Lnvll ::; IILv - Lv,11 + IILv, - Lnv,11 + IILnv, - Lnvll 

::; IILllllv - v,11 + IILv, - Lnv,11 + IILnllll v, - vii 
2E 

::; 3 + IILv, - Lnv,ll· 

Using (a), we can find a natural number n, such that 

E 
IILv, - Lnv,11 ::; 3' n:::: n,. 

Combining these results, 

IILv - Lnvll ::; E, n:::: n,. 
Therefore, Lnv ---+ Lv as n ---+ 00. • 

Next, we apply Banach-Steinhaus theorem to discuss the convergence of 
numerical quadratures (i.e., numerical integration formulas). 

2.4.4 Convergence of numerical quadratures 

As an example, let us consider the convergence of numerical quadratures 
for the computation of the integral 

Lv = 101 w(x) v(x) dx, 

where w is a weighted function, w(x) :::: 0, w E L1(0, 1). There are several 
approaches to constructing numerical quadratures. One popular approach 
is to replace the function v by some interpolant of it, denoted here by IIv, 
and then define the corresponding numerical quadrature by the formula 

11 w(x) IIv(x) dx. 

The topic of function interpolation is discussed briefly in Section 3.1. If 
IIv is taken to be the Lagrange polynomial interpolant of v on a uniform 
partition of the integration interval, the resulting quadratures are called 
Newton-Cotes integration formulas. It is well known that high-degree poly
nomial interpolation on a uniform partition leads to strong oscillations 
near the boundary of the interval and hence divergence of the interpola
tion in many cases. Correspondingly, one cannot expect the convergence 
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of the Newton-Cotes integration formulas. To guarantee the convergence, 
one may use the Lagrange polynomial interpolant IIv of v on a properly 
chosen partition with more nodes placed near the boundary, or one may 
use a piecewise polynomial interpolant on a uniform partition or a partition 
suitably refined in areas where the integrand w v changes rapidly. With the 
use of piecewise polynomial interpolants of v, we get the celebrated trape
zoidal rule (using piecewise linear interpolation) and Simpson's rule (using 
piecewise quadratic interpolation). 

A second popular approach to constructing numerical quadratures is by 
the method of undetermined parameters. We approximate the integral by a 
sequence of finite sums, each of them being a linear combination of some 
function values (and more generally, derivative values can used in the sums 
as well). In other words, we let 

n 

Lv ~ Lnv = L win)v(x~n)) 
i=O 

and choose the weights {w~n)}~o and the nodes {x~n)}i=o ~ [0,1] by some 
specific requirements. Some of the weights and nodes may be prescribed 
a priori according to the context of the applications, and the remaining 
ones are usually determined by requiring the quadrature be exact for poly
nomials of degree as high as possible. If none of the weights and nodes is 
prescribed, then we may choose these 2n + 2 quantities so that the quadra
ture is exact for any polynomial of degree less than or equal to 2n + 1. The 
resulting numerical quadratures are called Gaussian quadratures. 

Detailed discussions of numerical quadratures (for the case when the 
weight function w == 1) can be found in [11, Section 5.3]. Here we study 
the convergence of numerical quadratures in an abstract framework. 

Let there be given a sequence of quadratures 

n 

Lnv = L win)v(x~n)), (2.4.2) 
i=O 

where ° ::::; x~n) < xin) < ... < x~n) ::::; 1 is a partition of [0, 1]. We regard Ln 
as a linear functional defined on C[O, 1] with the standard uniform norm. 
It is straightforward to show that 

n 

IILnl1 = L Iwin)l, (2.4.3) 
i=O 

and this is left as an exercise for the reader. 
As an important special case, assume the quadrature scheme Ln is exact 

for polynomials of degree less than or equal to d(n); i.e., 
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Here Pd(n) is the space of all the polynomials of degree less than or equal 
to d( n), and we assume d( n) -+ 00 as n -+ 00. Then an application of the 
Banach-Steinhaus theorem shows that Ln v -+ Lv for any v E C[O, 1] if and 
only if 

n 

sup L Iw~n) I < 00. 

n i=O 

Continuing the discussion on the convergence of numerical quadratures, 
we assume all the conditions stated in the previous paragraph are valid. 
Additionally, we assume the weights w~n) ::::: o. Then it follows that Lnv -+ 

Lv for any v E C[O, 1] (cf. Exercise 2.4.2). 
From the point of view of numerical computations, it is considered some

what important to have non-negative quadrature weights to avoid round-off 
accumulations. It can be shown that for the Gaussian quadratures, all the 
quadrature weights are non-negative; and if the weight function w is pos
itive on (0,1), then the quadrature weights are positive. See [11, Section 
5.3] for an extended discussion of Gaussian quadrature. 

Exercise 2.4.1 Prove (2.4.3). 

Exercise 2.4.2 Consider the quadrature formula (2.4.2). Assume all the 

weights w~n) are non-negative and the quadrature formula is exact for poly
nomials of degree less than or equal to d(n) with d(n) -+ 00 as n -+ 00. 

Prove the convergence of the quadratures: Lnv -+ Lv, for all v E C[O, 1]. 

Exercise 2.4.3 A popular family of numerical quadratures is constructed 
by approximating the integrand by its piecewise polynomial interpolants. 
We take the composite trapezoidal rule as an example. The integral to be 
computed is 

Lv = 101 
V(X) dx. 

We divide the interval [0, 1] into n equal parts, and denote Xi = i/n, a ::::: i ::::: 
n, as the nodes. Then we approximate v by its piecewise linear interpolant 
lIn V defined by 

IInv(x) = n (Xi - x) v(xi-d + n (x - xi-d V(Xi) 

for Xi-I::::: x ::::: Xi, 1::::: i ::::: n. Then the composite trapezoidal rule is 

11 1 [1 n-1 1 1 
Lnv = IInv(x) dx = - -v(xo) + L V(Xi) + -v(xn) . 

o n 2 i=l 2 

Show that Lnv -+ Lv for any v E C[O, 1]. 
Using piecewise polynomials of higher degrees based on non-uniform par

titions of the integration interval, we can develop other useful numerical 
quadratures. 
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Exercise 2.4.4 In the formula (2.4.1), show that the inequality can be 
made as close as desired to equality for suitable choices of v and v. 

2.5 Linear functionals 

An important special case of linear operators is when they take on scalar 
values. Let V be a normed space, and W = lK, the set of scalars associated 
with V. The elements in £(V, lK) are called linear functionals. Since lK is 
complete, £(V, lK) is a Banach space. This space is usually denoted as V' 
and it is called the dual space of V. Usually we use lowercase letters, such 
as £, to denote a linear functional. 

In some references, the term linear functional is used for the linear oper
ators from a normed space to lK, without the functionals' being necessarily 
bounded. In this work, since we use exclusively linear functionals that are 
bounded, we use the term "linear functionals" to refer to only bounded 
linear functionals. 

Example 2.5.1 Let 0 ~ jRd be a bounded open set. It is a well-known 
result that for 1 ::; p < 00, the dual space of LP(O) can be identified with 
LP' (0). Here p' is the conjugate exponent of p, defined by the relation 

1 1 
-+-=l. 
p p' 

By convention, p' = 00 when p = 1. In other words, given an £ E (LP(D))/, 
there is a function u E LP' (0), uniquely determined a.e., such that 

£(v) = In u(x)v(x) dx 'Iv E P(O). (2.5.1 ) 

Conversely, for any U E LP' (0), the rule 

V 1----+ In u(x)v(x) dx, v E P(O) 

defines a bounded linear functional on LP(O). It is convenient to identify 
C E (LP(O))' and u E Lpi (0), related as in {2.5.1}. Then we write 

(LP(O))' = P' (0), 1 ::; p < 00. 

The dual space of LOO(D), however, is larger than the space Ll(O, 1). 

All the results discussed in the previous sections for general linear oper
ators apply immediately to linear functionals. In addition, there are useful 
results particular to linear functionals only. 
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2.5.1 An extension theorem for linear functionals 

We have seen that a bounded linear operator can be extended to the closure 
of its domain. It is also possible to extend linear functionals defined on an 
arbitrary subspace to the whole space. 

Theorem 2.5.2 (HAHN-BANACH THEOREM) Let Va be a subspace of a 
normed space V, and f : Va -+ lK be linear and bounded. Then there exists 
an extension i E V' of f with £(v) = f(v) Vv E Va, and 11£11 = Ilfll· 

A proof can be found in [40, p. 79] or [175, p. 4]. Note that if Va is not 
dense in V, then the extension need not be unique. 

Example 2.5.3 This example is important in the analysis of some numer
ical methods for solving integral equations. Let V = LOO(O, 1). This is the 
space of all cosets (or equivalence classes) 

v = [v] = {u Lebesgue measurable on [0,1]1 u = v a.e. in [0, I]} 

for which 

Ilvll oo == Ilvll oo = esssuplv(x)1 < 00. 
a::;x::;I 

With this norm, LOO(O, 1) is a Banach space. 

(2.5.2) 

Let Va be the set of all cosets v = [v], where v E e[O, 1]. It is a proper 
subspace of LOO(O, 1). When restricted to Va, the norm (2.5.2) is equivalent 
to the usual norm II . 1100 on e[O, 1]. It is common to write Va = e[o, 1]; 
but this is an abuse of notation, and it is important to keep in mind the 
distinction between Va and e[O, 1] .. 

Let c E [0,1]' and define 

fc([v]) = v(c) Vv E e[O, 1]. (2.5.3) 

The linear functional fc([v]) is well defined on Va. From 

Ife([v]) I = Iv(c)1 :::; Ilvll oo = Ilvll oo , v = [v], 

we see that Ilfell :::; 1. By choosing v E e[O, 1] with v(c) = Ilvll oo , we then 
obtain 

Using the Hahn-Banach theorem, we can extend fc to £e : LOO(O, 1) -+ lK 
with 

The functional £e extends to LOO(O, 1) the concept of point evaluation of a 
function, to functions that are only Lebesgue measurable and that are not 
precisely defined because of being members of a coset. 

Somewhat surprisingly, many desirable properties of fe are carried over 
to ie. These include the following: 
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• Assume [v] E Loo(O, 1) satisfies m ::::; vex) ::::; M for almost all x in 
some open interval about c. Then m ::::; fc([v]) ::::; M . 

• Assume c is a point of continuity of v. Then 

ic([v]) = v(c), 

lim ia([v]) = v(c). 
a ..... c 

These ideas and properties carry over to Loo(O), with 0 a closed, bounded 
set in lRd , d ::::: 1, and cEO. For additional detail and the application of 
this extension to numerical integral equations, see [14j. 

In some applications, a stronger form of the Hahn-Banach theorem is 
needed. We begin by introducing another useful concept for functionals. 

Definition 2.5.4 A functional p on a real vector space V is said to be 
sublinear if 

p(u + v) ::::; p(u) + p(v) Vu, v E V, 

p(av) = ap(v) Va::::: 0. 

We note that a semi-norm is a sublinear functional. A proof of the 
following result can be found in [40, p. 78] or [175, p. 2]. 

Theorem 2.5.5 (GENERALIZED HAHN-BANACH THEOREM) Let V be a 
linear space, Vo ~ V a subspace. Suppose p : V -+ lR is a sublinear func
tional and £ : Vo -+ lR a linear functional such that £( v) ::::; p( v) for all 
v E Vo. Then £ can be extended to V such that £( v) ::::; p( v) for all v E V. 

Note that p(v) = cllvll v , where c is a positive constant, is a sublinear 
functional on V. With this choice of p, we obtain the original Hahn
Banach theorem. A useful new consequence of the generalized Hahn-Banach 
theorem is the following. 

Corollary 2.5.6 Let V be a normed space. For any Vo E V, there exists 
£ E V' such that 11£11 = 1 and £(vo) = Ilvoll· 

2.5.2 The Riesz representation theorem 

On Hilbert spaces, linear functionals are limited in the forms they can take. 
The following theorem makes this more precise; and the result is one used 
in developing the solvability theory for some important partial differential 
equations and boundary integral equations. The theorem also provides a 
tool for introducing the concept of the adjoint of a linear operator in the 
next section. 

Theorem 2.5.7 (RIESZ REPRESENTATION THEOREM) Let V be a Hilbert 
space, £ E V'. Then there is a unique u E V for which 

C(v) = (v, u) "Iv E V. (2.5.4) 
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In addition, 

II€II = Ilull· (2.5.5) 

Proof. Assuming the existence of u, we first prove its uniqueness. 
Suppose U E V satisfies 

€(v) = (v, u) = (v, u) \Iv E V. 

Then 

(v,u-u)=O \lvEV. 

Take v = u - U. Then Ilu - ull = 0, which implies u = U. 
We give two derivations of the existence of u, both for the case of a real 

Hilbert space. 
STANDARD PROOF OF EXISTENCE. Denote 

N =N(€) = {v E V I €(v) = O}, 

which is a subspace of V. If N = V, then II€II = 0, and we may take u = O. 
Now suppose N =1= V. Then there exists at least one Vo E V such that 

€(vo) =1= O. It is possible to decompose V as the direct sum of Nand Nl. 
(cf. Section 3.5). From this, we have the decomposition Vo = VI + V2 with 
VI EN and V2 E Nl.. Then €(V2) = €(vo) =1= O. 

For any v E V, we have the property 

Thus 

€(v) 
v-£(V2)V2 EN, 

and in particular, it is orthogonal to V2: 

( v - :(~;) V2, V2) = 0; 

i.e., 

€(v) = (v, ~~:Ii;V2)' 
In other words, we may take u to be (€(v2)/llv2112)v2' 

PROOF USING A MINIMIZATION PRINCIPLE. From Theorem 3.2.12 in 
Chapter 3, we know the problem 

inf [! IIvl1 2 - €(v)] 
vEV 2 

has a unique solution u E V. The solution u is characterized by the relation 
(2.5.4). 
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We complete the proof of the theorem by showing (2.5.5). From (2.5.4) 
and the Cauchy-Schwarz inequality, 

1£(v)1 :S Ilullllvll "Iv E V. 

Hence 

11£11 :S Ilull· 
Let v = u in (2.5.4). Then 

£(u) = IIul1 2 

and 

11£11 = sup 1£(v)1 2: 1£(u)1 2: Iluli. 
#0 Ilvll Ilull 

Therefore, (2.5.5) holds. • 
This theorem seems very straightforward, and its proof seems fairly sim

ple. Nonetheless, this is a fundamental tool in the solvability theory for 
elliptic partial differential equations, as we see later in Chapter 7. 

Example 2.5.8 Let n ~ ]Rd be open bounded. V = L2(n) is a Hilbert 
space. By the Riesz representation theorem, there is a one-to-one corre
spondence between V' and V by the relation (2.5.4). We can identify £ E V' 
with u E V related by (2.5.4). In this sense, (L2(n))' = L2(n). 

For the space L2(n), the element u in (2.5.4) is almost always im
mediately apparent. But for spaces such as the Sobolev space Hl (a, b) 
introduced in Example 1.3.7 of Chapter 1, the determination of u of (2.5.4) 
is often not as obvious. As an example, define £ E (Hl(a, b))' by 

£(v) = v(c), (2.5.6) 

for some c E [a, b]. This linear functional can be shown to be well defined (cf. 
Exercise 2.5.2). From the Riesz representation theorem, there is a unique 
u E Hl(a, b) such that 

lb [u'(x)v'(x) +u(x)v(x)] dx = v(c) "Iv E Hl(a,b). 

The element u is the generalized solution of the boundary value problem 

-ul/+u=D(X-c) in (a,b), 

u'(a) = u'(b) = 0, 

where c5(x - c) is the Dirac c5-function at c. 

Exercise 2.5.1 Prove Corollary 2.5.6. 

Exercise 2.5.2 Show that the functional defined in (2.5.6) is linear and 
bounded on Hl ( a, b). 
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Hint: Use the following results. For any f E Hl(a, b), f is continuous on 
[a, b], and therefore, 

lb f(x) dx = f(() 

for some ( E (a, b). In addition, 

f(c) = f(() + i e 
f'(x) dx. 

2.6 Adjoint operators 

The notion of an adjoint operator is a generalization of the matrix transpose 
to infinite-dimensional spaces. First let us derive a defining property for the 
matrix transpose. Let A E ]Rmxn, which is viewed as a linear continuous 
operator from ]Rn to ]Rm. We use the regular Euclidean inner products for 
the spaces ]Rn and ]Rm. Then 

yTAx=(Ax,Y)IR"', xTATy=(x,ATY)IRn \lxE]Rn, yE]Rm. 

Since yT Ax is a real number, yT Ax = (yT AX)T = x T AT y. We observe 
that the transpose (or adjoint) AT is uniquely defined by the property 

(Ax,Y)IR'" = (x,ATY)IRn \Ix E ]Rn, y E ]Rm. 

Turn to the general situation. Assume V and Ware Hilbert spaces, 
L E £(V, W). Let us use the Riesz representation theorem to define a new 
operator L* : W -+ V, called the adjoint of L. For simplicity, we assume 
in this section that ]I( = lR. for the set of scalars associated with Wand V. 
Given wE W, define a linear functional ew E V' by 

ew(v) = (Lv, w)w \Iv E V. 

This linear functional is bounded because 

lew(v)l:::; IILvllllwl1 :::; IILllllvllllwl1 
and so 

Ilewll :S IILllllwll· 
By the Riesz representation theorem, there is a uniquely determined 
element, denoted by L * (w) E V such that 

ew(v) = (v, L*(w)) \Iv E V. 

We write 

(Lv,w)w = (v,L*(w))v \lvEV,'WEW 
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We first show that L * is linear. Let Wl, W2 E W, and consider the linear 
functionals 

t'l(V) = (Lv, Wl)W = (v, L*(Wl))V, 

t'2(V) = (LV,W2)W = (V,L*(W2))V 

for any v E V. Add these relations, 

(LV,Wl +W2)W = (V,L*(Wl) +L*(W2))V 

By definition, 

so 

This implies 

By a similar argument, for any a ElI(, any W E W, 

L*(aw) = aL*(w). 

'Vv E V. 

'Vv E V. 

Hence L* is linear and we write L*(w) = L*w, and the defining relation is 

(Lv, w)w = (v, L*w)v 'VVEV,WEW. (2.6.1) 

Then we show the boundedness of L *. We have 

IIL*wll = IIt'wll ::; IILllllwl1 'Vw E W 

Thus 

IIL*II ::; IILII (2.6.2) 

and L* is bounded. Let us show that actually the inequality in (2.6.2) can 
be replaced by an equality. For this, we consider the adjoint of L *, defined 
by the relation 

(L*w, v)v = (w, (L*)*v)w 'Vv E V, w E W 

Thus 

(w, (L*)*v)w = (w, Lv)w 'VVEV,WEW 

By writing this as (w, (L*)*v - Lv)w = 0 and letting w = (L*)*v - Lv, we 
obtain 

(L*)*v = Lv 'VvEV. 

Hence 

(L*)* = L. (2.6.3) 
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We then apply (2.6.1) to L* to obtain 

IILII = II(L*)*II ::; IIL*II· 

Combining this with (2.6.2), we have 

IIL*II = IILII· (2.6.4) 

From the above derivation, we see that for a continuous linear operator 
between Hilbert spaces, the adjoint of its adjoint is the operator itself. 

In the special situation V = Wand L = L *, we say L is a self-adjoint 
operator. When L is a self-adjoint operator from jRn to jRn, it is represented 
by a symmetric matrix in jRnxn. Equations of the form Lv = w with L self
adjoint occur in many important physical settings, and the study of them 
forms a large and important area within functional analysis. 

Example 2.6.1 Let V = W = L2(a, b) with scalars K the real numbers 
and the standard norm II ·112. Consider the linear integral operator 

Kv(x) = ib k(x, y) v(y) dy, a ::; x ::; b, 

where the kernel function satisfies the condition 

[ 
b b ]1/2 

B = illk(x,y)12dXdY < 00. 

For any v E L2(a, b), 

Thus, 

and then 

IIKvlll ~ tit k(X'Y)V(Y)dyl' <h 

::; ib [i
b 

Ik(x, Y) 12dY] [i
b 

IV(Y) 12dY] dx 

= B21Ivll~· 

IIKII ::; B. 

Hence we see that K is a continuous linear operator on L2(a, b). 
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Now let us find the adjoint of K. By the defining relation (2.6.1), 

(K*w, v) = (w, Kv) 

~ l w(x) [l k(x, y) v(y) dY] dx 

~ l [l k(X,y)W(X)dx] v(y)dy 

for any v, wE L2(a, b). This implies 

K*v(y) = 1b k(x, y) v(x) dx 

The integral operator K is self-adjoint if and only if k(x, y) = k(y, x). 

Given a Hilbert space V, the set of self-adjoint operators on V form a 
subspace of .c(V). Indeed the following result is easy to verify. 

Proposition 2.6.2 If L l , L2 E .c(V) are self-adjoint, then for any real 
scalars al and a2, the operator alLl + a2L2 is self-adjoint. 

Proof. From Exercise 2.6.1, we have 

(alLl + a2L2)* = alL;: + a2L;. 

Since Ll and L2 are self-adjoint, 

(alLl + a2L2)* = alLl + a2L2. 

Hence alLl + a2L2 is self-adjoint. • 
Proposition 2.6.3 Assume L l , L2 E £(V) are self-adjoint. Then LlL2 is 
self-adjoint if and only if LlL2 = L2L l · 

Proof. Since Ll and L2 are self-adjoint, we have 

Vu,v E V. 

Thus 

(LlL2)* = L2L 1· 

It follows that LlL2 is self-adjoint if and only if LlL2 = L2L1 is valid. • 

Corollary 2.6.4 Suppose L E .c(V) is self-adjoint. Then for any non
negative integer n, Ln is self-adjoint (here by convention, LO = I, 
the identity operator). Consequently, for any polynomial p(x) with real 
coefficients, the operator p( L) is self-adjoint. 

We have a useful characterization of the norm of a self-adjoint operator. 

Theorem 2.6.5 Let L E .c(V) be self-adjoint. Then 

IILII = sup I(Lv, v)l· 
Ilvll=l 

(2.6.5) 
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Proof. Denote M = sUPllvll=ll(Lv, v)l. First, for any v E V, Ilvll = 1, 
we have 

I(Lv, v)1 ~ IILvllllvl1 ~ IILII· 

So 

M~IILII· 

Now for any u, v E V, we have the identity 

1 
(Lu, v) = =1 [(L(u + v),u + v) - (L(u - v),u - v)]. 

Thus 

M M 
I(Lu, v)1 ~ 4 (Ilu + vl1 2 + Ilu - v11 2) = 2 (11u11 2 + IlvI1 2). 

(2.6.6) 

For u E V with Lu =I- 0, we take v = (1lull/llLull) Lu in the above inequality 
to obtain 

i.e., 

IILul1 ~ M Ilull· 

Obviously, this inequality also holds if Lu = 0. Hence, 

IILul1 ~ M Ilull VUE V, 

and we see that IILII ~ M. This inequality and (2.6.6) imply (2.6.5). • 

Exercise 2.6.1 Prove the following properiies for adjoint operators. 

(alLl + a2L2)* = alL;' + a2L;, aI, a2 real, 

(LlL2)* = L;L;', 

(L*)* = L. 

Exercise 2.6.2 Regard e[O, 1] as an inner product space with the standard 
inner product 

(u, v) = 11 u(x)v(x) dx. 

Define K : e[O, 1] ~ e[O, 1] by 

K f(x) = 1x 
k(x, y)f(y) dy, ° ~ y ~ 1, f E e[O, 1], 

with k(x, y) continuous for ° ~ y ~ x ~ 1. Show K is a bounded operator. 
What is K* '? To what extent can the assumption of continuity of k be made 
less restrictive? 
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2.7 Types of convergence 

We begin by introducing the concepts of strong convergence and weak 
convergence in a normed space. 

Definition 2.7.1 Let V be a normed space, V' its dual space. A sequence 
{ un} <;;; V converges strongly to u E V if 

lim Ilu - unll = 0, 
n---+oo 

and we write Un ----> u as n ----> 00. The sequence {un} converges weakly to 
U E V if 

£(Un ) ----> £(u) as n ----> 00, V£ E V'. 

In this case, we write Un ---" u as n ----> 00. 

Example 2.7.2 Let f E L2(0, 21T). Then we know that the Fourier series 
of f converges in L2(0, 21T). Therefore the Fourier coefficients converge to 
zero, and in particular, 

1a21r 
f(x) sin(nx) dx ----> ° 

This result is known as the Riemann-Lebesgue lemma. Thus the sequence 
{sin.(nx) I n ~ 1} converges weakly to ° in L2(0,21T). But certainly the 
sequence {sin( nx) I n ~ 1} does not converge strongly to ° in L2 (0, 21T). 

Strong convergence implies weak convergence, but not vice versa as 
Example 2.7.2 shows, unless the space V is finite dimensional. In a 
finite-dimensional space, it is well known that a bounded sequence has 
a convergent subsequence (cf. Theorem 1.6.2). In an infinite-dimensional 
space, we have only a weaker property; but it is still useful in proving 
many existence results. 

Definition 2.7.3 A normed space V is said to be reflexive if (V')' = V. 

An immediate consequence of this definition is that a reflexive normed 
space must be complete (i.e., a Banach space). By the Riesz representation 
theorem, it is relatively straightforward to show that any Hilbert space is 
reflexive. 

The most important property of a reflexive Banach space is given in the 
next result. It is fundamental in the development of an existence theory for 
abstract optimization problems (cf. Section 3.2). A proof is given in [40, p. 
132] and [175, p. 64]. 

Theorem 2.7.4 Suppose V is a reflexive Banach space. Then any bounded 
sequence has a weakly convergent subsequence. 

Let D <;;; IRd be open and bounded. Recall from Example 2.5.1 that for 
p E (1,00), the dual space of U(D) is U' (D), where p' is the conjugate of 
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p defined by the relation lip' + lip = 1. Therefore, (P(O)'), = P' (0)' = 
LP(O); i.e., if p E (1,00), then the space P(O) is reflexive. Consequently, 
the above theorem implies the following: If {un} is a bounded sequence in 
P(O), sUPn IlunIILP(n) < 00, then we can find a subsequence {un'} <;;; {Un} 
and a function U E LP(O) such that 

lim r Un' (x) v(x) dx = r u(x) v(x) dx 
n'-+oo in in Vv E £P' (0). 

Finally, we introduce the concepts of strong convergence and weak-* 
convergence of a sequence of linear operators. 

Definition 2.7.5 Let V and W be normed spaces. A sequence of linear op
erators {Ln} from V to W is said to converge strongly to a linear operator 
L: V -+ W if 

lim IlL - Lnll = O. 
n-+oo 

In this case, we write Ln -+ L as n -+ 00. We say {Ln} converges weak-* 
to L and write Ln ~* L if 

lim Lnv = Lv Vv E V. 
n-+oo 

Exercise 2.7.1 Consider the linear operators from era, b] to lR defined by 

Lv = lb v(x) dx 

and 

b-a~ ( b-a) Lnv=--~v a+~i , 
n i=l 

n = 1,2, .... 

We recognize that {Ln v} is a sequence of Riemann sums for the integral 
Lv. Show that Ln ~* L but Ln f+ L. 

Exercise 2.7.2 Show that in an inner product space, 

2.8 Compact linear operators 

When V is a finite-dimensional linear space and A : V -+ V is linear, 
the equation Au = w has a well-developed solvability theory. To extend 
these results to infinite-dimensional spaces, we introduce the concept of 
a compact operator K and then we give a theory for operator equations 
Au = w in which A = 1- K. Equations of the form 

u-Ku=f (2.8.1) 



74 2. Linear Operators on Normed Spaces 

are called "equations of the second kind," and generally K is assumed to 
have special properties. The main idea is that compact operators are in 
some sense closely related to finite-dimensional operators, i.e., operators 
with a finite dimensional range. If K is truly finite dimensional, in a sense 
we define below, then (2.8.1) can be reformulated as a finite system of linear 
equations and solved exactly. If K is compact, then it is close to being finite 
dimensional; and the solvability theory of (2.8.1) is similar to that for the 
finite-dimensional case. 

In the following, recall the discussion in Section 1.6. 

Definition 2.8.1 Let V and W be normed vector spaces, and let K : V -+ 

W be linear. Then K is compact if the set 

{Kv Illvllv ::; 1} 

has compact closure in W. This is equivalent to saying that for every 
bounded sequence {vn } ~ V, the sequence {K vn } has a subsequence that 
is convergent to some point in W. Compact operators are also called 
completely continuous operators. 

There are other definitions for a compact operator, but the above is 
the one used most commonly. In the definition, the spaces V and W need 
not be complete; but in virtually all applications, they are complete. With 
completeness, some of the proofs of the properties of compact operators 
become simpler, and we will always assume V and Ware complete (i.e., 
Banach spaces) when dealing with compact operators. 

2.8.1 Compact integral operators on C(D) 

Let D be a closed bounded set in ]Rd. We define 

Kv(x) = kk(x,Y)V(Y)dY, xED, VEC(D). (2.8.2) 

The space C(D) is to have the norm 11·1100' We want to formulate conditions 
under which K : C(D) -+ C(D) is both bounded and compact. We assume 
k( x, y) is integrable as a function of y, for all xED, and further we assume 
the following. 
AI. lim w(h) = 0, with 

h--+O 

w(h)= sup r Ik(x,y)-k(z,Y)ldy. 
x,zED JD 

Ilx-zll':;h 

In this, Ilx - zll denotes the Euclidean length of x - z. 
A2. 

sup r Ik(x,y)1 dy < 00. 
xEDJD 

(2.8.3) 

(2.8.4) 
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Using Al, if v(y) is bounded and integrable, then Kv(x) is continuous, 
with 

IKv(x) - Kv(y)1 :::; w(llx - YII)llvll oo . (2.8.5) 

Using A2, we have boundedness of K, with 

IIKII = maxj Ik(x,y)1 dy. 
xED D 

(2.8.6) 

To discuss compactness of K, we first need to identify the compact sets 
in C(D). To do this, we use Arzela-Ascoli theorem (Theorem 1.6.3). Now 
consider the set S = {Kv I v E C(D) and Ilvll oo :::; l}. This is uniformly 
bounded, since IIKvll oo :::; IIKllllvlloo :::; IIKII. In addition, Sis equicontinu
ous from (2.8.5). Thus S has compact closure in C(D), and K is a compact 
operator on C(D) to C(D). 

What are the kernel functions k that satisfy Al-A2? Easily, these as
sumptions are satisfied if k(x,y) is a continuous function of (x,y) ED. In 
addition, let D = [a, b] and consider 

Kv(x) = lb log Ix - yl v(y) dy (2.8.7) 

and 

Kv(x) = Ib 1 {3v(y)dy 
a Ix - yl 

(2.8.8) 

with (3 < 1. These operators K can be shown to satisfy Al-A2, although 
we omit the proof. Later we show by other means that these are compact 
operators. An important and related example is 

Kv(x) = j 1 (3 v(y) dy, 
D Ix-yl 

xED, v E C(D). 

The set D ~ ]Rd is assumed to be closed, bounded, and have a non-empty 
interior. This operator satisfies Al-A2 provided (3 < d, and therefore K is 
a compact operator from C(D) ---7 C(D). 

Still for the case D = [a, b], another way to show that k(x, y) satisfies Al 
and A2 is to rewrite k in the form 

p 

k(x, y) = L hi(x, y)li(X, y) (2.8.9) 
i=O 

for some p > 0, with each li(X, y) continuous for a :::; x, y :::; b and each 
hi(x, y) satisfying Al-A2. It is left to the reader to show that in this case, 
k also satisfies Al-A2. The utility of this approach is that it is sometimes 
difficult to show directly that k satisfies Al-A2, whereas showing (2.8.9) 
with hi, li satisfying the specified conditions may be easier. 
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Example 2.8.2 Let [a, b] = [0,7r] and k(x, y) = log I cos x-cos yl. Rewrite 
the kernel function as 

1 1 

k(x,y) = Ix-yl-2Ix-yI2Ioglcosx-cosyl. (2.8.10) 
'--v----" V' ' 

h(x,y) l(x,y) 

Easily, l is continuous; and from the discussion following (2.8.8), h satisfies 
Al-A2. Thus k is the kernel of a compact integral operator on C[O,7r] to 
C[O,7r]. 

2.8.2 Properties of compact operators 

Another way of obtaining compact operators is to look at limits of simpler 
"finite-dimensional operators" in C(V, W), the Banach space of bounded 
linear operators from V to W. This gives another perspective on compact 
operators, one that leads to improved intuition by emphasizing their close 
relationship to operators on finite-dimensional spaces. 

Definition 2.8.3 Let V and W be linear spaces. The linear operator 
K : V ----t W is a finite-rank operator if R(K), the range of K, is finite 
dimensional. 

Proposition 2.8.4 Let V and W be normed linear spaces, and let K : 
V ----t W be a bounded finite-rank operator. Then K is a compact operator. 

Proof. R( K) is a normed finite-dimensional space, and therefore it is 
complete. Consider the set 

S = {Kv I Ilvllv :s: I}. 

The set S is bounded by IIKII. Also S ~ R(K). Then S has compact closure, 
since all bounded closed sets in a finite-dimensional space are compact. This 
shows K is compact. • 

Example 2.8.5 Let V = W = C[a,b] with 11·1100. Consider the kernel 
function 

n 

k(x, y) = L l1i (X)"(i (y) (2.8.11) 
i=l 

with each l1i continuous on [a, b] and each "Ii (y) absolutely integrable on 
[a, b]. Then the associated integral operator K is a bounded, finite-rank 
operator on C[a, b] to C[a, b] : 

Kv(x) = tl1i(X) jb "Ii(Y) v(y) dy, v E C[a,b]. (2.8.12) 
i=l a 

We have 
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From (2.8.12), Kv E C[a,b] and R(K) ~ span{(h, ... ,;Jn}' a finite
dimensional space. 

Kernel functions of the form (2.8.11) are called degenerate. Below we see 
that the associated integral equation (AI - K)v = f, A i= 0, is essentially 
a finite-dimensional equation. 

Proposition 2.8.6 Let K E C(U, V) and L E C(V, W); and let either K 
or L be compact. Then LK is a compact operator from U to w. 

The proof is left as Exercise 2.8.1 for the reader. 
The following result gives the framework for using finite-rank operators 

to obtain similar, but more general compact operators. 

Proposition 2.8.7 Let V and W be normed spaces, with W complete. Let 
K E C(V, W), let {Kn} be a sequence of compact operators in C(V, W), 
and assume Kn -+ K in C(V, W). Then K is compact. 

This is a standard result in most books on functional analysis (e.g., see 
[40, p. 174] or [44, p. 486]). 

For almost all function spaces V that occur in applied mathematics, the 
compact operators can be characterized as being the limit of a sequence 
of bounded finite-rank operators. This gives a further justification for the 
presentation of Proposition 2.8.7. 

Example 2.8.8 Let D be a closed and bounded set in ]Rd. For example, D 
could be a region with a non-empty interior, a piecewise smooth surface, or 
a piecewise smooth curve. Let k(x, y) be a continuous function of x, y ED. 
Suppose we can define a sequence of continuous degenerate kernel functions 
kn(x, y) for which 

max (lk(x,y)-kn(x,y)ldy-+O as n-+oo. 
xED JD 

(2.8.13) 

Then for the associated integral operators, it easily follows that Kn -+ K; 
and by Proposition 2.8.7, K is compact. The result (2.8.13) is true for 
general continuous functions k(x, y), and we leave to the exercises the proof 
for various choices of D. Of course, we already knew that K was compact in 
this case, from the discussion following (2.8.8). But the present approach 
shows the close relationship of compact operators and finite-dimensional 
operators. 

Example 2.8.9 Let V 
kernel function 

W C[a, b] with norm II . 1100. Consider the 

1 
k(x,y) = I I' x-y 

(2.8.14) 
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for some 0 < "( < 1. Define a sequence of continuous kernel functions to 
approximate it: 

{ I 1 l"f' Ix - Yl2 ~, x-y n 
kn(x, y) = 1 

nr , Ix - yl s -. 
n 

(2.8.15) 

This merely limits the height to that of k(x,y) when Ix - yl = ~. Easily, 
kn(x, y) is a continuous function for a S x, y S b, and thus the associ
ated integral operator Kn is compact on O[a, b]. For the associated integral 
operators, 

2"( 1 
11K - Knll = 1 _ "( . n1-r' 

which converges to zero as n --+ 00. By Proposition 2.8.7, K is a compact 
operator on O[a, b]. 

2.8.3 Integral operators on L2(a, b) 

Let V = W = L2(a, b), and let K be the integral operator associated with 
a kernel function k(x, y). We first show that under suitable assumptions on 
k, the operator K maps L2(a, b) to L2(a, b) and is bounded. Let 

[ 
b b ]1/2 

M = lllk(x, y)1 2dy dx (2.8.16) 

and assume M < 00. For v E L2(a, b), use the Cauchy-Schwarz inequality 
to obtain 

IIKvll; ~ II kCX'Y)VCY)d{ dx 

s l [lIKCX,Y)12dY] [bCY)12dY] dx 

= M21Ivll~· 

This proves that K v E L2 (a, b) and 

IIKllsM. (2.8.17) 

This bound is comparable to the use of the Frobenius matrix norm to 
bound the operator norm of a matrix A: ]R.n --+ ]R.m, when the vector norm 
II . 112 is being used. Recall that the Frobenius norm of a matrix A is given 
by 
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Kernel functions K for which M < 00 are called Hilbert-Schmidt kernel 
junctions, and the quantity M in (2.8.16) is called the Hilbert-Schmidt 
norm of K. 

For integral operators K with a degenerate kernel function as in (2.8.11), 
the operator K is bounded if all i3i, Ii E L2(a, b). This is a straightforward 
result that we leave as a problem for the reader. From Proposition 2.8.4, 
the integral operator is then compact. 

To examine the compactness of K for more general kernel functions, 
we assume there is a sequence of kernel functions kn(x, y) for which (i) 
Kn : L2(a, b) --t L2(a, b) is compact, and (ii) 

as n --t 00. (2.8.18) 

For example, if K is continuous, then this follows from (2.8.13). The oper
ator K - Kn is an integral operator, and we apply (2.8.16)-(2.8.17) to it 
to obtain 

11K - Knll ::::; Mn --t 0 as n --t 00. 

From Proposition 2.8.7, this shows K is compact. For any Hilbert-Schmidt 
kernel function, (2.8.18) can be shown to hold for a suitable choice of 
degenerate kernel functions kn . 

We leave it to the problems to show that log Ix-yl and Ix-yl-', I < ~, 
are Hilbert-Schmidt kernel functions. For ~ ::::; I < 1, the kernel function 
Ix - yl-' still defines a compact integral operator K on L2(a, b), but the 
above theory for Hilbert-Schmidt kernel functions does not apply. For a 
proof of the compactness of K in this case, see Mikhlin [119, p. 160]. 

2.8.4 The Fredholm alternative theorem 

Integral equations were studied in the 19th century as one means of 
investigating boundary value problems for Laplace's equation, for example, 

~u(x) = 0, 
u(x) = j(x), 

x E 0, 
x E 80, 

(2.8.19) 

and other elliptic partial differential equations. In the early 1900s, Ivar 
Fredholm gave necessary and sufficient conditions for the solvability of a 
large class of Fredholm integral equations of the second kind; and with these 
results, he then was able to give much more general existence theorems for 
the solution of boundary value problems such as (2.8.19). In this subsection, 
we state and prove the most important results of Fredholm; and in the 
following subsection, we give additional results without proof. 

The theory of integral equations has been developed by many people, 
with David Hilbert being among the most important popularizers of the 
area. The subject of integral equations continues as an important area of 
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study in applied mathematics; and for an introduction that includes a re
view of much recent literature, see Kress [100]. For an interesting historical 
account of the development of functional analysis as it was affected by the 
development of the theory of integral equations, see Bernkopf [24]. From 
here on, to simplify notation, for a scalar A and an operator K : V -+ V, 
we use A - K for the operator AI - K, where I : V -+ V is the identity 
operator. 

Theorem 2.8.10 (FREDHOLM ALTERNATIVE) Let V be a Banach space, 
and let K : V -+ V be compact. Then the equation (A - K)u = f, A =I=-

0, has a unique solution u E V if and only if the homogeneous equation 
(A - K)v = 0 has only the trivial solution v = O. In such a case, the 

operator A - K : V 1.=.1 V has a bounded inverse (A - K)-l. 
onto 

Proof. The theorem is true for any compact operator K, but our proof is 
only for those compact operators that are the limit of a sequence of bounded 
finite-rank operators. For a more general proof, see Kress [100, Chap. 3] or 
Conway [40, p. 217]. We remark that the theorem is a generalization of the 
following standard result for finite-dimensional vector spaces V. For A a 
matrix of order n, with V = JRn or en (with A having real entries for the 
former case), the linear system Au = w has a unique solution u E V for all 
w E V if and only if the homogeneous linear system Az = 0 has only the 
zero solution z = O. 
(a) We begin with the case where K is finite-rank and bounded. Let 
{tpt, ... , tpn} be a basis for R(K), the range of K. Rewrite the equation 
(>.. - K)u = f as 

1 
u=>.U+Ku). 

If this equation has a unique solution u E V, then 

1 
u = >. U + C1tp1 + ... + Cntpn) 

for some uniquely determined set of constants C1, ... , cn . 

By substituting (2.8.21) into the equation, we have 

{
lIn } lIn 

A ~f + ~ ~Citpi - ~Kf - ~ ~CjKtpj = y. 

Multiply by >., and then simplify to obtain 
n n 

A L Ciif!i - L cjKtpj = Kf. 
i=l j=1 

Using the basis {tpd for R(K), write 
n 

Kf = L 'Yitpi 
i=1 

(2.8.20) 

(2.8.21 ) 

(2.8.22) 
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and 

n 

K'Pj = Laij'Pi, 1::; j::; n. 
i=l 

The coefficients {Ii} and {aij} are uniquely determined. Substituting into 
(2.8.22) and rearranging, 

By the independence of the basis elements 'Pi, we obtain the linear system 

n 

ACi - L aijCj = Ii, 1::; i ::; n. 
j=l 

(2.8.23) 

Claim: This linear system and the equation (A - K)u = f are com
pletely equivalent in their solvability, with (2.8.21) furnishing a one-to-one 
correspondence between the solutions of the two of them. 

We have shown above that if u is a solution of (A - K)u = f, then 
(Cl, ... ,cn)T is a solution of (2.8.23). In addition, suppose Ul and U2 are 
distinct solutions of (A - K)u = f. Then 

are also distinct vectors in R( K), and thus the associated vectors of 
d· ( (1) (l))T d ( (2) (2))T co or Inates Cl , ... , Cn an Cl , ... , Cn , 

i = 1,2 

must also be distinct. 
For the converse statement, suppose (Cl' ... ,cn)T is a solution of (2.8.23). 

Define a vector u E V by using (2.8.21), and then check whether this u 
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satisfies the integral equation (2.8.20): 

=j. 

Also, distinct coordinate vectors (Cl,"" cn) lead to distinct solutions 
u in (2.8.21), because of the linear independence of the basis vectors 
{ 'PI, ... , 'Pn}. This completes the proof of the claim given above. 

Now consider the Fredholm alternative theorem for (A - K)u = j with 
this finite-rank operator K. Suppose 

A-K:V 1.=}v. 
onto 

Then trivially, the null space N (A - K) = {o}. For the converse, assume 
(A - K) v = 0 has only the solution v = 0; and note that we want to show 
that (A - K) u = j has a unique solution for every j E V. 

Consider the associated linear system (2.8.23). It can be shown to have 
a unique solution for all right-hand sides bl,'" ,"In) by showing that the 
homogeneous linear system has only the zero solution. The latter is done 
by means of the equivalence of the homogeneous linear system to the ho
mogeneous equation (A - K)v = 0, which implies v = O. But since (2.8.23) 
has a unique solution, so must (A - K)u = j, and it is given by (2.8.21). 

We must also show that (A - K)-1 is bounded. This can be done directly 
by a further examination of the consequences of K's being a bounded and 
finite-rank operator; but it is simpler to just cite the open mapping theorem 
(cf. Theorem 2.4.3). 
(b) Assume now that 11K - Knll ---+ 0, with Kn finite rank and bounded. 
Rewrite (A - K) u = f as 

(2.8.24) 

Pick an index m > 0 for which 

11K -Kmll < IAI (2.8.25) 
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and fix it. By the geometric series theorem (cf. Theorem 2.3.1), 

Qm == [A - (K - K m )]-1 

exists and is bounded, with 

1 
IIQml1 ~ IAI-IIK - Kmll' 

The equation (2.8.24) can now be written in the equivalent form 

(2.8.26) 

The operator QmKm is bounded and finite rank. The boundedness fol
lows from that of Qm and Km. To show it is finite rank, let R(Km) 
span { 'P1, ... , um }. Then 

R(QmKm) = span{Qm'P1, ... , Qmum} 

is a finite-dimensional space. 
The equation (2.8.26) is one to which we can apply part (a) of this proof. 

Assume (A - K)v = 0 implies v = O. By the above equivalence, this yields 

(1 - QmKm) v = 0 =} v = O. 

But from part (a), this says (I - QmKm) U = w has a unique solution 
U for every W E V, and in particular, for w = Qmf as in (2.8.26). By 
the equivalence of (2.8.26) and (A - K) U = f, we have that the latter is 
uniquely solvable for every f E V. The boundedness of (A - K) -1 follows 
from part (a) and the boundedness of Qm; or the open mapping theorem 
can be cited, as earlier in part (a). • 

For many practical problems in which K is not compact, it is important 
to note what makes this proof work. It is not necessary to have a sequence of 
bounded and finite-rank operators {Kn} for which 11K -Knll ----'> O. Rather, 
it is necessary to satisfy the inequality (2.8.25) for one finite-rank operator 
Km; and in applying the proof to other operators K, it is necessary only 
that Km be compact. In such a case, the proof following (2.8.25) remains 
valid, and the Fredholm alternative still applies to such an equation: 

(A - K) U = f. 

2.8.5 Additional results on Fredholm integral equations 

In this subsection, we give additional results on the solvability of compact 
equations of the second kind, (A - K) U = f, with A =f. O. No proofs are 
given, and the reader is referred to a standard text on integral equations 
(e.g., see Kress [100] or Mikhlin [118]). 

Definition 2.8.11 Let K : V ----'> V. 1fthere is a scalar A and an associated 
vector u =f. 0 for which K u = A u, then A is called an eigenvalue and U 

an associated eigenvector of the operator K. (When dealing with compact 



84 2. Linear Operators on Normed Spaces 

operators K, we generally are interested in only the non-zero eigenvalues 
of K.) 

In the following, recall that N(A) denotes the null space of A. 

Theorem 2.8.12 Let K : V -+ V be compact, and let V be a Banach 
space. Then-

1. The eigenvalues of K form a discrete set in the complex plane C, with 
o as the only possible limit point. 

2. For each non-zero eigenvalue ..\ of K, there are only a finite number 
of linearly independent eigenvectors. 

3. Each non-zero eigenvalue ..\ of K has finite index v(..\) > 1. This 
means 

N(..\ - K) ~ N((..\ - K)2) ~ ... 
=I- =I-

~ N((..\ - Kt(A)) = N((..\ - Kt(A)+l). 
=I-

(2.8.27) 

In addition, N((..\ - K)V(A)) is finite dimensional. The elements of 
the subspace N((..\ - K)V(A)) are called generalized eigenvectors of K. 

4. For all ..\ =f 0, R(..\ - K) is closed in V. 

5. For each non-zero eigenvalue ..\ of K, 

(2.8.28) 

is a decomposition of V into invariant subspaces. This implies that 
every U E V can be written as U = Ul + U2 with unique choices 

Ul E N((..\ - Kt(A)) and U2 E R((..\ - Kt(A)). 

Being invariant means that 

K : N((..\ - Kt(A)) -+ N((..\ - Kt(A)), 

K : R(("\ - Kt(A)) -+ R(("\ - Kt(A)). 

6. The Fredholm alternative theorem and the above results (1)-(5) 
remain true if Km is compact for some m > 1. 

For results on the speed with which the eigenvalues {..\n} of compact 
integral operators K converge to zero, see Hille and Tamarkin [77] and 
Fenyo and Stolle [50, Section 8.9]. Generally, as the differentiability of the 
kernel function k(x, y) increases, the speed of convergence to zero of the 
eigenvalues also increases. 

For the following results, recall from Section 2.6 the concept of an adjoint 
operator. 
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Lemma 2.8.13 Let V be a Hilbert space with scalars the complex numbers 
C, let K : V ---; V be a compact operator. Then K* : V ---; V is also a 
compact operator. 

This implies that the operator K* also shares the properties stated 
above for the compact operator K. There is, however, a closer relationship 
between the operators K and K*, which is given in the following theorem. 

Theorem 2.8.14 Let V be a Hilbert space with scalars the complex num
bers C, let K : V ---; V be a compact operator, and let A be a non-zero 
eigenvalue of K. Then-

1. 5. is an eigenvalue of the adjoint operator K*. In addition, N(A-K) 
and N(5. - K*) have the same dimension. 

2. The equation (A - K)u = f is solvable if and only if 

(j,v)=O VVEN(5.-K*). (2.8.29) 

An equivalent way of writing this is 

R(A - K) = N(5. - K*).L, 

the subspace orthogonal to N(5. - K*). With this, we can write the 
decomposition 

V = N(5. - K*) EB R(A - K). (2.8.30) 

Theorem 2.8.15 Let V be a Hilbert space with scalars the complex num
bers C, and let K : V ---; V be a self-adjoint compact operator. Then all 
eigenvalues of K are real and of index I/(A) = 1. In addition, the cor
responding eigenvectors can be chosen as an orthonormal set. Order the 
nonzero eigenvalues as follows: 

(2.8.31 ) 

with each eigenvalue repeated according to its multiplicity (i. e., the 
dimension of N(A - K)). Then we write 

(2.8.32) 

with 

(Ui,Uj) = Dij. 

Also, the eigenvectors {Ui} form an orthonormal basis for R( A - K). 

Much of the theory of self-adjoint boundary value problems for ordinary 
and partial differential equations is based on theorems 2.8.14 and 2.8.15. 
Moreover, the completeness in L2(D) of many families offunctions is proven 
by showing they are the eigenfunctions to a self-adjoint differential equation 
or integral equation problem. 
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Example 2.8.16 Let D = {x E]R3 Illxll = I}, the unit sphere in ]R3, and 
let V = L 2(D). In this, IIxll denotes the Euclidean length ofx. Define 

r v(y) 
K v(x) = } D Ilx _ yll dSy , xED. (2.8.33) 

This is a compact operator, a proof of which is given in Mikhlin [119, p. 
160]. The eigenfunctions of K are called spherical harmonics, a much
studied set of functions (e.g., see [55J, [lllJ). For each integer k 2 0, there 
are 2k + 1 independent spherical harmonics of degree k; and for each such 
spherical harmonic i{Jk, we have 

K -~ 
i{Jk - 2k + 1 i{Jk k = 0,1, ... (2.8.34) 

Letting 11k = 4n / (2k + 1), we have N (11k - K) has dimension 2k + 1, 
k 2 0. It is well known that the set of all spherical harmonics form a basis 
for L2(D), in agreement with Theorem 2.8.15. 

Exercise 2.8.1 Prove Proposition 2.8.6. 

Exercise 2.8.2 Suppose k is a degenerate kernel function given by (2.8.11) 
with all f3i, "Ii E L2 (a, b). Show that the integral operator K, defined by 

Kv(x) = lb k(x, y)v(y) dy 

is bounded from L2(a, b) to L2(a, b). 

Exercise 2.8.3 Consider the integral operator (2.8.2). Assume the kernel 
function k has the form (2.8.9) with each li(x, y) continuous for a ::; x, y ::; b 
and each hi(x, y) satisfying Al-A2. Prove that k also satisfies Al-A2. 

Exercise 2.8.4 Show that log Ix - yl and Ix - yl-', "I < ~, are Hilbert
Schmidt kernel functions. 

Exercise 2.8.5 Consider the integral equation 

>..f(x) -11 
eX - Y f(y) dy = g(x), ° ::; x ::; 1, 

with g E C[O, 1]. Denote the integral operator in the equation by K, and 
consider K as a mapping on C[O, 1] into itself, and use the uniform norm 
II ·1100' Find a bound for the condition number 

cond(>" - K) == II>" - KIIII (>.. - K)-l II 

within the framework of the space C[O, 1]. Do this for all values of>.. for 
which (>.. - K)-l exists as a bounded operator on C[O, 1]. Comment on how 
the condition number varies with >... 
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Exercise 2.8.6 Recall Example 2.3.6 of Section 2.3. Use the approxima
tion 

eXY :::::: 1 + xy 

to examine the solvability of the integral equation 

AU(X) -11 
eXYu(y) dy = f(x), o:::::x:::::l. 

To solve the integral equation associated with the kernel 1 + xy, use the 
method developed in the proof of Theorem 2.8.10. 

Exercise 2.8.7 For any f E 0[0,1]' define 

{ r f(y) dy,O < x < 1, 
Af (x) = ~o J x2 - y2 _-

"2 f (O), x - O. 

This is called an Abel integral operator. Show that f(x) = xC> is an eigen
function of A for every a 2: o. What is the corresponding eigenvalue? Can 
A be a compact operator? 

2.9 The resolvent operator 

Let V be a complex Banach space; e.g., let V = O(D) be the set of con
tinuous complex-valued functions on a closed set D with the uniform norm 
11.11 00 ; and let L : V ---; V be a bounded linear operator. From the geometric 

series theorem (Theorem 2.3.1), we know that if IAI > liLli, then (A - L)-1 
exists as a bounded linear operator from V to V. It is useful to consider 
the set of all complex numbers A for which such a (A - L)-1 exists on V 
to V. 

Definition 2.9.1 (a) Let V be a complex Banach space, and let L : V ---; V 
be a bounded linear operator. We say A E CC belongs to the resolvent set 
of L if (A - L)-1 exists as a bounded linear operator from V to V. The 
resolvent set of L is denoted by p( L). The operator (A - L) -1 is called the 
resolvent operator. 
(b) The set O"(L) = CC - p(L) is called the spectrum of L. 

From the remarks preceding the definition, 

{A E CC : IAI > IILII} ~ p(L). 

In addition, we have the following. 

Lemma 2.9.2 p(L) is an open set in CC; and consequently, O"(L) is a closed 
set. 
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Proof. Let >'0 E p(L). We use the perturbation result in Theorem 2.3.5 
to show that all points>. in a sufficiently small neighborhood of >'0 also are 
in p(L); this is sufficient for showing p(L) is open. Since (>'0 - L)-l is a 
bounded linear operator on V to V, consider all >. E C for which 

I>' - >'01 < II II' (>'0 - L)-l 

1 
(2.9.1) 

Using Theorem 2.3.5, we have that (>. - L)-l also exists as a bounded 
operator from V to V, and moreover, 

(2.9.2) 

This shows 

{>' E C : I>' - >'01 < c} ~ p(L), 

provided € is chosen sufficiently small, which shows p(L) is an open set. 
The inequality (2.9.2) shows that R(>.) == (>. - L)-l is a continuous 

function of>. from C to .c(V). _ 

A complex number>' can belong to O"(L) for several different reasons. 
Following is a standard classification scheme. 

1. Point spectrum. >. E O"p(L) means that>. is an eigenvalue of L. Thus 
there is a non-zero eigenvector u E V for which Lu = AU. Such cases 
were explored in Section 2.8 with L a compact operator. In this latter 
case, the non-zero portion of O"(L) consists entirely of eigenvalues, 
and moreover, ° is the only possible point in C to which sequences of 
eigenvalues can converge. 

2. Continuous spectrum. >. E O"c(L) means that>. - L is one-to-one, 
R(>' - L) =F V, and R(>' - L) = V. Note that if>. =F 0, then L cannot 
be compact. (Why?) This type of situation, A E O"c(L) , occurs in 
solving equations (>. - L)u = f that are ill-posed. In the case A = 0, 
such equations can often be written as an integral equation of the 
first kind 

lb ((x, y)u(y) dy = f(x), 

with ((x, y) continuous and smooth. 

3. Residual spectrum. A E O"R(L) means A E O"(L) and that it is in 
neither the point spectrum nor continuous spectrum. This case can 
be further subdivided, into cases with R( >. - L) closed and not closed. 
The latter case consists of ill-posed problems, much as with the case of 
continuous spectrum. For the former case, the equation (A - L)u = f 
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is usually a well-posed problem; but some change in it is often needed 
when developing practical methods of solution. 

If L is a compact operator on V to V, and if V is infinite dimensional, 
then it can be shown that 0 E a(L). In addition in this case, if 0 is not 
an eigenvalue of L, then L-1 can be shown to be unbounded on R(L). 
Equations Lu = f with L compact make up a significant proportion of 
ill-posed problems. 

2.9.1 R()..) as a holomorphic function 

Let Ao E p(L). Returning to the proof of Lemma 2.9.2, we can write R(A) == 
(A_L)-l as 

00 

R(A) = 2)-1)k (A - Ao)k R(Ao)k+1 (2.9.3) 
k=O 

for all A satisfying (2.9.1). Thus we have a power series expansion of R(A) 
about the point Ao. This can be used to introduce the idea that R is an 
analytic (or holomorphic) function from p( L) ~ C to the vector space 
.c(V). Many of the definitions, ideas, and results of complex analysis can 
be extended to analytic vector-valued functions. See [44, p. 566] for an 
introduction to these ideas. 

In particular, we can introduce line integrals. We are especially interested 
in line integrals of the form 

gr(L) = -21 . {({L - L)-l g({L) d{L, 
1f~ lr (2.9.4) 

Note that whereas 9 : p(L) -+ C, the quantity gr(L) E .c(V). In this 
integral, r is a piecewise smooth curve of finite length in p(L); and r can 
consist of several finite disjoint curves. In complex analysis, such integrals 
occur in connection with studying Cauchy's theorem. 

Let F(L) denote the set of all functions 9 that are analytic on some open 
set U containing a(L), with the set U dependent on the function 9 (U need 
not be connected). For functions in F(L), a number of important results 
can be shown for the operators g(L) of (2.9.4) with 9 E F(L). For a proof 
of the following, see [44, p. 568] 

Theorem 2.9.3 Let f,g E F(L), and let fr(L), gr(L) be defined using 
(2.9.4), assuming r is located within the domain of analyticity of both f 
and g. Then 
(a) f· 9 E F(L), and fr(L) . gr(L) = (f. g)r (L); 
(b) if f has a power series expansion 

00 
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that is valid in some open disk about a(L), then 

00 

fr(L) = L anLn. 
n=O 

In numerical analysis, such integrals (2.9.4) become a means for studying 
the convergence of algorithms for approximating the eigenvalues of L. 

Theorem 2.9.4 Let L be a compact operator from V to V, and let AO be 
a nonzero eigenvalue of L. Introduce 

E(AO, L) = ~ 1 (A - L)-l d>' 
27rZ 1'>'-'>'01=0: 

(2.9.5) 

with c less than the distance from >'0 to the remaining portion of a(L). 
Then-
(a) E(>'o, L) is a projection operator on V to V. 
(b) E(AO,L)V is the set of all ordinary and generalized eigenvectors 
associated with >'0; i. e., 

E(>'o, L)V = N((>. - K),,('>'o»), 

with the latter taken from (2.8.27) and 11(>'0) the index of >'0. 

For a proof of these results, see Dunford and Schwartz [44, pp. 566-580]. 
When L is approximated by a sequence of operators {Ln}, we can ex

amine the convergence of the eigenspaces of Ln to those of L by means of 
tools fashioned from (2.9.5). Examples of such analyses can be found in [7], 
[9], and Chatelin [33]. 

Exercise 2.9.1 Let>. E p(L). Define d(>.) to be the distance from>. to 
a(L), 

Show that 

d(>.) = min I>' - iii· 
K.Ea(L) 

This shows 11(>. - L)-lll-t 00 as>. -t a(L). 

Exercise 2.9.2 Let V = e[O, 1], and let L be the Volterra integral operator 

Lu(x) = fox k(x, y)u(y) dy, 0::; x ::; 1, u E e[O, 1]. 

with k(x, y) continuous for 0::; y ::; x ::; 1. What is a(L) '? 

Exercise 2.9.3 Derive (2.9.3). 
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Exercise 2.9.4 Let F ~ p(L) be closed and bounded. Show (A - L)-l is a 
continuous function of A E F, with 

TEa; II(A - L)-lll < 00. 

Exercise 2.9.5 Let L be a bounded linear operator on a Banach space V 
to V; and let Ao E 0"( L) be an isolated nonzero eigenvalue of L. Let {Ln} 
be a sequence of bounded linear operators on V to V with IlL - Lnll -+ 0 
as n -+ 00. Let F ~ p(L) be closed and bounded. Show that there exists N 
such that 

n ~ N =} F ~ p(Ln). 

This shows that approximating sequences {Ln} cannot produce extraneous 
convergent sequences of approximating eigenvalues. 
Hint: use the preceding Exercise 2.9.4 as a lemma. 

Exercise 2.9.6 Assume L is a compact operator on V to V, a complex 
Banach space, and let {Ln} be a sequence of approximating bounded linear 
compact operators with IlL - Lnll -+ 0 as n -+ 00. Referring to the curve 
r = {>.: IA - Aol = E} of (2.9.5), we have from Exercise 2.9.5 that we can 
define 

E(O"n, Ln) = -21 .1 (A - Ln)-l dA, 
7fZ I>"->"ol=e: 

n~N, 

with O"n denoting the portion of O"(Ln) located within r. Prove 

IIE(O"n,Ln) - E(Ao,L)II-+ 0 as n -+ 00. 

It can be shown that R(E(O"n' Ln)) consists of combinations of the simple 
and generalized eigenvectors of Ln corresponding to the eigenvalues of Ln 
within O"n. In addition, prove that for every U E N((A - K)V(AO)), 

as n -+ 00. 

This shows convergence of approximating simple and generalized eigenfunc
tions of Ln to those of L. 

Suggestion for Further Readings 

See "Suggestion for Further Readings" in Chapter 1. 



3 
Approximation Theory 

In this chapter, we deal with the problem of approximation of functions. 
A prototype problem can be described as follows: For some function j, 
known exactly or approximately, find an approximation that has a more 
simply computable form, with the error of the approximation within a given 
error tolerance. Often the function j is not known exactly. For example, 
if the function comes from a physical experiment, we usually have a table 
of function values only. Even when a closed-form expression is available, it 
may happen that the expression is not easily computable, for example, 

j(x) = foX e-t2 dt. 

The approximating functions need to be of simple form so that it is easy to 
make calculations with them. The most commonly used classes of approxi
mating functions are the polynomials, piecewise polynomial functions, and 
trigonometric polynomials. 

We give several approaches to the construction of approximating func
tions. In Section 3.1, we define and analyze the use of interpolation 
functions. In Section 3.2 we define the concept of best uniform approxi
mation, and in Section 3.3 we look at best approximation in the sense of 
mean-square or £2 error. Section 3.4 discusses the important special case of 
approximations using orthogonal polynomials, and Section 3.5 introduces 
a more abstract framework for approximations, one using finite-rank pro
jection operators. The chapter concludes with a discussion in Section 3.6 
of the uniform error in polynomial and trigonometric approximations of 
smooth functions. 
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3.1 Interpolation theory 

We begin by discussing the interpolation problem in an abstract setting. 
Let V be a normed vector space over a field lK of numbers (JR or q. Recall 
that the space of all the linear continuous functionals on V is called the 
dual space of V and is denoted by V' (cf. Section 2.5). 

An abstract interpolation problem can be stated in the following form. 
Suppose Vn is an n-dimensional subspace of V, with a basis {VI, . .. , vn}. 
Let Li E V', 1 ~ i ~ n, be n linear continuous functionals. Given n numbers 
bi E lK, 1 ::; i ~ n, find Un E Vn such that the interpolation conditions 

are satisfied. 
Some questions arise naturally: Does the interpolation problem have a 

solution? If so, is it unique? If the interpolation function is used to ap
proximate a given function f(x), what can be said about error in the 
approximation? 

Definition 3.1.1 We say that the functionals Li , 1 ~ i ::; n, are linearly 
independent over Vn if 

n 

I>iLi(V) =0, VVEVn ===} ai=O, l::;i~n. 
i=1 

Lemma 3.1.2 The linear functionals L1, ... ,Ln are linearly independent 
over Vn if and only if 

#0. 

Proof. By definition, 

L 1 , ... ,Ln are linearly independent over Vn 
n 

i=1 

• 
Theorem 3.1.3 The following statements are equivalent: 

1. The interpolation problem has a unique solution. 

2. The functionals L1 , ... ,Ln are linearly independent over Vn . 
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3. The only element Un E Vn satisfying 

1 ~ i ~ n, 

is Un = O. 

4. For any data {bi}f=l' there exists one Un E Vn such that 

1 ~ i ~ n. 

Proof. From linear algebra, for a square matrix A E ][{nxn, the following 
statements are equivalent: 

1. The system Ax = b has a unique solution x E ][{n for any b E ][{n. 

2. det{A) =f O. 

3. If Ax = 0, then x = O. 

4. For any b E ][{n, the system Ax = b has a solution x E ][{n. 

The results of the theorem now follow from these statements and the 
previous lemma. • 

Now given U E V, its interpolant Un = E7=1 aiVi in Vn is defined by the 
interpolation conditions 

1 ~ i ~ n. 

The coefficients {adf=l can be found from the linear system 

which has a unique solution if the functionals L1, ... , Ln are linearly 
independent over Vn . 

The question of an error analysis in the abstract framework is difficult. 
For a general discussion of such error analysis, see Davis [42, Chap. 3]. Here 
we only give error analysis results for certain concrete situations. 

3.1.1 Lagrange polynomial interpolation 

Let f be a continuous function defined on a finite closed interval [a, b]. Let 

~ : a ~ Xo < Xl < ... < Xn ~ b 

be a partition of the interval [a, b]. Choose V = era, b], the space of con
tinuous functions f : [a, b] -t ][{; and choose Vn +1 to be Pn , the space 
of the polynomials of degree less than or equal to n. Then the Lagrange 
interpolant of degree n of f is defined by the conditions 

o ~ i ~ n, Pn E Pn . (3.1.1) 
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Here the interpolation linear functionals are 

o ::; i ::; n. 

If we choose the regular basis Vj(x) = x j (0 ::; j ::; n) for Pn, then it can 
be shown that 

det(Livj)(n+l)x(n+l) = II(Xj - Xi) -I- O. 
j>i 

Thus there exists a unique Lagrange interpolation polynomial. 
Furthermore, we have the representation formula 

n 

Pn(X) = L f(xi) <Pi(X), 
i=O 

II x-x' 
<Pi(X) == X. _ ;., 

j-/-i ~ J 

(3.1.2) 

(3.1.3) 

called Lagrange's formula for the interpolation polynomial. The functions 
<Pi satisfy the special interpolation conditions 

<Pi(Xj) = Oij = {01' ~ :!, , Z - J. 

The functions {<pd ~o form a basis for P n, and they are often called La
grange basis functions. See Figure 3.1 for graphs of {<Pi (X)} for n = 3, the 
case of cubic interpolation, with even spacing. 

Outside of the framework of Theorem 3.1.3, the formula (3.1.3) shows 
directly the existence of a solution to the Lagrange interpolation problem 
(3.1.1). The uniqueness result can also be proven by showing that the inter
polant corresponding to the homogeneous data is zero. Let us show this. Let 
Pn E Pn with Pn(Xi) = 0, 0 ::; i ::; n. Then the polynomial Pn must contain 
the factors (X-Xi), 1 :S i :S n. Since deg (Pn) :S nand degIIi=l (X-Xi) = n, 
we have 

n 

Pn(X) = c II (x - Xi) 
i=l 

for some constant c. Using the condition Pn(XO) = 0, we see that c = 0 
and therefore, Pn == O. We note that by Theorem 3.1.3, this result on the 
uniqueness of the solvability of the homogeneous problem also implies the 
existence of a solution. 

In the above, we have indicated three methods for showing the exis
tence and uniqueness of a solution to the interpolation problem (3.1.1). 
The method based on showing the determinant of the coefficient is non
zero, as in (3.1.2), can be done easily only in simple situations such as 
Lagrange polynomial interpolation. Usually it is simpler to show that the 
interpolant corresponding to the homogeneous data is zero, even for com
plicated interpolation conditions. For practical calculations, it is also useful 
to have a representation formula that is the analogue of (3.1.3), but such 
a formula is sometimes difficult to find. 
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Figure 3.1. The Lagrange basis functions for n = 3, with nodes {I, 2, 3, 4} 

These results on the existence and uniqueness of polynomial interpolation 
extend to the case that {xo, ... , xn} are any n + 1 distinct points in the 
complex plane <C. The proofs remain the same. 

For the interpolation error in Lagrange polynomial interpolation, we have 
the following. 

Proposition 3.1.4 Assume f E Cn+1 [a, b]. Then there exists a ~x between 
mini { Xi, X} and maxd Xi, X} such that 

n 

Wn(X) = II (x - Xi)' (3.1.4) 
i=O 

Proof. The result is obvious if X = Xi, 0 :s; i :s; n. Suppose X -I- Xi, 
o :s; i :s; n, and denote 

E(x) = f(x) - Pn(x). 

Consider the function 

g(t) = E(t) - Wn((t)) E(x). 
Wn X 

We see that g(t) has (n + 2) distinct roots, namely, t = X and t = Xi, 0 :s; 
i :s; n. By the Mean Value Theorem, g'(t) has n+ 1 distinct roots. Applying 
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Figure 3.2. Examples of the polynomials wn(x) occurring in the interpolation 
error formulas (3.1.4) and (3.1.5) 

repeatedly the Mean Value Theorem to derivatives of g, we conclude that 
g(n+l)(t) has a root ~x E (mini{xi,X}, maxi {Xi, x}). Then 

o = g(n+1)(~x) = f(n+l)(~x) _ (n ~ Y E(x), 
Wn x 

and the result is proved. • 
There are other ways of looking at polynomial interpolation error. Using 

Newton divided differences, we can show 

f(x) -Pn(x) =wn(x)f[XO,Xl, ... ,Xn,x] (3.1.5) 

with f[xo, Xl,.··, Xn, xl a divided difference of f of order n + 1. See [11, 
Section 3.2] for a development of this approach, together with a general 
discussion of divided differences and their use in interpolation. 

We should note that high-degree polynomial interpolation with a uniform 
mesh is likely to lead to problems. Figure 3.2 contains graphs of wn(x) for 
various degrees n. From these graphs, it is clear that the error behavior is 
worse near the endpoint nodes than near the center node points. This leads 
to Pn(x) failing to converge for such simple functions as f(x) = (1 + x2rl 
on [-5, 5], a famous example due to Carl Runge. A further discussion of 
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this can be found in [11, Section 3.5J. In contrast, interpolation using the 
zeros of Chebyshev polynomials leads to excellent results. This is discussed 
further in Section 3.6 of this chapter; and a further discussion is given in 
[11, p. 228J. 

3.1. 2 Hermite polynomial interpolation 

The main idea is to use values of both f(x) and f'(x) as interpolation 
conditions. Assume f is a continuously differentiable function on a finite 
interval [a, bJ. Let 

.Do : a :s; Xl < ... < Xn :s; b 

be a partition of the interval [a, bJ. Then the Hermite interpolant P2n-l E 
P2n- l of degree less than or equal to 2n - 1 of f is chosen to satisfy 

1 :s; i :s; n. (3.1.6) 

We have results on Hermite interpolation similar to those for Lagrange 
interpolation, as given in Exercise 3.1.6. 

More generally, for a given set of non-negative integers {md~o, one 
can define a general Hermite interpolation problem as follows. Find PN E 

PN(a, b), N = L~=l (mi + 1) - 1, to satisfy the interpolation conditions 

Again it can be shown that the interpolant with the homogeneous data 
is zero so that the interpolation problem has a unique solution. Also if 
f E C N +1[a, b], then the error satisfies 

1 n 

f(x) - PN(X) = (N + I)! !! (x - Xi)m i +1 f(N+l) (fox) 

for some fox E [a, bJ. For an illustration of an alternative error formula for 
the Hermite interpolation problem (3.1.6) that involves only the Newton 
divided difference of f, see [11, p. 161J. 

3.1.3 Piecewise polynomial interpolation 

For simplicity, we focus our discussion on piecewise linear interpolation. 
Let f E C[a, b], and let 

.Do : a = Xo < Xl < ... < Xn = b 

be a partition of the interval [a, bJ. Denote hi = Xi - Xi-l, 1 :S i :s; n, 
and h = maxl::;i::;n hi' The piecewise linear interpolant II~f of f is defined 
through the following two requirements: 

• For each i = 1, ... , n, II~fl[xi_l,x;J is linear. 
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• For i = 0,1, ... ,n, II~f(xi) = f(Xi). 

It is easy to see that II~f exists and is unique, and 

for 1 ::; i ::; n. 
For general f E C[a, b], it is relatively straightforward to show 

max If(x) - II~f(x)1 ::; w (j, h) 
xE[a,b] 

with w (j, h) the modulus of continuity of f on [a, b]: 

w (j, h) = max If(x) - f(y)1 . 
Ix-yl:::;h 
a:5x,y:5b 

(3.1.8) 

Now suppose f E C2 [a, b]. By using (3.1.4) and (3.1.7), it is straightforward 
to show that 

h2 
max If(x) - II~f(x)1 ::; - max 1f"(x)l· 

xE[a,b] 8 xE[a,b] 
(3.1.9) 

Now instead of f E C2 [a, b], assume f E H2(a, b) so that 

Ilfllt2(a,b) = lb [If(xW + 1f'(xW + 1f"(x)12] dx < 00. 

Here H2(a, b) is an example of Sobolev spaces. An introductory discussion 
was given in Examples 1.2.22 and 1.3.7. The space H2 (a, b) consists of 
continuously differentiable functions f whose second derivative exists a.e. 
and belongs to L2(a, b). A detailed discussion of Sobolev spaces is given 
in Chapter 6. We are interested in estimating the error in the piecewise 
linear interpolant II~f and its derivative (II~f)' under the assumption 
f E H2(a, b). 

We consider the error in the L2 sense, 

Ilf - II~flli2(a,b) = lb If(x) - II~f(x)12dx 

= t l xi 
If(x) - II~f(x)12dx. 

i=l Xi-l 

For a function f E H2(O, 1), let fifbe its linear interpolant: 

fife~) = feO) (1 - ~) + f(1)~, 0 ::; ~ ::; 1. 
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By Taylor's theorem, 

[(0) = [(0 - (f(~) - iO t f'(t) dt, 

1(1) = [(0 + (1 -~) [(~) + i l 
(1 - t) f'(t) dt. 

Thus 

and therefore 

(3.1.10) 

for some constant c independent of 1. Using (3.1.10), 

Therefore, 

Ilf - II~flli2(a,b) = t l xi 
If(x) - II~f(xWdx :::; ch411f"lli2(a,b); 

i=l Xi-l 

i.e., 

Ilf - II~fll£2(a,b) :::; ch211f"11£2(a,b). (3.1.11) 

A similar argument shows 

11f' - (II~f)'II£2(a,b) :::; ch 11f"11£2(a,b). (3.1.12) 

for another constant c> O. 
In the theory of finite element interpolation, the above argument is 

generalized to error analysis of piecewise polynomial interpolation of any 
degree. 
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3.1.4 Trigonometric interpolation 

Another important and widely used class of approximating functions are 
the trigonometric polynomials 

n 

Pn(X) = ao + L raj cos (jx) + bj sin (jx)]. 
j=l 

(3.1.13) 

If lanl + Ibnl =I 0, we say Pn(X) is a trigonometric polynomial of degree n. 
The function Pn(x) is often considered as a function on the unit circle, in 
which case Pn(B) would be a more sensible notation, with () the central angle 
for a point on the unit circle. The set of the trigonometric polynomials of 
degree less than or equal to n is denoted by Tn" 

An equivalent way of writing such polynomials is as 

n 

Pn(x) = L cjeijx. (3.1.14) 
j=-n 

The equivalence is given by 

ao = Co, 

Many computations with trigonometric polynomials are easier with (3.1.14) 
than with (3.1.13). With (3.1.14), we also can write 

n 2n 
Pn(x) = L CjZj = z-n LCk-nZk , (3.1.15) 

j=-n k=O 

which brings us back to something involving polynomials. 
The trigonometric polynomials of (3.1.13) are periodic with period 27r, 

and thus we choose our interpolation nodes from the interval [0, 27r) or any 
interval of length of 27r: 

° :::; Xo < Xl < ... < X2n < 27r. 

Often we use an even spacing, with 

Xj = jh, j = 0,1, ... , 2n, h=~. 
2n+ 1 

(3.1.16) 

The interpolation problem is to find a trigonometric polynomial Pn(x) of 
degree less than or equal to n for which 

j = 0,1, ... ,2n (3.1.17) 

for given data values {b j 10 :::; j :::; 2n}. The existence and uniqueness of a 
solution of this problem can be reduced to that for Lagrange polynomial 
interpolation by means of the final formula in (3.1.15). Using it, we intro
duce the distinct complex nodes Zj = eixj , j = 0,1, ... , 2n. Then (3.1.17) 
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n Ilf - Pnlloo n Ilf - Pnlloo 
1 1.16E + 00 8 2.01E - 07 
2 2.99E - 01 9 1.lOE - 08 
3 4.62E - 02 10 5.53E -10 
4 5.67E - 03 11 2.50E -11 
5 5.57E - 04 12 1.04E -12 
6 4.57E - 05 13 4.01E -14 
7 3.24E - 06 14 2.22E -15 

Table 3.1. Trigonometric interpolation errors for (3.1.18) 

can be rewritten as the polynomial interpolation problem 

2n 

I>k-nZj = zjbj , j = 0,1, ... , 2n. 
k=O 

All results from the polynomial interpolation problem with complex nodes 
can be applied to the trigonometric interpolation problem. For additional 
detail, see [11, Section 3.8]. Error results are given in Section 3.6 for the 
interpolation of a periodic function using trigonometric polynomials. 

Example 3.1.5 Consider the periodic function 

f(x) = esinx sinx. (3.1.18) 

Table 3.1 contains the maximum errors in the trigonometric interpolation 
polynomial Pn(X) for varying values of n. 

Exercise 3.1.1 Show that there is a unique quadratic function P2 satisfy
ing the conditions 

P2(0) = ao, P2(1) = aI, 11 P2(X) dx = a 

with given ao, aI, and a. 

Exercise 3.1.2 Given a function f on C[a, b], the moment problem is to 
find Pn E Pn(a, b) such that 

lb xipn(x)dx = lb xif(x)dx, O:S i:S n. 

Show that the problem has a unique solution. 

Exercise 3.1.3 Let Xo < Xl < X2 be three real numbers. Consider finding 
a polynomial p(x) of degree :S 3 for which 

p(xo) = Yo, 

P'(Xl) = Y~, 
P(X2) = Y2, 

P"(Xl) = y~ 

with given data {Yo, Y2, y~, yn. Show there exists a unique such polynomial. 
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Exercise 3.1.4 Derive the formula (3.1.2) for the Vandermonde determi
nant of order n + 1. 
Hint: Introduce 

Show 

1 Xo 
1 Xl 

1 Xn-1 X~_l ... x~_l 
1 X X2... xn 

Vn(X) = Vn- 1(xn-d(x - xo)··· (x - xn-d 

and use this to prove (3.1.2). 

Exercise 3.1.5 Show that the Lagrange formula (3.1.3) can be rewritten 
in the form 

tW:~(:j) 
j=O J 

Pn(x) = ----",n---

Lx~jx. 
j=O J 

for x not a node point, for suitable values of {Wj} that are dependent on 
only the nodes {x j }. This formula is called the barycentric representation 
ofPn(x). 

Exercise 3.1.6 Show that the Hermite interpolation problem (3.1.6) ad
mits a unique solution. Find a representation formula for the interpolant. 
Derive the error relation 

for some ~ E (mini{xi, x}, maxdxi, x}), if f E C 2n[a,bj. 

Exercise 3.1.7 Let us derive an error estimate for the composite trape
zoidal rule, the convergence of which was discussed in Exercise 2.4.3. A 
standard error estimate is 

with h = lin. Assume v" E L1(0, 1). Show that 

ILnv - Lvi ~ ch21Iv"II£1(O,1); 

i. e., the smoothness requirement on the integrand can be weakened while 
the same order error estimate is kept. Improved estimates of this kind are 
valid for errors of more general numerical quadratures. 
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Exercise 3.1.8 An elementary argument for the improved error estimate 
of the preceding exercise is possible, under additional smoothness assump
tion on the integrand. Suppose v E C 2 [a, b]. For the composite trapezoidal 
rule, show that 

Ln v - Lv = lb K T (x) v" (x) dx, 

where the "Peano kernel function" KT is defined by 

1 
KT(X) = 2" (x - xk-d (Xk - x), 

for k = 1,2, ... ,n. Use this relation to prove the quadrature error bound 

ILnv - Lvi::; Ch21Iv"II£1(0,1)' 

Exercise 3.1.9 As another example of similar nature, show that for the 
composite Simpson's rule, the following error representation is valid: 

Lnv - Lv = lb Ks(x) V(4) (x) dx, 

where the Peano kernel function Ks is defined by 

( ) _ { Ih8 (x - Xk_2)3 - 2~ (x - Xk_2)4, Xk-2 ::; X ::; Xk-l, 
KT X - h 3 1 4 

18 (Xk - x) - 24 (Xk - x) , Xk-l ::; X ::; Xk 

for k = 2,4, ... ,n. Use this relation to prove the quadrature error bound 

ILnv - Lvi::; ch41Iv(4)11£1(0,1)' 

Exercise 3.1.10 (a) For the nodes {Xj} of (3.1.16), show the identity 

2n. { 2 1 iXk - 1 """' tkxj = n + , e. -
L...J e 0 etXk 1= 1 
j=O ' 

for k E Z and Xk = 2nkj (2n + 1). 
(b) Find the trigonometric interpolation polynomial that solves the prob
lem (3.1.17) with the evenly spaced nodes of (3.1.16). Consider finding the 
interpolation polynomial in the form of (3.1.14). Show that the coefficients 
{ Cj} are given by 

1 2n . 
Ce = 2n + 1 L bje-teXj, 

J=O 

£ = -n, ... ,no 

Hint: Use the identity in part (a) to solve the linear system 
n 

L ckeiktj = bj , 

k=-n 
j = 0,1, ... ,2n. 

Begin by multiplying equation j by e-iR.Xj, and then sum the equations over 
j. 
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Exercise 3.1.11 Prove the error bound (3.1.8). 

3.2 Best approximation 

We approximate a function f{x) by choosing some member of a restricted 
class of functions. For example, a polynomial was selected from Pn by using 
interpolation to f{x). It is useful to consider the best that can be done with 
such a class of approximating functions: How small an error is possible 
when selecting an approximation from the given class of approximating 
functions? This is known as the best approximation problem. The solution 
depends on the function f, on the class of approximating functions, and on 
the norm by which the error is being measured. The best known cases use 
the uniform norm 11·1100, the Ll-norm, and the L2-norm (and other Hilbert 
space norms). We examine the best approximation problem in this section 
and some of the following sections. 

Throughout this section, V is allowed to be either a real or complex 
linear space. 

3.2.1 Convexity, lower semicontinuity 

A best approximation problem can be described by the minimization of 
a certain functional, and some rather general results can be given within 
such a framework. We begin by introducing some useful concepts. 

Definition 3.2.1 Let V be a real or complex linear space, K ~ V. The set 
K is said to be convex if 

u, v E K ====> AU + (I - A) v E K 't;/ A E (0,1) . 

Informally, the line segment joining any two elements of K is also contained 
in K. 

If K is convex, by induction we can show 
n n 

Ui E K, 1:::; i :::; n ====> L AiUi E K 't;/ Ai ~ 0 with L Ai = 1. 
i=l i=l 

(3.2.1) 

Such an expression L:~=l AiUi is called a convex combination of {ui}f=l. 

Definition 3.2.2 Let K be a convex set in a linear space V. A function 
f : K ~ R is said to be convex if 

f{Au+(l-A)v):::;Af(u)+{l-A)f(v) 't;/u,vEK, 't;/AE[O,l]. 

The function f is strictly convex if the above inequality is strict for U f:. v 
and A E (0,1). 
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To obtain a more intuitive sense of what it means for a function f to be 
convex, interpret it geometrically for the graph of a real-valued convex 
function f over ]R2. If any two points u and v in ]R2 are connected by a 
straight line segment L, then any point on the line segment joining (u, f (u)) 
and (v, f ( v)) is located above the function value for the corresponding point 
on L. The reader should note that the term "strictly convex" has another 
meaning in the literature on approximation theory, related somewhat to 
our definition but still distinct from it. 

Definition 3.2.3 Let V be a normed space. A set K ~ V is closed if 
{vn } ~ K and Vn ~ v imply v E K. The set K is weakly closed if 
{vn } ~ K and Vn --' v imply v E K. 

Definition 3.2.4 Let V be a normed space, K ~ V. A function f : K ~]R 
is (sequentially) lower semicontinuous (l.s.c.) if {vn } ~ K and Vn ~ v E K 
imply 

f( v) ::; lim inf f( vn ). 
n-+oo 

The function f is weakly sequentially lower semicontinuous or weakly lower 
semicontinuous (w.l.s.c.) if the above inequality is valid for any sequence 
{vn } ~ K with Vn --' v E K. 

Obviously continuity implies lower semicontinuity. The converse state
ment is not true, as lower semicontinuity allows discontinuity in a function. 
It is easily seen that if f is w.l.s.c., then it is l.s.c. The notion of weak lower 
semi continuity is very useful in a number of topics with applied and com
putational mathematics, including the study of boundary value problems 
for elliptic partial differential equations. 

Example 3.2.5 We examine an example of a w.l.s.c. function. Let V be 
a normed space and let us show that the norm function is w.l.s.c. For this, 
let {vn } ~ V be a weakly convergent sequence, Vn --' v E K. By Corollary 
2.5.6, there is an £ E V' such that £(v) = Ilvll and 11£11 = 1. We notice that 

£(vn ) ::; 11£llllvnll = Ilvnll· 
Therefore, 

Ilvll = £(v) = lim £(vn ) ::; liminf Ilvnll. 
n~oo n--j>(X) 

SO II . II is w.l.s.c. 
In an inner product space, a simpler proof is possible to show the norm 

function is w.l.s.c. Indeed, assume V is an inner product space, and let 
{ vn } ~ V be a weakly convergent sequence, Vn --' v. Then 

IIvl12 = (v, v) = lim (v, vn ) ::; liminf Ilvllllvnll, 
n---+oo n---+oo 

and we easily obtain 

Ilvll ::; liminf Ilvnll· 
n-+oo 
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We now present a useful result on geometric functional analysis de
rived from the generalized Hahn-Banach theorem, concerning separation 
of convex sets. 

Definition 3.2.6 Let V be a real normed space, and A and B non-empty 
sets in V. The sets A and B are said to be separated if there is a non-zero 
linear continuous functional C on V and a number a E lR such that 

C(u) :::; a 'Vu E A, C(v) 2: a 'Vv E B. 

If the inequalities are strict, then we say the sets A and B are strictly 
separated. 

The next result follows from Theorem 2.5.5; a proof of the result can be 
found in, e.g., [46]. 

Theorem 3.2.7 Let V be a real normed space, and let A and B be two 
non-empty disjoint convex subsets of V such that one of them is compact, 
and the other is closed. Then the sets A and B can be strictly separated. 

This result is used later in Section 10.4. 

3.2.2 Some abstract existence results 

Given a real space V, a subset K ~ V, and a functional f : K ~ lR, we 
consider the problem of finding a minimizer v = u for the expression 

inf f(v). 
vEK 

(3.2.2) 

A general reference for the results of this subsection is [173], including 
proofs of most of the results given here. 

Before we present a general result on the existence of a solution to the 
problem (3.2.2), let us recall the classical result of WeierstraJ3: A real-valued 
continuous function f on a bounded closed interval [a, b] (-00 < a < b < 
00) has a maximum and a minimum. We review main steps in the proof of 
the result for the part regarding a minimum. Denote 

a = inf f(x). 
xE[a,b] 

Then by the definition of infimum, there is a sequence {xn} ~ [a, b] such 
that f(xn) ~ a as n ~ 00. Since the bounded closed interval [a, b] is 
compact, we have a subsequence {xn'} ~ {xn} and some Xo E [a,b] such 
that 

Xn' ~ Xo as n' ~ 00. 

Now the function f is assumed to be continuous, so 

f(xo) = lim f(x n ,) = a, 
n'---+-oo 
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i.e., Xo is a minimizer of f on [a, b]. When we try to extend the result 
and the proof to the problem (3.2.2) on a general setting, we notice the 
following points . 

• The continuity of f is too restrictive. From the above argument, we 
observe that it is enough to assume the lower semicontinuity 

(3.2.3) 

This condition allows f to be discontinuous. 

• In an infinite-dimensional Banach space V, a bounded sequence does 
not necessarily contain a convergent subsequence (cf. Example 2.7.2). 
Nevertheless, if V is a reflexive Banach space, then Theorem 2.7.4 
states that a bounded sequence in V contains a weakly convergent 
subsequence. Therefore, for the problem (3.2.2), we assume V is re
flexive, K is bounded and weakly closed. This last condition ensures 
that the weak limit of a weakly convergent subsequence in K lies in 
K. Relatedly, the condition (3.2.3) is assumed for any subsequence 
{ Xn ' } that converges weakly to Xo. 

With the above consideration, we see that the conditions of the next result 
are quite natural. 

Theorem 3.2.8 Assume V is a reflexive Banach space, and assume K ~ 
V is bounded and weakly closed. If f : K -7 ffi. is weakly sequentially l.s.c., 
then the problem (3.2.2) has a solution. 

Proof. Denote 

a = inf f(v). 
vEK 

By the definition of infimum, there exists a sequence {un} ~ K with 

f(un ) -7 a as n -7 00. 

Since K is bounded, {un} is a bounded sequence in the space V. Since V 
is reflexive, Theorem 2.7.4 implies that there exists a subsequence {un'} ~ 
{un} that converges weakly to U E V. Since K is weakly closed, we have 
U E K; and since f is weakly sequentially l.s.c., we have 

f( u) :s lim inf f( Un')' 
n'---+oo 

Therefore, f( u) = a, and u is a solution of the minimization problem 
(3.2.2). Note that this proof also shows a is finite, a > -00. • 

In the above theorem, K is assumed to be bounded. Often we have the 
situation where K is unbounded (a subspace, for example). We can drop 
the boundedness assumption on K, and as a compensation we assume f to 
be coercive over K. 
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Definition 3.2.9 Let V be a normed space, K C V. A real-valued 
functional f on V is said to be coercive over K if 

f(v) -+ 00 as Ilvll -+ 00, v E K. 

Theorem 3.2.10 Assume V is a reflexive Banach space, K ~ V is weakly 
closed. If f : K -+ 1R is weakly sequentially l.s.c. and coercive on K, then 
the problem (3.2.2) has a solution. 

Proof. Pick any Vo E K and define 

Ko = {v E K I f(v) :::; f(vo)}· 

Since f is coercive, Ko is bounded. Since K is weakly closed and f is weakly 
sequentially los.c., we see that Ko is weakly closed. The problem (3.2.2) is 
equivalent to 

inf f(v), 
vEKo 

which has at least one solution from the Theorem 3.2.8. • 
These results are rather general in nature. In applications, it is usually 

not convenient to verify the conditions associated with weakly convergent 
sequences. We replace these conditions by ones easier to verify. First we 
record a result of fundamental importance in convex analysis. A proof is 
given in [47, p. 6]. 

Theorem 3.2.11 (MAZUR LEMMA) Assume V is a normed space, and 
assume {Vn}n~l is a sequence converging weakly to u. Then there is a 
sequence {Un}n~l of convex combinations of {Vn}n~l' 

N(n) N(n) 

Un = L ,\~n)Vi' L ,\~n) = 1, ,\~n) :::0: 0, n:::; i :::; N(n), 
i=n i=n 

which converges strongly to u. 

It is left as Exercise 3.2.2 to prove the following corollaries of the Mazur 
lemma. 

• If K is convex and closed, then it is weakly closed . 

• If f is convex and los.c. (or continuous), then it is weakly sequentially 
los.c. 

Now we have the following variants of the existence results, and they are 
sufficient for our applications. 

Theorem 3.2.12 Assume V is a reflexive Banach space, K S;;; V is convex 
and closed, and f : K -+ 1R is convex and l.s.c. If either 
(a) K is bounded 
or 
(b) f is coercive on K, 
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then the minimization problem (3.2.2) has a solution. FUrthermore, if f is 
strictly convex, then a solution to the problem (3.2.2) is unique. 

Proof. It remains to show that if f is strictly convex, then a minimizer 
of f over K is unique. Let us argue by contradiction. Assume there were 
two minimizers Ul =I- U2, with f(ud = f(U2) the minimal value of f on K. 
Since K is convex, (Ul +u2)/2 E K. By the strict convexity of f, we would 
have 

This relation contradicts the assumption that Ul is a minimizer. • 
In certain applications, the space V is not reflexive (e.g., V = era, b]). 

In such a case the above theorems are not applicable. Nevertheless, we 
notice that the reflexivity of V is used only to extract a weakly convergent 
subsequence from a bounded sequence in K. Also notice that we only need 
the completeness of the subset K, not that of the space V. Hence, we may 
modify the above theorem as follows. 

Theorem 3.2.13 Assume V is a normed space, K 5;;; V is a convex and 
closed finite-dimensional subset, and f : K ---+ lR. is convex and l.s.c. If 
either 
(a) K is bounded 
or 
(b) f is coercive on K, 
then the minimization problem (3.2.2) has a solution. FUrthermore, if f is 
strictly convex, then a solution to the problem (3.2.2) is unique. 

3.2.3 Existence of best approximation 

Let us apply the above results to a best approximation problem. Let u E 

V -we are interested in finding elements from K 5;;; V that are closest 
to u among the elements in K. More precisely, we are interested in the 
minimization problem 

inf Ilu-vll. 
vEK 

(3.2.4) 

Obviously (3.2.4) is a problem of the form (3.2.2) with 

f(v) = Ilu - vii· 
Certainly f (v) is convex and continuous (and hence l.s.c.). FUrthermore, 
f(v) is coercive if K is unbounded. We thus have the following existence 
theorems on best approximations. 

Theorem 3.2.14 Assume K 5;;; V is a closed, convex subset of a reflexive 
Banach space V. Then there is an element fi E K such that 

Ilu - fill = inf Ilu - vii· 
vEK 
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Theorem 3.2.15 Assume K ~ V is a convex and closed finite-dimensional 
subset of a normed space V. Then there is an element ii E K such that 

Ilu - iill = inf Ilu - vii· 
vEK 

In particular, a finite-dimensional subspace is both convex and closed. 

Theorem 3.2.16 Assume K is a finite-dimensional subspace of the 
normed space V. Then there is an element ii E K such that 

Ilu - iill = inf Ilu - vii· 
vEK 

Example 3.2.17 Let V = C[a, b] (or £P(a, b)) and K = Pn , the space of 
all the polynomials of degree less than or equal to n. Associated with the 
space V, we may use LP(a, b) norms, 1 ::::: p ::::: 00. The previous results 
ensure that for any f E C[a, b] (or LP(a, b)), there exists a polynomial 
fn E Pn such that 

Ilf - fnIILP(a,b) = inpf Ilf - qnIILP(a,b). 
qnE n 

Certainly, for a different value of p, we have a different best approximation 
fn. When p = 00, fn is called a "best uniform approximation of f." 

The existence of a best approximation from a finite-dimensional subspace 
can also be proven directly. To do so, reformulate the minimization problem 
as a problem of minimizing a non-negative continuous real-valued function 
over a closed bounded subset of IRn or en, and then appeal to the Heine
Borel theorem from elementary analysis (cf. Theorem 1.6.2). This is left as 
Exercise 3.2.3. 

3.2.4 Uniqueness of best approximation 

Showing uniqueness requires greater attention to the properties of the norm 
or to the characteristics of the approximating subset K. 

Arguing as in the proof for the uniqueness part in Theorem 3.2.12, we 
can easily show the next result. 

Theorem 3.2.18 Assume V is a normed space, and further assume that 
the function f(v) = IlvilP is strictly convex for some p ~ 1. Let K be a 
convex subset of V. Then for any u E V, a best approximation ii from K 
is unique. 

If V is an inner product space, then f(v) = IIvl1 2 is a strictly convex 
function on V (cf. Exercise 3.3.3), and therefore a solution to the best 
approximation problem in an inner product space is unique (provided it 
exists). Other approaches to proving the uniqueness of a best approxima
tion can be found in Davis [42], giving uniqueness results for approximation 
in LP (a, b) for 1 < p < 00. 
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Notice that the strict convexity of the norm is a sufficient condition for 
the uniqueness of a best approximation, but the condition is not necessary. 
For example, the norm II . IILoo(a,b) is not strictly convex, yet there are 
classical results stating that a best uniform approximation is unique for 
important classes of approximating functions. The following is the best 
known of such results. 

Theorem 3.2.19 (CHEBYSHEV EQUI-OSCILLATION THEOREM) Let f E 

C[a, b] for a finite interval [a, b], and let n ~ ° be an integer. Then there is 
a unique solution Pn E P n to the minimization 

Pn (f) == min Ilf - plloo . 
pEPn 

It is characterized uniquely as follows. There is a set of n + 2 numbers 

a S Xo < Xl < ... < Xn+l S b, 

not necessarily unique, for which 

f(Xj) - Pn(Xj) = a (-l)j Pn (f), 

with a = +1 or-1. 

j = O,l, ... ,n+ 1, 

Theorem 3.2.20 Let 9 be a continuous 27r-periodic function on ~, and let 
n ~ ° be an integer. Then there is a unique trigonometric polynomial lin E 
Tn of degree S n (cf. (3.1.13) in Section 3.1.4) satisfying the minimization 

Pn (g) == min Ilg - qlloo' 
qETn 

Proofs of these two theorems are given in Meinardus [117, Section 3] 
and Davis [42, Chap. 7]. We return to these best uniform approximations 
in Section 3.6, where we look at the size of Pn (f) as a function of the 
smoothness of f. 

Exercise 3.2.1 Let 9 E C[O, 1] and let n ~ ° be an integer. Define 

E(g) == inf [max (1 + X2) Ig(x) - p(X)I] 
deg(p)::;n O::;x9 

with p(x) denoting a polynomial. Consider the minimization problem of 
finding at least one polynomial p( x) of degree at most n for which 

E(g) == max (1 + X2) Ig(x) - p(x)l. 
O::;x:9 

What can you say about the solvability of this problem? 

Exercise 3.2.2 Apply the Mazur lemma to show that in a normed space 
a convex closed set is weakly closed, and a convex l.s.c. function is w.l.s.c. 

Exercise 3.2.3 Give a direct proof of Theorem 3.2.16, as discussed 
following Example 3.2.17. 

Exercise 3.2.4 Prove (3.2.1). 
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3.3 Best approximations in inner product spaces 

In an inner product space V, the norm 11·11 is induced by an associated inner 
product. The square of such a norm is strictly convex (Exercise 3.3.3), so 
the best approximation is unique from Theorem 3.2.18. Alternatively, the 
uniqueness of the best approximation can be verified using the following 
characterization of a best approximation when the norm is induced by an 
inner product. 

Throughout this section, we assume V is a real inner product space. 
Many of the results generalize, and in some cases, they are stated in a 
more general form. A general reference for the results of this section is 
[173], including proofs of most of the results given here. 

Lemma 3.3.1 Let K be a convex subset of a real inner product space V. 
For any u E V, U E K is its best approximation in K if and only if it 
satisfies 

(u - u, v - u) ::::: 0 'VvEK. (3.3.1) 

Proof. Suppose u E K is a best approximation of u. Let v E K be 
arbitrary. Then, since K is convex, u + >. (v - u) E K, >. E [0,1]. Hence the 
function 

cp(>') = Ilu- lU+>,(v-u)lI12, >. E [0,1], 

has its minimum at >. = O. We then have 

0::::: cp'(O) = -2 (u - u,v - u); 

i.e., (3.3.1) holds. 
Conversely, assume (3.3.1) is valid. Then for any v E K, 

Ilu - vl1 2 = II(u - u) + (u - v)112 
= Ilu - ul12 + 2 (u - u, u - v) + Ilu - vl1 2 
~ Ilu - u112; 

i.e., u is a best approximation of u in K. • 
The geometric meaning of this lemma is that the angle between the two 

vectors u - u and v - u is in the range [n /2, n]. 

Corollary 3.3.2 Let K be a convex set of an inner product space V. Then 
for any u E V, its best approximation is unique. 

Proof. Assume both Ul, U2 E K are best approximations. Then from the 
lemma, 

(U-Ut,V- Ul):::::O'VVEK. 

In particular, we choose v = U2 to obtain 

(u - ih,ih - ih) ::::: O. 
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Similarly, 

(u - U2, Ul - U2) ::; o. 
Adding the last two inequalities, we get 

-Ilul - u2112 ::; o. 
Therefore, Ul = U2. • 

Now combining the above uniqueness result and the existence results 
from the last subsection, we can state the following theorems. 

Theorem 3.3.3 Assume K ~ V is a closed, convex subset of a Hilbert 
space V. Then there is a unique element U E K such that 

Ilu - ull = inf Ilu - vii· 
vEK 

The element u is also characterized by the inequality (3.3.1). 

We call u the projection of u onto K, and write u = PK(u). In general, 
PK is a nonlinear operator, called the projection operator. It is not difficult 
to prove the following properties of the projection operator by using the 
characterization (3.3.1). 

Proposition 3.3.4 Assume K ~ V is a closed, convex subset of a Hilbert 
space V. Then the projection operator is monotone, 

\/u,v E V, 

and it is non-expansive, 

\/u,v E V. 

Theorem 3.3.5 Assume K ~ V is a convex and closed finite-dimensional 
subset of an inner product space V. Then there is a unique element u E K 
such that 

Ilu - ull = inf Ilu - vii· 
vEK 

Theorem 3.3.6 Assume K is a complete subspace of a real or complex 
inner product space V. Then there is a unique element u E K such that 

Ilu - ull = inf Ilu - vii· 
vEK 

In the situation described in Theorem 3.3.6, since K is a subspace, the 
best approximation is characterized by the property (cf. Lemma 3.3.1) 

(u-u,v)=O \/vEK. 

In other words, the "error" u - u is orthogonal to the subspace K. The 
projection mapping PK is then called an orthogonal projection operator. 
Its main properties are summarized in the next theorem. For a detailed 
discussion, see [88, pp. 147, 172-174J. 



3.3. Best approximations in inner product spaces 115 

Theorem 3.3.7 Assume K is a complete subspace of a real or complex 
inner product space V. Then the orthogonal projection operator PK : V -> 

V is linear, self-adjoint; i. e., 

'Vu,v E K. (3.3.2) 

In addition, 

'Iv E V; (3.3.3) 

and as a consequence, 

IIPKII = 1. (3.3.4) 

An important special situation arises when we know an orthonormal basis 
{<Pn}n>1 of the space V, and K = Vn = span {<P1, ... , <Pn}. The element 
P n u E Vn is the minimizer of 

min Ilu - vii· 
vEVn 

We find this minimizer by considering the minimization of the non-negative 
function 

n 2 

f(b1, ... ,bn) = u- Lbi<Pi 
i=1 

which is equivalent to minimizing over Vn . It is straightforward to obtain 
the identity 

n n 

f(b1 , ... , bn ) = IIul1 2 - L I(u, <Pi)1 2 + L Ibi - (u, <Pi)1 2 

i=1 i=1 
the verification of which is left to the reader. Clearly, the minimum of 
f is attained by letting bi = (Ui, <Pi)' i = 1, ... , n. Thus the orthogonal 
projection of u into Vn is given by 

n 

Pnu = L(u, <Pi) <Pi. (3.3.5) 
i=1 

Since 

Ilu - Pnull = inf Ilu - vii -> 0 as n -> 00, 
vEVn 

we have the expansion 

n 00 

where the limit is understood in the sense of the norm II . II. 
Example 3.3.8 A very important application is the least squares approx
imation of continuous functions by polynomials. Let V = L2( -1,1), and 
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Vn = Pn( -1,1), the space of polynomials of degree less than or equal to 
n. Note that the dimension of Vn is n + 1 instead of n; this fact does 
not have any essential influence in the above discussions. An orthonormal 
polynomial basis for V is known, {¢n == Ln}n:2:1 consists of the Legendre 
polynomials, 

1 
Lo(x) = yI2' 

~ 1 dn [2 n] 
Ln(x) = V ~-2- 2nn! dxn (x -1) , 

(3.3.6) 

For any u E V, its least squares best approximation from P n ( -1, 1) is given 
by the formula 

n 

Pnu(x) = :~:)u, Lih2(-1,1) Li(X). 
i=O 

We have the convergence 

lim Ilu - Pnull£2(-ll) = 0. 
n----tOCl ' 

Therefore, 

n 

(Xl 

i=O 

known as Parseval's equality. We also have 
n (Xl 

U = nl.!..~ 2.)u, L i )£2(-l,l) Li = 2.)u, L i )£2(-l,l) Li 
i=O i=O 

in the sense of L2 ( -1, 1) norm. 

Example 3.3.9 An equally important example is the least squares approx
imation of a function f E L2 (0, 27f) by trigonometric polynomials (cf. 
(3.1.13)). Let Vn = Tn, the set of all trigonometric polynomials of degree 
::; n. Then the least squares approximation is given by 

where 

1 n 

Pn(x) = 2ao + L raj cos (jx) + bj sin (jx)] , 
j=l 

11211" 
aj = - f(x) cos (jx) dx, 

7f 0 
j ~ 0, 

11211" 
bj = - f(x) sin (jx) dx, 

7f 0 

(3.3.7) 

(3.3.8) 
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As with Example 3.3.8, we can look at the convergence of(3.3.7). This leads 
to the well-known Fourier series expansion 

00 

f(x) = ao + L raj cos (jx) + bj sin (jx)]. 
j=1 

Further development of this example is left as Exercise 3.3.4. 

Exercise 3.3.1 Let V = L2(0), and 

K = {v E V Illvll£2(O) :s:: 1}. 

For any u E V, find its projection on K. 

Exercise 3.3.2 Prove Theorem 3.3.7. 

Exercise 3.3.3 Show that in an inner product space V, the function 
f(v) == IIvl1 2 is strictly convex. 

Exercise 3.3.4 Given a function f E L2 (0,2 7r), show that its best approx
imation in the space 'Tn with respect to the norm of L 2(0,27r) is given by 
the partial sum 

n 

ao "( . b") 2 + ~ aj cOSJX + j SlllJX 

j=1 

of the Fourier series of f with the Fourier coefficients 

aj = ~ r27r 
f(x) cosjxdx, bj = ~ r27r 

f(x) sinjxdx. 
7rJo 7rh 

Derive Parseval's equality for this case. 

Exercise 3.3.5 Repeat Exercise 3.3.4, but use the basis 

{eijx I -n :s:: j :s:: n} 

for Tn. Find a formula for the least squares approximation of f(x) in 
L2(0,27r). Give Parseval's equality and give a formula for Ilu - Pnull in 
terms of the Fourier coefficients of f when using this basis. 

3.4 Orthogonal polynomials 

The discussion of Example 3.3.8 at the end of the previous section can 
be extended in a more general framework of weighted L2-spaces. As in 
Example 3.3.8, we use the interval [-1,1]. Let w(x) be a weight function 
on [-1,1]; i.e., it is positive almost everywhere and it is integrable on 
[-1,1]. Then we can introduce a weighted function space 

L;(-1, 1) = {v is measurable on [-1, 111 i11IV(XWw(X) dx < oo}. 
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This is a Hilbert space with the inner product 

(u, v)o,w = [11 U(X) V(X) W(X) dx 

and the corresponding norm 

Ilvllo,w = V(v, v)o,w. 

Two functions u,v E L~(-l,l) are said to be orthogonal if (u,v)o,w = 0. 
Starting with the monomials {1, x, x 2 , ... }, we can apply the Gram

Schmidt procedure described in Section 1.3 to construct a system of 
orthogonal polynomials {Pn(x)}~=o such that the degree of Pn is n. For 
any u E L~ ( -1, 1), the best approximating polynomial of degree less than 
or equal to N is 

N 

PNu(x) = L ~nPn(x), 
n=O 

~ - (u,Pn)O,w 0::; n::; N. 
n - IIPnI16,w ' 

This can be verified directly. The best approximation PNu is characterized 
by the property that it is the orthogonal projection of u onto the polynomial 
space PN ( -1,1) with respect to the inner product (., ·)o,w. 

A family of well-known orthogonal polynomials, called the Jacobi 
polynomials, are related to the weight function 

w("",,B)(x) = (1- x)""(l + x),B, -1 < a,/3 < 1. (3.4.1) 

A detailed discussion of these polynomials can be found in the reference 
[156]. Here we mention some results for two of the most important special 
cases. 

When a = /3 = 0, the Jacobi polynomials become Legendre polynomi
als, which were discussed in Example 3.3.8. Conventionally, the Legendre 
polynomials are defined to be 

Lo(x) = 1, Ln(x) = 2:n! d~n [(x2 - l)n] , n::::: 1. (3.4.2) 

These polynomials are orthogonal, and 

2 
(Lm' Ln)o = 2 n + 1 Dmn. 

The Legendre polynomials satisfy the differential equation 

[(1 - x2 ) L~(x)l' + n (n + 1) Ln(x) = 0, n = 0,1, ... , 

and the recursion formula 
2n+ 1 n 

Ln+1(X) = --- x Ln(x) - -- Ln- 1(x), n = 1,2, ... 
n+1 n+1 

with Lo(x) = 1 and L1(x) = x. Graphs of orthonormalized Legendre 
polynomials of degrees n = 0,1,2,3 were given earlier in Figure 1.2 of 
Subsection 1.3.2 in Chapter 1. 



3.4. Orthogonal polynomials 119 

To present some error estimates related to orthogonal projection polyno
mials, we need to use the notion of Sobolev spaces as reviewed in Chapter 6. 
A reader without prior knowledge on Sobolev spaces may skip the following 
error estimates in a first-time reading. 

For any u E L2(-I,I), its N-th degree L2(-I, I)-projection polynomial 
PNU is 

N 

PNu(x) = L ~nLn(x), 2n+ 1 
~n = --2- (u, Ln)o, 0::; n ::; N. 

n=O 

It is shown in [31] that if u E H S ( -1, 1) with s > 0, then the following 
error estimates hold, 

Ilu - PNuilo ::; cN-s Ilull s , 

Ilu - PNuill ::; cN3 / 2- s Iluli s . 

Here II . lis denotes the HS( -I, I)-norm, and below we use (·,·h for the 
inner product in Hl(-I, 1). 

Notice that the error estimate in the L2 (-1,1 )-norm is of optimal order 
as expected, yet the error estimate in the HI ( -1, I)-norm is not of optimal 
order. In order to improve the approximation order also in the HI (-1,1)
norm, another orthogonal projection operator P1,N : Hl(-I, 1) -) PN can 
be introduced: For u E Hl( -I, I), its projection P1 ,NU E PN is defined by 

(P1 ,NU,vh = (u,vh Vv E PN· 

It is shown in [112] that 

Ilu - P1 ,Nullk ::; cNk-sllull s, k = 0, I, s ~ 1. (3.4.3) 

Notice that the error is of optimal order in both the L2( -1, I)-norm and 
the Hl( -I, I)-norm. 

Another important special case of (3.4.1) is when 0: = f3 = -1/2. The 
weight function here is 

1 
w(x) = v"f=X2 

1- x2 

and the weighted inner product is 

( ) -11 u(x)v(x) d 
u,v Ow - .~ x. 

, -1 vI - x 2 

The corresponding orthogonal polynomials are called Chebyshev polynomi
als of the first kind, 

Tn(x) = cos(n arccos x), n = 0, 1, .... (3.4.4) 

These functions are orthogonal, 

n,m~O 
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with Co = 2 and Cn = 1 for n ~ 1. The Chebyshev polynomials satisfy the 
differential equation 

-[~T~(x)]' = n 2 ~, n = 0,1, ... 

and the recursion formula 

(3.4.5) 

with To(x) = 1 and Tl(X) = x. 
Above, we considered orthogonal polynomials defined on the interval 

[-1,1]. On a general finite interval [a,b] (b > a), we can use a simple 
linear transformation of the independent variables, and reduce the study of 
orthogonal polynomials on the interval [a, b] to that on the interval [-1, 1]. 
It is also possible to study orthogonal polynomials defined on unbounded 
intervals. 

Orthogonal polynomials are important in the derivation and analysis 
of Gaussian numerical integration (cf., e.g., [11, Section 5.3]), and in the 
study of a family of powerful numerical methods, called spectral methods, 
for solving differential equations (cf., e.g., [23,30,62]). For a more extended 
introduction to orthogonal polynomials, see [42, Chap. 10]. 

Exercise 3.4.1 Use (3.4.2) and integration by parts to show (Ln' Lm) = ° 
for m i=- n, m, n ~ 0. 

Exercise 3.4.2 Derive formulas for the Legendre polynomials of (3.4.2) 
and the Chebyshev polynomials of (3.4.4) over a general interval [a, b]. For 
the Chebyshev polynomials, what is the appropriate weight function over 
[a, b]? 

Exercise 3.4.3 Derive (3.4.5) from (3.4.4). 

Exercise 3.4.4 Find the zeros of Tn (x) for n ~ 1. Find the points at which 

is attained. 

Exercise 3.4.5 Using the Gram-Schmidt process, compute 
polynomials of degrees 0,1,2 for the weight function w(x) 
[0,1]. 

Exercise 3.4.6 For n ~ 0, define 

Sn(x) = ~1T~+1(X) n+ 

orthogonal 
-logx on 

using the Chebyshev polynomials of (3.4.4). These new polynomials {Sn(x)} 
are called Chebyshev polynomials of the second kind. 
(a) Show that {Sn (x)} is an orthogonal family on [-1, 1] with respect to the 
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weight function w(x) = VI - x2. 
(b) Show that {Sn(x)} also satisfies the triple recursion relation (3.4.5). 

3.5 Projection operators 

Projection operators are useful in discussing many approximation meth
ods. Intuitively we are approximating elements of a vector space V using 
elements of a subspace W. Originally, this generalized the construction of 
an orthogonal projection from Euclidean geometry, finding the orthogonal 
projection of an element v E V in the subspace W. This has since been 
extended to general linear spaces that do not possess an inner product; and 
hence our discussion approaches the definition of projection operators from 
another perspective. 

Definition 3.5.1 Let V be a linear space, VI and V2 subspaces of v. We 
say V is the direct sum of VI and V2 and write V = VI EB V2, if any element 
v E V can be uniquely decomposed as 

(3.5.1) 

Furthermore, if V is an inner product space, and (VI, V2) 0 for any 
VI E VI and any V2 E V2, then V is called the orthogonal direct sum of VI 

and V2. 

There exists a one-to-one correspondence between direct sums and linear 
operators P satisfying p 2 = P. 

Proposition 3.5.2 Let V be a linear space. Then V = VI EB V2 if and only 
if there is a linear operator P : V --t V with p 2 = P such that in the 
decomposition (3.5.1), VI = Pv and V2 = (I - P)v, and also VI = P(V) 
and V2 = (1 - P)(V). 

Proof. Let V = VI EB V2. Then Pv = VI defines an operator from V to V. 
It is easy to verify that P is linear and maps V onto VI (PVI = VI V VI E Vi), 
and so VI = P(V). Obviously V2 = (1 - P)v and (1 - P)V2 = V2 VV2 E V2. 

Conversely, with the operator P, for any V E V we have the decompo
sition V = Pv + (I - P)v. We must show this decomposition is unique. 
Suppose V = VI + V2, VI E VI, V2 E V2. Then VI = Pw for some w E V. 
This implies PVI = p 2w = Pw = VI. Similarly, PV2 = O. Hence, Pv = VI, 

and then V2 = V - VI = (I - P)v. • 

Definition 3.5.3 Let V be a Banach space. An operator P E C(V) with 
the property p 2 = P is called a projection operator. The subspace P(V) is 
called the corresponding projection space. The direct sum 

V = P(V) EB (I - P)(V) 

is called a topological direct sum. 
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If V is a Hilbert space, P is a projection operator, and V = P(V) ED (I -
P) (V) is an orthogonal direct sum, then we call P an orthogonal projection 
operator. 

It is easy to see that a projection operator P is orthogonal if and only if 

(Pv, (I - P)w) = 0 '</v,W E V. (3.5.2) 

Example 3.5.4 Figure 3.3 illustrates the orthogonal direct decomposition 
of an arbitrary vector in ~2 which defines an orthogonal projection operator 
P from ~2 to VI' In particular, when VI is the Xl -axis, we have 

V2 ------------------ ,v 

-lJ.P 

o 

FIGURE 3.3, Orthogonal projection in ~2 

Example 3.5.5 (LAGRANGE INTERPOLATION) Let V = C[a, b], VI = Pn 
the space of the polynomials of degree less than or equal to n, and let ~ : a = 
Xo < Xl < . , . < Xn = b be a partition of the interval [a, b]. For v E C[a, b], 
we define Pv E Pn to be the Lagrange interpolant of v corresponding to 
the partition ~; i.e., Pv satisfies the interpolation conditions: PV(Xi) = 
V(Xi), 0::::: i ::::: n. From the discussion of Section 3.1, the interpolant Pv is 
uniquely determined. The uniqueness of the interpolant implies that P is a 
projection operator. Explicitly, 

using the Lagrange formula for the interpolant. 

Example 3.5.6 (PIECEWISE LINEAR INTERPOLATION) Again we let V = 
C[a, b] and ~ : a = Xo < Xl < ... < Xn = b a partition of the interval 
[a, b], This time, we take VI to be the space of continuous piecewise linear 
functions: 

VI = {v E C[a,b] I VI[Xi_l,Xi] is linear, 1::::: i::::: n}. 
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Then for any v E C[a, b], Pv is the piecewise linear function uniquely 
determined by the interpolation conditions PV(Xi) = V(Xi), 0 ::; i ::; n. This 
is an example of a finite element space. 

Example 3.5.7 Generally, let Vn be an n-dimensional subspace of a 
Hilbert space V. Suppose {UI' ... , un} is an orthonormal basis of Vn . For 
any v E V, the formula 

n 

Pv = 2:)Ui' v) Ui 
i=I 

defines an orthogonal projection from V onto Vn . 

Example 3.5.8 Recall the least squares approximation using trigonomet
ric polynomials, in (3.3.7)-(3.3.8). This defines an orthogonal projection 
from L2 (0, 21f) to Tn. Denote it by Fnf. In the following section, we dis
cuss Fn as a projection from Cp (21f) to Tn. Recall from examples 1.1.2(g), 
1.2.4{a) that the space Cp (21f) consists of all continuous functions g on ~ 
for which 

g(x + 21f) == g(x) 

and the norm is 11.11 00 , Proposition 3.5.9, given below, also applies to Fn 
and the linear space L2 (0, 21f). 

If V is an inner product space, then we define the orthogonal complement 
of a subspace VI as 

V/ = {v E V I (v, vd = 0 \i VI E VI}' 

The proof of the following is left as Exercise 3.5.3. 

Proposition 3.5.9 (ORTHOGONAL PROJECTION) Let VI be a closed linear 
subspace of the Hilbert space V, with its orthogonal complement V/. Let 
P: V ---> VI. Then 
(a) The operator P is an orthogonal projection if and only if it is a self
adjoint projection. 
(b) V = VI EEl V/ . 
( c) There exists exactly one orthogonal projection operator P from V onto 
VI' We have 

Ilv - Pvll = inf Ilv - wll \i v E V. 
wEVl 

The operator I - P is the orthogonal projection onto VI.l. 

(d) If P : V ---> V is an orthogonal projection operator, then P(V) is a 
closed subspace of V, and we have the orthogonal direct sum 

V = P(V) EEl (I - P)(V). 

Exercise 3.5.1 Show that if P is a projection operator (or an orthogonal 
projection operator), then so is I - P. 
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Exercise 3.5.2 Let V be a Hilbert space, let Vi be a finite-dimensional 
subspace with basis {CPi, ... , CPn}, and let P be an orthogonal projection of 
V onto Vi' Show that Px = 0 if and only if PCPj = 0 for j = 1, ... ,n. 

Exercise 3.5.3 Prove Proposition 3.5.9. 

Exercise 3.5.4 Let P be a bounded projection on the Banach space V. 
Show that IIPII ;::: 1. If V is a Hilbert space, and if P is an orthogonal 
projection, show that IIPII = 1. 

Exercise 3.5.5 (a) Find a formula for IIPII in Example 3.5.5. 
(b) Find a formula for IIPII in Example 3.5.6. 

Exercise 3.5.6 Extend Example 3.5.6 to piecewise quadratic interpola
tion. Use evenly spaced node points. What is IIPII in this case'? 

3.6 Uniform error bounds 

Approximation in the uniform norm is quite important in numerical anal
ysis and applied mathematics, and polynomials are the most important 
type of approximants. However, most convergence analyses on the uniform 
approximation of continuous functions by polynomials must be shown di
rectly by special arguments, rather than by appealing to some more general 
theory. The first important such result is due to Weierstrass, and it is much 
stronger than first might be expected. 

Theorem 3.6.1 (WEIERSTRASS) Let f E C[a, b], let c > O. Then there 
exists a polynomial p( x) for which 

Ilf - plloo ::::: c. 

This result says that any continuous function f can be approximated 
uniformly by polynomials, no matter how badly behaved f may be on [a, bj. 
Several proofs of this seminal result are given in [42, Chap. 6], including 
an interesting constructive result using Bernstein polynomials. 

For many uses of approximation theory in numerical analysis, we need 
error bounds for the best uniform approximation of a function f(x) on 
an interval [a, bj. We are interested in two such problems: the uniform 
approximation of a smooth function by polynomials and the uniform 
approximation of a smooth 27r-periodic function by trigonometric poly
nomials. These problems were discussed previously in Section 3.2.4, with 
theorems 3.2.19 and 3.2.20 giving the uniqueness of the best approximants 
for these two forms of approximation. Initially, we study the polynomial 
approximation problem on the special interval [-1,1]' and then the re
sults obtained extend easily to an arbitrary interval [a, bj by a simple linear 
change of variables. We consider the approximation of a 27r-periodic func
tion by trigonometric polynomials as taking place on the interval [-7r,7rj 
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in most cases, as it aids in dealing with the special cases of even and odd 
27r-periodic functions. 

An important first step is to note that these two problems are closely 
connected. Given a function f E cm[-l, 1], introduce the function 

g(O) = f (cosO). (3.6.1) 

The function 9 is an even 27r-periodic function and it is also m-times contin
uously differentiable. If we examine the best approximating trigonometric 
polynomial qn(O) for any even 27r-periodic function g(O), the uniqueness 
result (Theorem 3.2.20) can be used to show that qn(O) has the form 

n 

qn(O) = ao + L aj cos (jO) . 
j=1 

(3.6.2) 

The proof is based on using the property that 9 is even and that the best 
approximation is unique; cf. Exercise 3.6.2. 

For the best uniform trigonometric approximation of (3.6.1), given in 
(3.6.2), use the substitution x = cos 0 and trigonometric identities to show 
the existence of Pn E P n with 

qn(O) = Pn(cosO) 

and with Pn(x) having the same degree as qn(O). Conversely, if P E Pn is 
given, then qn(O) == Pn(cosO) can be shown to have the form (3.6.2). 

Using these results, 

max Ig(O) - qn(O)1 = max If(x) - Pn(x)l· 
O~O~n -1~x~1 

In addition, it is straightforward to show that Pn(x) must be the best uni
form approximation to f(x) on [-1,lJ. If it were not, we could produce 
a better uniform approximation, call it rn(x); and then rn(cosO) would 
be a better uniform approximation to g(O) on [0,7r], a contradiction. This 
equivalence allows us to concentrate on only one of our two approximating 
problems, that of approximating a 27r-periodic function g(O) by a trigono
metric polynomial qn (0). The results then transfer immediately to the 
ordinary polynomial approximation problem for a function f E Cm [-1, 1]. 

As a separate result, it can also be shown that when given any 27r-periodic 
function g( 0), there is a corresponding function f (x) of equal smoothness 
for which there is an equivalence between their best uniform approximations 
in the respective approximating spaces Tn and Pn. For this construction, 
see [117, page 46]. 

We state without proof the main results. For proofs, see Meinardus [117, 
Section 5.5]. Recall that the notation Cp (27r) denotes the Banach space of 
27r-periodic functions, with the uniform norm as the norm. 

Theorem 3.6.2 (JACKSON'S THEOREM) Suppose the 27r-periodic function 
g(O) possesses continuous derivatives up to order k. Further assume that 
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the kth derivative satisfies a Holder condition: 

Ig(k)(Od - g(k)(02)1 :::; Mk 101 - 0210< , -00 < 01 , O2 < 00, 

for some Mk > ° and some a E (0,1]. (We say that g E C;'0«27r).) Then 
the error in the best approximation qn(O) to g(O) satisfies 

max Ig(O) - qn(O)1 :::; cHI Mk+k (3.6.3) 
-00<11<00 n 0< 

with c = 1 + !7r2 • 

Theorem 3.6.3 (JACKSON'S THEOREM) Suppose f E C k[-l, 1] and that 
the kth derivative satisfies a Holder condition: 

If(k)(x l ) - i k )(X2)1 :::; Mk IXI - x210<, -1:::; Xl,X2 :::; 1, 

for some Mk > ° and some a E (0,1]. Then the error in the best 
approximation Pn (x) to f (x) satisfies 

with c = 1 + !7r2 and dk any number satisfying 

nk+o< 
dk > , 

- n(n - 1)··· (n - k + l)(n - k)O< 

(3.6.4) 

n?:.l. 

Note that the right-hand fraction tends to 1 as n -+ 00, and therefore a 
finite bound dk does exist for each k ?:. 0. 

3.6.1 Uniform error bounds for L2-approximations 

The Fourier series of a function f E L2 ( -7r, 7r) is a widely used tool in 
applied and computational mathematics, and as such, error bounds are 
needed for the convergence of the series. We return to this topic in later 
chapters, deriving additional error bounds for the error in the context of 
Sobolev spaces (d. Section 6.5). But here we look at bounds based on the 
above Theorem 3.6.2. 

The Fourier series for a function f E L2( -7r, 7r) was given in Example 
3.3.9, with the formulas (3.3.7)-(3.3.8). As introduced in the preceding 
section, we also use the notation Fnf to denote the partial Fourier series 
of terms of degree:::; n. It is straightforward to obtain bounds for f - Fnf 
in L2( -7r, 7r), once uniform error bounds are known. Simply use 

g E C[-7r,7rJ, 

and therefore 

f E C[-7r, 7r]. (3.6.5) 
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The error bounds follow immediately. An alternative set of L 2-bounds are 
introduced in Section 6.5. 

Obtaining results in the uniform norm is more difficult. Begin by using 
standard trigonometric identities to rewrite the formulas (3.3.7)-(3.3.8) for 
Fnf as 

1171' Fnf(x) =:; -71' Dn(x - y) f(y) dy (3.6.6) 

where 
1 n 

Dn(B) = "2 + L cos (jB); 
)=1 

(3.6.7) 

and if x ~ {2j7f I j = 0, ±1, ±2, ... }, 

() sin ( n + ~) x 
Dn B = . 

2sin ~x 

The function Dn is called the Dirichlet kernel function. Many results on the 
behavior ofthe partial Fourier sums Fnf(x) are obtained by an examination 
of the formula (3.6.6). 

For f E Cp (27f), use this formula to obtain 

1 171' m;x IFnf(x)1 ~ :; m;x _7I'IDn(x - y)1 dy Ilfll oo 

2171' = - IDn(y)1 dy Ilfll oo . 
7f 0 

The last step uses the facts that Dn(B) is even and 27f-periodic. From this, 
we see 

Fn : Cp (27f) ---4 Tn ~ Cp (27f) 

is a bounded projection operator with 

(3.6.8) 

By regarding (3.6.6) as defining an integral operator from Cp (27f) to itself, 
it can be seen that IIFnl1 = Ln (cf. (2.2.8)). 

The numbers {Ln} are called Lebesgue constants, and a great deal is 
known about them. In particular, it is shown in Zygmund [176, Chap. 2, 
p. 67] that 

4 
IIFnl1 = Ln = 2logn + 0 (1), 

7f 
(3.6.9) 

Thus {IIFnll} is an unbounded sequence. This implies the existence of a 
function f E Cp (27f) for which Fnf does not converge uniformly to f. 

To prove the last statement, begin by noting that Fnf = f for any 
f E Tn; and moreover, note that the trigonometric polynomials are dense 
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in Cp (27r). It then follows from the Banach-Steinhaus theorem (Theorem 
2.4.5) that there exist functions f E Cp (27r) for which Fnf does not con
verge uniformly to f. Note, however, that since such an f is in £2( -7r, 7r), 
Fnf does converge to f in the £2-norm. 

In contrast to the above results in Cp (27r), recall that Fn is an orthogonal 
projection operator with respect to £2( -7r, 7r); and therefore IIFnl1 = 1. 

Uniform error bounds for the Fourier series 

For a given function f and a given integer n 2 0, let qn denote the 
best approximation of f from the approximating subspace Tn. Note that 
Fn (qn) = qn· Then using the linearity of Fn, 

Taking norms of both sides, 

Assuming f E c;,a(27r) for some k 20 and some a E (0,1], we have 

(3.6.10) 

and 

logn 
Ilf - Fn(J) 1100 :::; Ck Ha for n 2 2. 

n 
(3.6.11) 

Here C = 1 + 7r2 /2, Mk is the Holder constant for j(k) and Ck is a constant 
linearly dependent on Mk and otherwise independent of f. Combining this 
with (3.6.9), we see that if f E C2,a(27r) for some a, then Fn (J) converges 
uniformly to f. For Fn (J) to fail to converge uniformly to f, the function 
f must be fairly badly behaved. 

3.6.2 Interpolatory projections and their convergence 

Recall the trigonometric interpolation discussion of Section 3.1.4. Let f E 
Cp (27r), let n 2 0 be a given integer, and let the interpolation nodes be the 
evenly spaced points in (3.1.16). Denote the resulting interpolation formula 
by In(J). It is straightforward to show that this is a linear operator; and 
by the uniqueness of such trigonometric polynomial interpolation, it also 
follows that In is a projection operator on Cp (27r) to Tn. To discuss the 
convergence of In(J) to f, we can proceed in the same manner as when 
examining the convergence of Fn(J). 

Begin by obtaining the Lagrange interpolation formula 

2 2n 

Inf(x) = ~ LDn(X - Xj) f(xj). 
+ j=o 

(3.6.12) 
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Its proof is left as Exercise 3.6.4. Using this formula, 

2 2n 

IIInl1 = --max '" IDn(x - Xj)l· 2n+ 1 x ~ 
j=O 

In Rivlin [138, p. 13], it is shown that 

2 IIInl1 :::; 1 + -logn, 
7r 

n?1 (3.6.13) 

and it is also shown that IIIn II is exactly of order log n as n ~ 00. This 
result can be combined with an argument such as the one leading to (3.6.11) 
to obtain analogous results for the convergence of Inf. In fact, assuming 
f E c;,a(27r) for some k ? 0 and some 0: E (0,1]' we have 

(3.6.14) 

for any n ? 1, and 

logn 
Ilf - Inflloo :::; Ck nk+a for n ? 2 (3.6.15) 

for Ck a constant linearly dependent on Mk and otherwise independent of 
f. 

Exercise 3.6.1 Show that cos (j()) can be written as Pj (cos ()), with Pj(x) 
a polynomial of degree j. 

Exercise 3.6.2 Show that if g(()) is an even 27r-periodic function, then its 
best approximation of degree n must take the form (3.6.2). 

Exercise 3.6.3 Derive (3.6.6). 

Exercise 3.6.4 Show that the functions 

2 
CPj(x) == 2n+lDn(x-Xj), 0::::; j::::; 2n, 

belong to 'In and that they satisfy 

CPj(Xk) = Djk 

Thus show that (3.6.12) can be considered a "Lagrange interpolation 
formula." 

Exercise 3.6.5 Show that In (f) can be obtained from Fn(f) by a suitably 
chosen numerical integration. 

Suggestion for Further Readings 
Interpolation is a standard topic found in every textbook on numerical 

analysis. The reader is referred to ATKINSON [11, Chap. 3], KRESS [101], 
and other numerical analysis textbooks for a more detailed discussion of 
polynomial interpolation, as well as other interpolation topics not touched 
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upon in this work, such as interpolation with spline functions. The clas
sic introduction to the theory of spline functions is DE BOOR [26]. For an 
introduction to the use of wavelets, see CHUI [34] or KAISER [85]. MEINAR
DUS [117] is an excellent reference for approximations by polynomials and 
trigonometric polynomials. DAVIS [42] contains an extensive discussion of 
interpolation and approxim~tion problems in a very general framework. 

A best approximation problem is a minimization problem, with or with
out constraints, and some of them are best studied within the framework of 
optimization theory. Some abstract minimization problems are best stud
ied in the framework of convex analysis, and some excellent references on 
convex analysis include EKELAND AND TEMAM [47], ROCKAFELLAR [140] 
and ZEIDLER [173]. 



4 
Nonlinear Equations and Their 
Solution by Iteration 

Nonlinear functional analysis is the study of operators lacking the property 
of linearity. In this chapter, we consider nonlinear operator equations and 
their numerical solution. We begin the consideration of operator equations 
that take the form 

u = T(u), u E K. (4.0.1) 

Here, V is a Banach space, K is a subset of V, and T : K ~ V. The 
solutions of this equation are called fixed points of the operator T, as they 
are left unchanged by T. The most important method for analyzing the 
solvability theory for such equations is the Banach fixed-point theorem. We 
present the Banach fixed-point theorem and then discuss its application to 
the study of various iterative methods in numerical analysis. 

We then consider an extension of the well-known Newton method to the 
more general setting of Banach spaces. For this purpose, we introduce the 
differential calculus for nonlinear operators on normed spaces. 

We conclude the chapter with a brief introduction to another means of 
studying (4.0.1), using the concept of the rotation of a completely continu
ous vector field. There are many generalizations of the ideas of this chapter, 
and we intend this material as only a brief introduction. 

4.1 The Banach fixed-point theorem 

Let V be a Banach space with the norm II· Ilv, and let K be a subset of 
V. Let T : K ~ V be an operator defined on K. We are interested in the 
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existence of a solution of the operator equation (4.0.1) and the possibility 
of approximating the solution u by the following iterative method. Pick an 
initial guess Uo E K, and define a sequence {un} by the iteration formula 

n = 0,1, ... (4.1.1) 

To have this make sense, we see another requirement that must be imposed 
upon T: 

T(v) E K for all v E K ( 4.1.2) 

The problem of solving an equation 

f(u) = 0 (4.1.3) 

for some operator f : K ~ V -+ V can be reduced to an equivalent fixed
point problem of the form (4.0.1) by setting T( v) = v - f (v), or more 
generally, T(v) = v - cof(v) for some constant scalar Co -=I=- O. Thus any 
result on the fixed-point problem (4.0.1) can be translated into a result for 
an equation (4.1.3). In addition, the iterative method (4.1.1) then provides 
a possible approximation procedure for solving the equation (4.1.3). In the 
following Section 4.2, we look at such applications for solving equations in 
a variety of settings. 

For the iterative method to work, we must assume something more than 
(4.1.2). To build some insight as to what further assumptions are needed 
on the operator T, consider the following simple example. 

Example 4.1.1 Take V to be the real line JR, and T an affine operator, 

Tx = ax+b, x E JR, 

for some constants a and b. Now define the iterative method induced by the 
operator T. Let Xo E JR, and for n = 0, 1, ... , define 

Xn+l = aXn + b. 

It is easy to see that 

Xn = Xo + nb if a = 1, 

and 

if a -=I=- 1. 

Thus in the non-trivial case a -=I=- 1, the iterative method is convergent if 
and only if lal < 1. Notice that the number lal occurs in the property 

ITx - Tyl ::; lallx - yl 'Ii x, y E R 

Definition 4.1.2 For an operator T : K ~ V -+ V, we say it is 
contractive with contractivity constant a E [0, 1) if 

IIT(u) - T(v)llv ::; a Ilu - vllv 'liu,v E K. 
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The operator T is called non-expansive if 

IIT(u) - T(v)llv ::::: Ilu - vllv I::/u, v E K, 

and Lipschitz continuous if there exists a constant L :::: 0 such that 

IIT(u) - T(v)llv ::::: L Ilu - vllv I::/u,v E K. 

We see the following implications: 

contractivity ==} non-expansiveness 

==} Lipschitz continuity 

==} continuity. 

Theorem 4.1.3 (BANACH FIXED-POINT THEOREM) Assume that K is a 
non-empty closed set in a Banach space V, and further, that T : K ---., K is 
a contractive mapping with contractivity constant a, 0 ::::: a < 1. Then the 
following results hold. 

1. Existence and uniqueness: There exists a unique u E K such that 

U = T(u). 

2. Convergence and error estimates of the iteration: For any Uo E K, the 
sequence {un} S;;; K defined by Un+! = T(un ), n = 0, 1, ... , converges 
to u: 

Ilun - ullv ---., 0 as n ---., 00. 

For the error, the following bounds are valid: 

an 
Ilun - ullv ::::: 1 _ a Iluo - ulllv, 

a Ilun - ullv ::::: -1-llun-1 - unllv, -a 

Ilun - ullv ::::: a Ilun-l - ullv. 

( 4.1.4) 

(4.1.5) 

( 4.1.6) 

Proof. Since T : K ---., K, the sequence {un} is well-defined. Let us 
first prove that {un} is a Cauchy sequence. Using the contractivity of the 
mapping T, we have 

Ilun+l - unllv ::::: a Ilun - un-iliv ::::: ... ::::: anilul - uollv. 

Then for any m :::: n ;::: 1, 

m-n-l 
Ilum - unllv::::: L Ilun+j+l - un+jllv 

j=O 

m-n-l 
::::: L an+jllul - uollv 

j=O 

an 
::::: --lluI - uollv. 

I-a 
(4.1.7) 
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Since 0: E [0,1), Ilum - unllv -+ ° as m, n -+ 00. Thus {un} is a Cauchy 
sequence; and since K is a closed set in the Banach space V, {un} has 
a limit u E K. We take the limit n -+ 00 in Un+l = T(un ) to see that 
u = T( u) by the continuity of T; i.e., u is a fixed point of T. 

Suppose Ul,U2 E K are fixed points of T. Then from Ul = T(ud and 
U2 = T(U2), we obtain 

Hence 

Ilul - u211v = IIT(Ul) - T(U2)llv :s: 0: Ilul - u211v, 
which implies Ilul - u211v = ° since 0: E [0,1). So a fixed point of a 
contractive mapping is unique. 

Now we prove the error estimates. Letting m -+ 00 in (4.1.7), we get the 
estimate (4.1.4). From 

Ilun - ullv = IIT(un-l) - T(u)llv :s: 0: Ilun-l - ullv 
we obtain the estimate (4.1.6). This estimate together with 

Ilun-l - ullv :s: Ilun-l - unllv + Ilun - ullv 
implies the estimate (4.1.5). • 

This theorem is called by a variety of names in the literature, with the 
contractive mapping theorem another popular choice. It is also called Picard 
iteration in some settings. 

Exercise 4.1.1 In the Banach fixed-point theorem, we assume (1) V is a 
complete space, (2) K is a non-empty closed set in V, (3) T : K -+ K, and 
(4) T is contractive. Find examples to show that each of these assumptions 
is necessary for the result of the theorem; in particular, the result fails to 
hold if all the other assumptions are kept except that T is only assumed to 
satisfy the inequality 

IIT(u)-T(v)llv<llu-vllv 'Vu,vEV, u=/=v. 

Exercise 4.1.2 Assume K is a non-empty closed set in a Banach space 
V, and that T : K -+ K. Suppose Tm is a contraction for some positive 
integer m. Prove that T has a unique fixed point in K. Moreover, prove the 
iteration method 

n = 0,1,2, ... 

coverges. 

Exercise 4.1.3 Let T be a contractive mapping on V to V. Using Theorem 
4.1.3, the equation v = T (v) + y has a unique solution, call it u(y), for 
every y E V. Show that u(y) is a continuous function of y. Weaken the 
assumption of contractiveness as much as possible, still obtaining the same 
conclusion. 
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Exercise 4.1.4 Let V be a Banach space, and let T be a contractive map
ping on K ~ V to K, with K = {v E V I Ilvll :S r} for some r > O. Assume 
T(O) = O. Show that v = T(v) + y has a unique solution in K for all 
sufficiently small choices of y E V. 

4.2 Applications to iterative methods 

The Banach fixed-point theorem presented in the preceding section contains 
the most desirable properties of a numerical method. Under the stated con
ditions, the approximation sequence is well-defined, and it is convergent to 
the unique solution of the problem. Furthermore, we know the convergence 
rate is linear (cf. (4.1.6)), we have an a priori error estimate (4.1.4) that 
can be used to determine the number of iterations needed to achieve a pre
scribed solution accuracy before actual computations take place, and we 
also have an a posteriori error estimate (4.1.5) that gives a computable 
error bound once some numerical solutions are calculated. 

In this section, we apply the Banach fixed-point theorem to the analysis 
of numerical approximations of several problems. Later in Chapter 10, we 
use the Banach fixed-point theorem to show the unique solvability of some 
variational problems. 

4.2.1 Nonlinear equations 

Given a real-valued function of a real variable, f : lR. -+ lR. , we are interested 
in computing its real roots; i.e., we are interested in solving the equation 

f(x) = 0, x E lR.. (4.2.1) 

There are a variety of ways to reformulate this equation as an equivalent 
fixed-point problem of the form 

x = T(x), x E lR.. (4.2.2) 

Some examples are T(x) == x - f(x) or more generally T(x) == x - eof(x) 
for some constant Co -:f. O. A more sophisticated example is T(x) = 
x - f(x)j f'(x), in which case the iterative method becomes the celebrated 
Newton's method. For this last example, we generally use Newton's method 
only for finding simple roots of f(x), which means we need to assume 
f'(x) -:f. 0 when f(x) = O. We return to a study of the Newton's method 
later in Section 4.4. Specializing the Banach fixed-point theorem to the 
problem (4.2.2), we have the following well-known result. 

Theorem 4.2.1 Let -00 < a < b < 00 and T : [a, b] -+ [a, b] be a con
tractive function with contractivity constant a E [0,1). Then the following 
results hold. 
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1. Existence and uniqueness: There exists a unique solution x E [a, b] to 
the equation x = T(x). 

2. Convergence and error estimates of the iteration: For any Xo E [a, b], 
the sequence {xn} ~ [a,b] defined by Xn+l = T(xn ), n = 0,1, ... , 
converges to x: 

xn -7 X as n -7 00. 

For the error, there hold the bounds 

an 
Ixn-xl ~ -1-lxo-X11, 

-a 
a 

IXn - xl ~ --IXn-l - xnl, 
I-a 

IXn - xl ~ a IXn-l - xl· 

The contractiveness of the function T is guaranteed from the assumption 
that 

sup IT'(x)1 < l. 
a::;x::;b 

Indeed, using the Mean Value Theorem, we then see that T is contractive 
with the contractivity constant a = sUPa::;x::;b IT'(x)l. 

4.2.2 Linear systems 

Let A E lRmxm be an m by m matrix, and let us consider the linear system 

Ax=b, x E lRm (4.2.3) 

where b E lRm is given. It is well known that (4.2.3) has a unique solution 
x for any b if and only if A is nonsingular, det(A) -=1= O. We reformulate 
(4.2.3) as a fixed-point problem x = T(x). 

A common practice for devising iterative methods of solving (4.2.3) is by 
using a matrix splitting 

A=N-M 

with N chosen in such a way that the system N x = k is easily and uniquely 
solvable for any right side k. Then the linear system (4.2.3) is rewritten as 

Nx=Mx+b. 

Using this leads naturally to an iterative method for solving (4.2.3): 

NXn = MXn-l + b, n = 1,2, ... (4.2.4) 

with Xo a given initial guess of the solution x. 
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To more easily analyze the iteration, we rewrite these last two equations 
as 

x = N-1 Mx + N-1b, 
Xn = N-1 MXn-l + N-1b. 

The matrix N-1 M is called the iteration matrix. Subtracting the two 
equations, we obtain the error equation 

x - Xn = N-1M (x - Xn-l)' 
Inductively, 

n = 0,1,2, ... 

We see that the iterative method converges if IIN-1 Mil < 1, where II ·11 is 
some matrix operator norm; i.e., it is a norm induced by some vector norm 

11·11: 
IIAxl1 

IIAII = !~~ N' ( 4.2.5) 

Note that a necessary and sufficient condition for convergence of the iter
ative method (4.2.4) is ra(N-1M) < 1, where ra(-) denotes the spectral 
radius: 

with {Ai(A)} the set of all eigenvalues of A. 
The spectral radius of a matrix is an intrinsic property of the matrix, 

while a matrix norm is not. It is thus not surprising that a necessary and 
sufficient condition for convergence of the iterative method is described in 
terms of the spectral radius of the iteration matrix. We would also expect 
something of this kind since in finite-dimensional spaces, convergence of 
{xn} in one norm is equivalent to convergence in every other norm (cf. 
Theorem 1.2.12 from Chapter 1). 

We have the following relations between the spectral radius and norms 
of a matrix A E ]Rmxm. 

1. ra(A) ::; IIAII for any operator matrix norm II ,11· 
This result follows immediately from the definition of ra(A), the 
defining relation of an eigenvalue, and the fact that the matrix norm 
II . II is generated by a vector norm. 

2. For any c > 0, there exists a matrix operator norm 11·IIA,c such that 

ra(A) ::; IIAIIA,c ::; ra(A) + c. 

For a proof, see [82, p. 12]. 

3. ra(A) = limn-HXJ IIAnlll/n for any matrix norm II· II· 
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Notice that here the norm can be any matrix norm, not necessarily 
the ones generated by vector norms as in (4.2.5). This can be proven 
by using the Jordan canonical form; see [11, p. 490]. 

For applications to the solution of discretizations of Laplace's equation 
and some other elliptic partial differential equations, it is useful to write 

A=D+L+U, 

where D is the diagonal part of A, Land U are the strict lower and upper 
triangular parts. If we take N = D, then (4.2.4) reduces to 

DXn = b - (L + U) Xn-l, 

which is the vector representation of the Jacobi method; the corresponding 
componentwise representation is 

1::::: i::::: m. 

If we take N = D + L, then we obtain the Gauss-Seidel method, 

(D + L)xn = b - UXn-l, 

or equivalently, 

1::::: i::::: m. 

A more sophisticated splitting is obtained by setting 

N = ~ D + L, M = 1 - W D - U 
W w' 

where w is an acceleration parameter. The corresponding iterative method 
with the (approximate) optimal choice of w is called the SOR (successive 
overrelaxation) method. The componentwise representation of the SOR 
method is 

( 
i-I m ) 

Xn,i = Xn -l,i + W bi - L aijXn,j - L aijXn -l,j , 

j=1 j=i+l 

1::::: i::::: m. 

In vector form, we write it in the somewhat more intuitive form 

Zn = D-1 [b - LXn - UXn -l] , 

Xn = WZn + (1 - w) X n -l. 

With the equations to which this is usually applied, there is a well
understood theory for the choice of an optimal value of w; and with that 
optimal value, the iteration converges much more rapidly than does the 
original Gauss-Seidel method on which it is based. Additional discussion 
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of the framework (4.2.4) for iteration methods is given in [11, Section 8.6], 
[82]. 

4.2.3 Linear and nonlinear integral equations 

Recall Example 2.3.2 from Chapter 2, in which we discussed solvability of 
the integral equation 

AU(x) -lb 
k(x, y) u(y) dy = f(x), (4.2.6) 

by means of the geometric series theorem. For simplicity, we assume k E 
C([a, b] x [a, b]) and let f E C[a, b], although these assumptions can be 
weakened considerably. In Example 2.3.2, we established that within the 
framework ofthe function space C[a, b] with the uniform norm, the equation 
(4.2.6) was uniquely solvable if 

a~ft;blb Ik(x,y)1 dy < IAI· (4.2.7) 

If we rewrite the equation (4.2.6) as 

1 Jb 1 u(x) =:x a k(x, y) u(y) dy + :x f(x), a ::; x ::; b, 

which has the form u = T(u), then we can apply the Banach fixed
point theorem. Doing so, it is straightforward to derive a formula for the 
contractivity constant: 

1 Jb 
CY = -1'1 max Ik(x, y)1 dy . 

.1\ as;xS;b a 

The requirement that cy < 1 is exactly the assumption (4.2.7). Moreover, 
the fixed-point iteration 

1 Jb 1 un(x) =:x a k(x, y) Un-l(y) dy + :x f(x), a ::; x ::; b, ( 4.2.8) 

for n = 1,2, ... can be shown to be equivalent to a truncation of the 
geometric series for solving (4.2.6). This is left as Exercise 4.2.4. 

Nonlinear integral equations of the second kind 

Nonlinear integral equations lack the property of linearity. Consequently, 
we must assume other properties in order to be able to develop a solvability 
theory for them. We discuss the major form of such equations. The integral 
equation 

u(x) = /-l lb k(x, y, u(y)) dy + f(x), a ::; x ::; b, (4.2.9) 
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is said to be a Urysohn integral equation. Here we assume that 

f E C[a, bJ and k E C([a, bJ x [a, bJ x JR.). (4.2.10) 

Moreover, we assume k satisfies a uniform Lipschitz condition with respect 
to its third argument: 

Ik(x,y,ud - k(X,y,U2)1 :s: M IUl - u21, a:S: x,y:S: b, Ul,U2 E JR.. 
(4.2.11) 

Since (4.2.9) is of the form v = T(v), we can introduce the fixed-point 
iteration 

Un(x) = fL lb k(x,y,Un_l(y))dy+ f(x), a:S: x:S: b, n 21. (4.2.12) 

Theorem 4.2.2 Assume f and k satisfy (4.2.10), (4.2.11). Moreover, 
assume 

IfLl M (b - a) < 1. 

Then the integral equation (4.2.9) has a unique solution U E C[a, bJ, and it 
can be approximated by the iteration method of (4.2.12). 

Another well-studied nonlinear integral equation is 

U(x) = fL lb k(x, y) h(y, u(y)) dy + f(x), a :s: x :s: b, 

with k(x, y), h(y, u), and f(x) given. This is called a Hammerstein integral 
equation. These equations are often derived as reformulations of boundary 
value problems for nonlinear ordinary differential equations. Multivariate 
generalizations of this equation are obtained as reformulations of bound
ary value problems for nonlinear elliptic partial differential equations. An 
interesting nonlinear integral equation that does not fall into the above 
categories is N ekrasov' s equation: 

fJ(x) = >.1" L(x, t) si~fJ(t) dt, 

o 1 + 3>.1 sinfJ(s) ds 
° :s: x :s: 7r, (4.2.13) 

1 sin ~ (x + t) 
L(x, t) = -log . 1 ( ) . 

7r sm 2 x-t 

One solution is 8( x) == 0, and it is the non-zero solutions that are of interest. 
This arises in the study of the profile of water waves on liquids of infinite 
depth; and the equation involves interesting questions of solutions that 
bifurcate (see [120, p. 415]). 
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Nonlinear Volterra integral equations of the second kind 

An equation of the form 

u(t) = it k(t,s,u(s))ds+f(t), t E [a,b] (4.2.14) 

is called a nonlinear Volterra integral equation of the second kind. When 
k(t, s, u) depends linearly on u, we get a linear Volterra integral equation, 
and such equations were investigated earlier in Example 2.3.4 of Section 2.3. 
The form of the equation (4.2.14) leads naturally to the iterative method 

un(t) = it k(t,s,un-l(s))ds+f(t), t E [a, b], n;:::: 1. (4.2.15) 

Theorem 4.2.3 Assume k(t, s, u) is continuous for a ::; s ::; t ::; band 
u E ffi.; and let f E era, b]. Furthermore, assume 

for some constant M. Then the integral equation (4.2.14) has a unique 
solution x E era, b]. Moreover, the iterative method (4.2.15) converges for 
any initial function Uo E era, b]. 

Proof. There are at least two approaches to applying the Banach fixed
point theorem to prove the existence of a unique solution of (4.2.14). We 
give a sketch of the two approaches below, assuming the conditions stated 
in Theorem 4.2.3. We define the nonlinear integral operator 

T : era, b] -+ era, b], Tu(t) == it k(t, S, u(s)) ds + f(t). 

ApPROACH 1. Let us show that for m sufficiently large, the operator T m 

is a contraction on era, b]. For x, y E era, b], 

Tu(t) - Tv(t) = it [k(t, S, u(s)) - k(t, s, v(s))] ds. 

Then 

ITu(t) - Tv(t) I ::; M it lu(s) - v(s)1 ds ( 4.2.16) 

and 

ITu(t) - Tv(t) I ::; Mllu - vlloo(t - a). 

Since 

T 2u(t) - T 2v(t) = it [k(t, S, Tu(s)) - k(t, s, Tv(s))] ds, 
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we get 

IT2u(t) - T 2v(t)1 :::; M it ITu(s) - Tv(s)1 ds 

[M(t-a)J2 II - II :::; 2! u v 00' 

By a mathematical induction, we obtain 

Thus 

Since 

[M(b - a)]m ----t 0 as m ----t 00 , ' m. 

the operator T m is a contraction on era, b] when m is chosen sufficiently 
large. By the result in Exercise 4.1.2, the operator T has a unique fixed point 
in era, b] and the iteration sequence converges to the solution. Derivation 
of error bounds is left as an exercise. 

ApPROACH 2. Over the space era, b], let us introduce the norm 

Illulll = max e-t3t lu(t)l, 
a::;t::;b 

which is equivalent to the standard norm Ilull oo on era, b]. The parameter 
f3 is to be chosen such that f3 > M. We modify the relation (4.2.16) as 
follows: 

e-t3t ITu(t) - Tv(t)1 :::; Me-t3t it et3se-t3s lu(s) - v(s)1 ds. 

Hence, 

Therefore, 

e-t3t ITu(t) - Tv(t)1 :::; Me-t3t lllu - viii it et3 s ds 

M 
= 7f e-t3 t (et3 t - et3 a ) Illu - viii· 

M 
IllTu - Tvlll :::; 7f Illu - viii· 

Since f3 > M, the operator T is a contraction on the Banach space (V, 111·111). 
Then T has a unique fixed point that is the unique solution of the linear 
integral equation (4.2.14) and the iteration sequence converges. • 
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We observe that if the stated assumptions are valid over the interval 
[a, 00), then the conclusions of Theorem 4.2.3 remain true on [a, 00). This 
implies the equation 

u(t) = itk(t,s,u(s))ds+f(t), t :::: a, 

has a unique solution u E C[a, 00); and for any b > a, we have the con
vergence Ilu - Un IIC[a,b] --t 0 as n --t 00 with {un} S;; C[a, 00) being defined 
by 

un(t) = it k(t, s, Un-l(S)) ds + f(t), 

Note that although the value of M may increase as b - a increases, the 
result will remain valid. 

4.2.4 Ordinary differential equations in Banach spaces 

Let V be a Banach space and consider the initial value problem 

{ u'(t) = f(t, u(t)), 
u(to) = z. 

It - tal < c, (4.2.17) 

Here z E V and f : [to - c, to + c] x V --t V is continuous. For ex
ample, f could be an integral operator; and then (4.2.17) would be an 
"integro-differential equation." The differential equation problem (4.2.17) 
is equivalent to the integral equation 

u(t) = z+it f(s,u(s))ds, 
to 

It - tal < c, (4.2.18) 

which is of the form u = T( u). This leads naturally to the fixed-point 
iteration method 

un(t) = z + it f(s, Un-l (s)) ds, 
to 

It - to I < c, n:::: 1. (4.2.19) 

Denote, for b > 0, 

Qb -= {(t, u) E lR x V lit - tal S c, Ilu - zll s b}. 

We have the following existence and solvability theory for (4.2.17). The 
proof is a straightforward application of Theorem 4.1.3 and the ideas 
incorporated in the proof of Theorem 4.2.3. 

Theorem 4.2.4 (GENERALIZED PICARD-LINDELOF THEOREM) Assume 
f : Qb --t V is continuous and is uniformly Lipschitz continuous with 
respect to its second argument: 

Ilf(t, u) - f(t, v)11 s L Ilu - vii, \I (t, u), (t, v) E Qb, 
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where L is a constant independent of t. Let 

M = max Ilf(t, u)11 
(t,U)EQb 

and 

Co = min { c, ! } . 
Then the initial value problem (4.2.17) has a unique continuously differen
tiable solution x(·) on [to - co, to + eo]i and the iterative method (4.2.19) 
converges for any initial value Uo for which liz - Uo II < b, 

max Ilun(t) - u(t)11 ----t 0 as n ----t 00. 
It-tol~co 

Moreover, with a = 1 - e - L co, the error 

max Ilun(t) - u(t)lle-L It-to I 
It-tol~co 

is bounded by each of the following: 

an 
-- max Ilul(t) - uo(t)lle-L It-tol, 
1 - a It-tol~co 

_a_ max Ilun-l(t) _ un(t)lle-L It-tol, 
1- a It-tol~co 

a max Ilun-l (t) - u(t) Ile-L It-tol. 
It-tol~co 

Exercise 4.2.1 This exercise illustrates the effect of the reformulation of 
the equation on the convergence of the iterative method. As an example, 
we compute the positive square root of 2, which is a root of the equation 
x 2 - 2 = O. First, reformulating the equation as x = 2/x, we obtain an 
iterative method Xn = 2/Xn-l. Show that unless Xo = v'2, the method is 
not convergent. 

(Hint: Compare xn+1 with xn-d 
Then let us consider another reformulation. Notice that v'2 E [1,2] and 

is a fixed point of the equation 

_ 1 2 
X = T(x) = 4 (2 - x ) + x. 

Verify that T : [1,2] ----t [1,2] and maxl<x<2IT'(x)1 = 1/2. Thus with any 
Xo E [1,2], the iterative method - -

1 2 
Xn = 4 (2 - xn- 1 ) + Xn-l, n ~ 1 

is convergent. 

Exercise 4.2.2 A matrix A = (aij) is called diagonally dominant if 

Llaijl < laiil Vi. 
j-f.i 
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Apply the Banach fixed-point theorem to show that if A is diagonally 
dominant, then both the Jacobi method and the Gauss-Seidel method 
converge. 

Exercise 4.2.3 Prove Theorem 4.2.2. In addition, state error bounds for 
the iteration (4.2.12) based on (4.1.4)-(4.1.6). 

Exercise 4.2.4 Show that the iteration (4.2.8) is equivalent to some trun
cation of the geometric series for (4.2.6). Apply the fixed-point theorem to 
derive error bounds for the iteration based on (4.1.4)-(4.1.6). 

Exercise 4.2.5 Derive error bounds for the iteration of Theorem 4.2.3. 

Exercise 4.2.6 Generalize Theorem 4.2.3 to a system of d Volterra 
integral equations. Specifically, consider the equation 

u(t) = it k(t, s, u(s)) ds + f(t), t E [a, b]. 

In this equation, u(t) E lR.d and k: lR. x lR. x]Rd -+ ]Rd. Include error bounds 
for the corresponding iterative method. 

Exercise 4.2.7 Prove the generalized Picard-Lindelof theorem. 

Exercise 4.2.8 Gronwall's inequality provides an upper bound for a 
continuous function f on [a, b] that satisfies the relation 

f(t) ~ g(t) + it h(s) f(s) ds, t E [a, b], 

where 9 is continuous and h E Ll(a, b). Show that 

f(t) ~ g(t) + it g(s) h(s) exp(lt h(r) dr) ds "It E [a, b]. 

Moreover, if 9 is non-decreasing, then 

f(t) ~ g(t) exp(it 
h(s) ds) "It E [a, b]. 

In the special case when h(s) = c > 0, these inequalities reduce to 

f(t) ~ g(t) + c it g(s) ec(t-a) ds "It E [a, b] 

and 

f(t) ~ g(t)ec(t-a) "It E [a,b], 

respectively. 

Exercise 4.2.9 Gronwall's inequality is useful in stability analysis. Let 
f : [to - a, to + a] x V -+ V be continuous and Lipschitz continuous with 
respect to u, 

Ilf(t, u) - f(t, v)11 ~ L Ilu - vii "It E [to - a, to + a], u, v E V. 
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Let r1 and r2 be continuous mappings from [to - a, to + a] to V. Let U1 and 
U2 satisfy 

Show that 

U1(t) = f(t,U1(t)) +r1(t), 

U2(t) = f(t, U2(t)) + r2(t). 

Ilu1(t) - u2(t)11 :::; eL It-tol {llu1(tO) - u2(to)11 

+ max Ih(s) - r2(s)II}. 
Is-to I::; It-to I 

Thus, the solution of the differential equation depends continuously on the 
source term r and the initial value. 

Gronwall's inequality and its discrete analog are useful also in error 
estimates of some numerical methods. 

4.3 Differential calculus for nonlinear operators 

In this section, we generalize the notion of derivatives of real functions to 
that of operators. General references for this material are [21, Section 2.1], 
[88, Chap. 17]. 

4.3.1 Fn£chet and Gateaux derivatives 

We first recall the definition of the derivative of a real function. Let I be 
an interval on ]R, and xo an interior point of I. A function f : I ----+ ]R is 
differentiable at Xo if and only if 

f '( ) l' f(xo + h) - f(xo) . t 
Xo == 1m h eX1s s; 

h->O 
(4.3.1) 

or equivalently, for some number a, 

f(xo + h) = f(xo) + a h + o(lhl) as h ----+ O. (4.3.2) 

where we let f'(xo) = a denote the derivative. 
From the eyes of a first-year calculus student, for a real-valued real

variable function, the definition (4.3.1) looks simpler than (4.3.2), though 
the two definitions are equivalent. Nevertheless, the definition (4.3.2) clearly 
indicates that the nature of differentiation is (local) linearization. Moreover, 
the form (4.3.2) can be directly extended to define the derivative of a 
general operator, while the form (4.3.1) is useful for defining directional 
or partial derivatives of the operator. We illustrate this by looking at a 
vector-valued function of several real variables. 

Let K be a subset of the space ]Rd, with xo as an interior point. Let 
f : K ----+ ]Rm. Following (4.3.2), we say f is differentiable at Xo if there 
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exists a matrix (linear operator) A E ]Rm x d such that 

f(xo + h) = f(xo) + Ah + o(lhl) as h ----> 0, hE ]Rd. (4.3.3) 

We can show that A = V'f(xo), the gradient or Jacobian of fat Xo : 

afi 
Ai,j = ax·' 

J 

There is a difficulty in extending (4.3.1) for the differentiability: how to 
extend the meaning of the divided difference [J(xo + h) - f(xo)]/h when h 
is a vector? On the other hand, (4.3.1) can be extended directly to provide 
the notion of a directional derivative: We do not linearize the function in all 
the possible directions of th~ variable x approaching Xo; rather, we linearize 
the function along a fixed direction towards Xo. In this way, we will only 
need to deal with a vector-valued function of one real variable, and then 
the divided difference in (4.3.1) makes sense. More precisely, let h be a 
fixed vector in ]Rd, and we consider the function f (xo + t h), for t E ]R in a 
neighborhood of O. We then say f is differentiable at Xo with respect to h, 
if there is a matrix A such that 

lim f(xo + t h) - f(xo) = Ah. 
t--->O t 

(4.3.4) 

In case Ilhll = 1, we call the quantity Ah the directional derivative of f at 
Xo along the direction h. We notice that if f is differentiable at Xo following 
the definition (4.3.3), then (4.3.4) is also valid. But the converse is not true: 
The relation (4.3.4) for any h E ]Rd does not imply the relation (4.3.3) (see 
Exercise 4.3.1). 

We now turn to the case of an operator f : K S;;; V ----> W between two 
Banach spaces V and W. Let us adopt the convention that whenever we 
discuss the differentiability at a point uo, implicitly we assume uo is an 
interior point of K; by this, we mean there is an r > 0 such that 

B(uo,r) == {u E V Illu - uoll ~ r} S;;; K. 

Definition 4.3.1 The operator f is Frechet differentiable at Uo if and only 
if there exists A E £(V, W) such that 

f(uo + h) = f(uo) + Ah + o(llhll), h ----> O. (4.3.5) 

The map A is called the Frechet derivative of f at uo, and we write A = 
l' ( uo). The quantity df ( uo; h) = l' ( uo) h is called the Frechet differential 
of f at Uo· If f is Frechet differentiable at all points in Ko S;;; K, we call 
l' : Ko S;;; V ----> £(V, W) the Frechet derivative of f on Ko. 

Definition 4.3.2 The operator f is Giiteaux differentiable at uo if and 
only if there exists A E £(V, W) such that 

lim f(uo + t h) - f(uo) = Ah 'tj hE V, Ilhll = 1. 
t--->O t 

(4.3.6) 
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The map A is called the Gateaux derivative of f at uo, and we write A = 
f'(uo). The quantity df(uo; h) = f'(uo)h is called the Gateaux differential 
of f at Uo· If f is Gateaux differentiable at all points in Ko ~ K, we call 
f' : Ko ~ V --t .c(V, W) the Gateaux derivative of f on Ko· 

From the defining relation (4.3.5), we immediately obtain the next result. 

Proposition 4.3.3 If f'(uo) exists as a Frechet derivative, then f is 
continuous at Uo. 

Evidently, the relation (4.3.6) is equivalent to 

f(uo+th)=f(uo)+tAh+o(ltl) V'hEV, Ilhll=1. 
Thus a Frechet derivative is also the Gateaux derivative. The converse of 
this statement is not true, as is shown in Exercise 4.3.1. However, we have 
the following result. 

Proposition 4.3.4 A Frechet derivative is also a Gateaux derivative. 
Conversely, if the limit in (4.3.6) is uniform with respect to h with Ilhll = 1 
or if the Gateaux derivative is continuous at uo, then the Gateaux derivative 
at Uo is also the Frechet derivative at Uo. 

Now we present some differentiation rules. If we do not specify the type 
of derivative, then the result is valid for both the Frechet derivative and 
the Gateaux derivative. 

Proposition 4.3.5 (SUM RULE) If f, g : K ~ V --t Ware differentiable 
at uo, then for any scalars ex and /3, ex f + /3 9 is differentiable at Uo and 

(ex f + j3 g)'(uo) = ex f'(uo) + j3 g'(uo). 

Proposition 4.3.6 (PRODUCT RULE) If II : K ~ V --t VI and h : K ~ 
V --t V2 are differentiable at uo, and b : VI x V2 --t W is a bounded bilinear 
form, then the operator B (u) = b(1I (u), h ( u)) is differentiable at uo, and 

B' (uo)h = b(f{ (u)h, h( u)) + b(1I (u), f~( u)h) hE V. 

Proposition 4.3.7 (CHAIN RULE) Let f : K ~ U --t V, g : L ~ V --t W 
be given with f(K) ~ L. Assume Uo is an interior point of K, f(uo) is 
an interior point of L If f'(uo) and g'(f(uo)) exist as Frechet derivatives, 
then g 0 f is Frechet differentiable at Uo and 

(g 0 f)'(uo) = g'(f(uo))f'(uo). 

If f'(uo) exists as a Gateaux derivative and g'(f(uo)) exists as a Frechet 
derivative, then go f is Gateaux differentiable at Uo and the above formula 
holds. 

Let us look at some examples. 

Example 4.3.8 Let f : V --t W be a continuous affine operator, 

f(v)=Lv+b, 
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where L E C(V, W), b E W, and v E V. Then f is Frechet differentiable, 
and f' ( v) = L is constant. 

Example 4.3.9 For functions T : K <;;; IRm -+ IRn , the Frechet derivative 
is the n x m Jacobian matrix evaluated at Vo = (Xl, ... , xmf: 

Example 4.3.10 Let V = W = C[a, b] with the maximum norm. Assume 
g E C[a, b], k E C([a, b] x [a, b] x IR). Then we can define the operator 
T: V -+ W by the formula 

T(u)(t) = g(t) + lb k(t, s, u(s)) ds. 

The integral operator in this is called a Urysohn integral operator. Let 
uo E C[a, b] be such that 

ok 2 
ou (t,s,uo(s)) E C([a,b] ). 

Then T is Frechet differentiable at Uo, and 

l b ok 
(T'(uo)h)(t) = a ou(t,s,uo(s))h(s)ds, hE V. 

The restriction that k E C([a, b] x [a, b] x IR) can be relaxed in a number of 
ways, with the definition of T' (uo) still valid. 

It is possible to introduce Frechet and Gateaux derivatives of higher 
order. For example, the second Frechet derivative is the derivative of the 
Frechet derivative. For f : K <;;; V -+ W differentiable on Ko <;;; K, 
the Frechet derivative is a mapping f' : Ko <;;; V -+ W. If f' is Frechet 
differentiable on Ko, then the second Frechet derivative 

!" = (1')': Ko <;;; V -+ C(V,C(V, W)). 

At each point v E Ko, the second derivative f" (v) can also be viewed as a 
bilinear mapping from V x V to W, and 

!" : Ko <;;; V -+ C(V x V, W), 

and this is generally the way f" is regarded. Detailed discussions on Frechet 
and Gateaux derivatives, including higher-order derivatives, are given in 
[88, Section 17.2] and [170, Section 4.5]. 

4.3.2 Mean value theorems 

We need to generalize the Mean Value Theorem for differentiable functions 
of a real variable. This then allows us to consider the effect on a nonlinear 
function of perturbations in its argument. 



150 4. Nonlinear Equations and Their Solution by Iteration 

Proposition 4.3.11 Assume U and V are real linear spaces. Let F : K ~ 
U ---- V with K an open set. Assume F is differentiable on K and that 
F'(u) is a continuous function of u on K to .c(U, V). Let u, w E K and 
assume the line segment joining them is also contained in K. Then 

IIF(u)-F(w)llv:::; sup IIF'((1-0)u+Ow)llllu-wllu· 
0::;0:::;1 

(4.3.7) 

Proof. Denote y = F(u) - F(w). Using the Hahn-Banach theorem in 
the form of Corollary 2.5.6, justify the existence of a linear functional T : 
V ---- ~ with IITII = 1 and T(y) = Ilyilv' Introduce the real-valued function 

g(t) = T(F(tu + (1 - t) w)), 0:::; t :::; 1. 

Note that T(y) = g(l) - g(O). 
We show 9 is continuously differentiable on [0,1] using the chain rule of 

Proposition 4.3.7. Introduce 

gl(t) = tu + (1- t)w, gl: [0,1]---- V, 

g2(V) = T(F(v)), g2: K ~ V ---- R 

For the interval ° :::; t :::; 1, 

g(t) = g2(gl(t)), 

g'(t) = g~(gl(t))g~(t) 
= [T 0 F'(tu + (1- t) w)](u - w) 

= T [F'(tu + (1 - t) w)(u - w)]. 

According to the ordinary Mean Value Theorem, there is 0 E [0,1] for 
which 

IIF(u) - F(w)llv = g(l) - g(O) = g'(O) 

= T [F'(Ou + (1- 0) w) (u - w)] 

:::; IITIIIIF'(Ou + (1 - 0) w) (u - w)llw 

:::; 11F'(Ou + (1- 0) w)llllu - wll u · 

The formula (4.3.7) follows immediately. • 
The following result provides an error bound for the linear Taylor ap

proximation for a nonlinear function. A proof similar to the above can be 
given for this lemma. 

Proposition 4.3.12 Assume U and V are real linear spaces. Let F : K ~ 
U ---- V with K an open set. Assume F is twice continuously differentiable 
on K, with F" : K ---- .c(U x u, V). Let uo, Uo + h E K along with the line 
segment joining them. Then 

IIF(uo + h) - [F(uo) + F'(uo)h]llv :::; -21 sup IIF" (uo + Oh)llllhll~· 
0::;0:::;1 
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4.3.3 Partial derivatives 

The following definition is for either type of derivatives (Frechet or 
Gateaux). 

Definition 4.3.13 Let U, V, and W be Banach spaces, f : D(j) ~ U x 
V ~ W. For fixed Vo E V, f(u, vo) is a function of u whose derivative at 
uo, if it exists, is called the partial derivative of f with respect to u, and is 
denoted by fu(uo,vo). The partial derivative fv(uo,vo) is defined similarly. 

We explore the relation between the Frechet derivative and partial 
Frechet derivatives. 

Proposition 4.3.14 If f is Frechet differentiable at (uo, vo), then the 
partial Frechet derivatives f u ( Uo, vo) and f v ( Uo, vo) exist, and 

1'(uo, vo)(h, k) = fu(uo, vo) h + fv(uo, vo) k, hE U, k E V. (4.3.8) 

Conversely, if fu(u, v) and fv(u, v) exist in a neighborhood of (uo, vo) and 
are continuous at (uo, vo), then f is Frechet differentiable at (uo, vo), and 
(4.3.8) holds. 

Proof. Assume f is Frechet differentiable at (uo, vo); then 

f(uo + h, Vo + k) = f(uo, vo) + 1'(uo, vo)(h, k) + o(ll(h, k)ll)· 
Setting k = 0, we obtain 

f(uo + h, vo) = f(uo, vo) + 1'(uo, vo)(h, 0) + o(llhll)· 
Therefore, fu(uo, vo) exists and 

fu( uo, vo) h = l' (uo, vo)(h, 0). 

Similarly, fv (uo, vo) exists and 

fv( uo, vo) k = l' (uo, vo)(O, k). 

Adding the two relations, we get (4.3.8). 
Now assume fu(u,v) and fv(u,v) exist in a neighborhood of (uo,vo) and 

are continuous at (uo, vo). We have 

Ilf( Uo + h, Vo + k) - [f( uo, vo) + fu( uo, vo) h + fv( uo, vo) kJ II 
::; Ilf(uo + h, Vo + k) - [j(uo, Vo + k) + fu(uo, Vo + k) hll 

+llfu(uo, Vo + k) h - fu(uo, vo) hll 
+llf( uo, Vo + k) - [f( Uo, vo) + fv( uo, vo) kJ II 

= o(ll(h, k)II)· 
Hence, f is Frechet differentiable at (uo, vo). • 
Corollary 4.3.15 A mapping f(u,v) is continuously Frechet differen
tiable in a neighborhood of (uo, vo) if and only if fu(u, v) and fv(u, v) are 
continuous in a neighborhood of (uo, vo)· 
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The above discussion can be extended straightforward to maps of several 
variables. 

4.3.4 The Gateaux derivative and convex minimization 

Let us first use the notion of Gateaux derivative to characterize the 
convexity of Gateaux differentiable functionals. 

Theorem 4.3.16 Let V be a normed space and K ~ V be a non-empty 
convex subset. Assume f : K -+ lR is Gateaux differentiable. Then the 
following three statements are equivalent. 
(a) f is convex. 
(b) f(v) ~ f(u) + (I'(u),v - u) 'Vu,v E K. 
(c) (I'(v) - f'(u),v - u) ~ ° 'Vu,v E K. 

Proof. (a) ===> (b). For any t E [0,1], by the convexity of f, 
f(u + t (v - u)) :S t f(v) + (1 - t) f(u). 

Then 

f(u + t (v ~ u)) - f(u) :S f(v) - f(u), t E (0,1]. 

Taking the limit t -+ 0+, we obtain 

(I' ( u ), v - u) :S f ( v) - f ( u ) . 

(b) ===> (a). For any u, v E K, any ,X E [0,1]' we have 

f(v) ~ f(u + A (v - u)) + (1 - A) (I'(u + A (v - u)), v - u), 

f ( u) ~ f ( u + A (v - u)) + A (I' (u + A (v - u)), u - v). 

Multiplying the first inequality by ,x, the second inequality by 1 - ,x, and 
adding the two relations, we obtain 

'xf(v) + (1- A) f(u) ~ f(u +,x (v - u)). 

So f is a convex function. 
(b) ===> (c). For any u,v E K, we have 

f(v) ~ f(u) + (I'(u), v - u), 

f(u) ~ f(v) + (I'(v), u - v). 

Add the two inequalities to obtain 

° ~ -(l'(v) - f'(u), v - u). 

(c) ===> (b). Define a real function 

¢(t) = f(u + t (v - u)), t E [0,1]. 

Using Taylor's theorem, we have 

¢(1) = ¢(O) + ¢'(O) for some 0 E (0,1). 



4.3. Differential calculus for nonlinear operators 153 

Notice that 

</>(1) = f(v), </>(0) = f(u). 

Also 

</>'(B) = (f'(u+B(v-u)),v-u) 

= ~ (f'(u + B (v - u)) - f'(u), v - u) + (f'(u), v - u) 

~ (f'(u),v-u), 

where in the last step we used the condition (c). Thus (b) holds. • 
Let us then characterize minimizers of Gateaux differentiable convex 

functionals. 

Theorem 4.3.17 Let V be a normed space and K <:;:; V be a non-empty 
convex subset. Assume f : K -+ JR is Gateaux differentiable. Then 

uEK: f(u)=inff(v) 
vEK 

(4.3.9) 

if and only if 

uEK: (f'(u),v-u) ~O 'VvEK. (4.3.10) 

When K is a subspace, the inequality (4.3.10) reduces to an equality: 

u E K: (f'(u),v) = ° "Iv E K. (4.3.11) 

Proof. Assume u satisfies (4.3.9). Then for any t E (0,1), since u+t (v
u) E K, we have 

f(u) :s; f(u + t (v - u)). 

Then we have (4.3.10) by an argument similar to the one used in the proof 
of Theorem 4.3.16 for the part "(a) ===> (b)." 

Now assume u satisfies (4.3.10). Then since f is convex, 

f(v) ~ f(u) + (f'(u), v - u) ~ f(u). 

When K is a subspace, we can take v in (4.3.10) to be v + u for any 
v E K to obtain 

(f'(u), v) ~ ° "Iv E K. 

Since K is a subspace, -v E K and 

(f'(u), -v) ~ ° "Iv E K. 

Therefore, we have the equality (4.3.11). 

Exercise 4.3.1 Let f : JR2 -+ JR be defined by 

if (Xl,X2) ¥- (0,0), 

if (Xl,X2) = (0,0). 

• 
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Show that the junction is Gateaux differentiable at (0,0), is discontinuous 
at (0,0) and hence is not Prechet differentiable at (0,0) by Proposition 
4·3.3. 

Exercise 4.3.2 Prove Proposition 4.3.5. 

Exercise 4.3.3 Prove Proposition 4.3.6. 

Exercise 4.3.4 Prove Proposition 4.3.7. 

Exercise 4.3.5 Prove Proposition 4.3.12 

Exercise 4.3.6 Let V be a normed space, and K ~ V be a convex subset. 
Assume f : K -+ lR is Gateaux differentiable. Show that if 

(f'(v) - f'(u), v - u) > 0, u, v E K, v =f. u, 

then f is strictly convex on K. 

Exercise 4.3.7 Show that for p 2 2, the real-valued function 

f(~) = ~ (1 + 1~12)p, ~ E lRd 

P 

is strictly convex (cf. Definition 3.2.2 in Section 3.2). 

Exercise 4.3.8 Let f : e 1 [0, 1]-+ e[O, 1] be defined by 

( dU)2 
f(u)= dx ' 

Calculate f'(u). 

Exercise 4.3.9 Let A: V -+ V, with V a real Hilbert space. Define 

1 
f(u) = "2 (Av, v). 

Then f : V -+ R Show the existence of the Frechet derivative f' (u) and 
calculate it. 

Exercise 4.3.10 (a) Find the derivative of the nonlinear operator given 
in the right-hand side of (4.2.13); 
(b) Let u(t) = sinB(t), and reformulate (4.2.13) as a new fixed-point 
problem u = K(u). Find K'(u) for u = o. 

4.4 Newton's method 

Let f : lR -+ lR be continuously differentiable and consider the equation 

f(x) = 0. 
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Suppose we know an approximate solution Xn near a root of the equation 
x*. Then by the Taylor's expansion, 

Thus 

0= f(x*) 

= f(xn) + !'(xn) (x* - Xn) + o(lx* - xnl) 

~ f(xn) + f'(Xn) (X* - Xn). 

This leads to the well-known Newton method for solving the equation 
f(x) = 0: 

In this section, we generalize the Newton method to solving operators 
equations. 

4.4.1 Newton's method in a Banach space 

Let U and V be two Banach spaces, F : U -t V be Fn§chet differentiable. 
We are interested in solving the equation 

F(u) = O. (4.4.1) 

The Newton method reads as follows: Choose an initial guess Uo E U; for 
n = 0,1, ... , compute 

(4.4.2) 

Theorem 4.4.1 (LOCAL CONVERGENCE) Assume u* is a root of the equa
tion (4.4.1) such that [F'(u*)]-l exists and is a continuous linear map from 
V to U. Assume further that F' (u) is locally Lipschitz continuous at x* , 

IIF'(u) - F'(v)11 :s; L Ilu - vii Vu, v E N(u*), 

where N( u*) is a neighborhood of u*, and L > 0 is a constant. Then there 
exists a {) > 0 such that if Iluo - u* II :s; 8, the Newton's sequence {un} is 
well-defined and converges to u*. Furthermore, for some constant M we 
have the error bounds 

and 

Proof. Upon redefining the neighborhood N(u*) if necessary, we may 
assume [F'(u)t 1 exists on N(u*) and Co = SUPUEN(u*) II[F'(u)t111 < 00. 

Let us define 

T(u) = u - [F'(u)r 1 F(u), u E N(u*). 



156 4. Nonlinear Equations and Their Solution by Iteration 

Notice that T(u*) = u*. For u E N(u*), we have 

T(u) - T(u*) = u - u* - [F'(u)t 1 F(u) 

= [F'(u)t 1{F(u*) - F(u) - F'(u) (u* - un 
= [F'(u)t 1 11 [F'(u + t (u* - u)) - F'(u)] dt (u* - u); 

and by taking the norm, 

IIT(u) - T(u*)11 :s ,,[F'(U)t111111IF'(U + t (u* - u)) - F'(u)11 dt Ilu* - ull 

:s "[F'(u)t11111 Lt Ilu* - ull dt Ilu* - ull· 

Hence, 

IIT(u) - T(u*)11 :s C~L Ilu - u*112. (4.4.3) 

Thus, if we choose 8 < 2/(coL) with the property B(u*,8) ~ N(u*), then 
T : B( u*, 8) -> B( u*, 8) is an a-contraction with a = (coL 8) /2 < l. 
Therefore, by the Banach fixed-point theorem, T has a unique fixed point 
u* in B(u*, 8) and the sequence {un} converges to u*. Denote M = (coL)/2. 
From (4.4.3) we get the estimate 

Ilun +1 - u*11 :s M Ilun - u*112. 
An inductive application of this inequality leads to 

Hence both estimates of the theorem hold. • The theorem clearly shows that the Newton method is locally convergent 
with quadratic convergence. The main drawback of the result is the depen
dence of the assumptions on a root of the equation, which is the quantity 
to be computed. The Kantorovich theory overcomes this difficulty. A proof 
of the following theorem can be found in [170, p. 210]. 

Theorem 4.4.2 (KANTOROVICH) Suppose that 
(a) F : D(F) ~ U -> V is differentiable on an open convex set D(F), and 
the derivative is Lipschitz continuous 

1IF'(u) - F'(v)11 :s L Ilu - vii \/u, v E D(F). 

(b) For some Uo E D(F), [F'(uo)]-1 exists and is a continuous operator 
from V to U, and such that h = abL :s 1/2 for some a 2:: II[F'(uo)]-111 
and b 2:: II[F'(uo)]-1F(uo)ll. Denote 

* 1-(1-2h)1/2 
t = aL ' 

t** = 1 + (1 - 2h)1/2 
aL 
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(c) U1 is chosen so that B(u1,r) S;; D(F), where r = t* - b. 
Then the equation (4.4.1) has a solution u* E B(u1,r) and the solution is 
unique in B(uo,t**) n D(F); the sequence {un} converges to u*, and we 
have the error estimate 

n= 0,1, .... 

The Kantorovich theorem provides sufficient conditions for the conver
gence of the Newton method. These conditions are usually difficult to verify. 
Nevertheless, at least theoretically, the result is of great importance. For 
other related discussions of Newton's method, see [21, pp. 116-118] and 
[88, Chap. 18]. 

4.4.2 Applications 

Nonlinear systems 

Let F : IRd ....... IRd be a continuously differentiable function. A nonlinear 
system is of the form 

x E IRd , F(x) = O. 

Then the Newton method is 

xn+l = Xn - [F'(xn)r1 F(xn), 

which can also be written in the form 

F'(xn ) On = -F(xn), Xn+1 = Xn + On· 

( 4.4.4) 

So at each step, we solve a linear system. The method breaks down when 
F' (xn) is singular or nearly singular. 

Nonlinear integral equations 

Consider the nonlinear integral equation 

u(t) = 11 k(t, s, u(s)) ds (4.4.5) 

over the space U = C[O, 1]. Assume k E C([O, 1] x [0,1] x IR) and is con
tinuously differentiable with respect to its third argument. Introducing an 
operator F : U ....... U through the formula 

F(u)(t) = u(t) -11 
k(t, s, u(s)) ds, t E [0,1]' 

the integral equation can be written in the form 

F(u) = O. 

Newton's method for the problem is 

Un+1 = Un - [F'(un)r1 F(un), 
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or equivalently, 

F'(Un)(Un+1 - un) = -F(un). (4.4.6) 

Let us compute the derivative of F. 

F'(u)(v)(t) = lim -h1 [F(u + hv)(t) - F(u)(t)] 
h--.O 

= I~ ~ [hV(t) -11 
(k(t,s,u(s) + hv(s)) - k(t,s,u(s))) dS] 

() 11 8k(t, S, u(s)) () d 
= v t + >:I V S s. 

o uU 

Therefore, the Newton iteration formula is 

c ()_118k(t,s,un(s)) , ()d Un+1 t >:I Un+1 S S 
o uU 

= -un(t) + 11 k(t, s, un(s)) un(s) ds, 

Un+l(t) = un(t) + 8n+l(t). 

At each step, we solve a linear integral equation. 

(4.4.7) 

It is often faster computationally to use a modification of (4.4.6), using 
an fixed value of the derivative: 

The iteration formula is now 

, ()_118k(t,s,uO(s)) , ()d Un+1 t >:I Un+1 S S 
o uU 

= -un(t) + 11 k(t,s,un(s)) un(s) ds, 

Un+l(t) = Un(t) + 8n+1(t). 

(4.4.8) 

(4.4.9) 

This converges more slowly; but the lack of change in the integral equation 
(since only the right side is varying) often leads to less computation than 
with (4.4.7). 

Nonlinear differential equations 

As a sample problem, we consider 

{ u"(t) = J(t, u(t)), 
u(O) = u(l) = O. 

t E (0,1), 

Here J : [0, 1] x ~ is assumed to be continuous and continuously 
differentiable with respect to u. We take 

U = C5[0, 1J = {v E C2 [0, 1J I v(O) = v(l) = O} 
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with the norm 11·llc2[0,lJ' Define 

F(u)(t) = u"(t) - f(t, u(t)), t E [0,1]. 

It can be shown that 

F'(u)(y)(t) = y"(t) - ()f(~:(t)) y(t). 

Thus at each step, we solve a linearized boundary value problem 

{ 
U~+l (t) - ~~ (t, un(t)) Un+1 (t) = f(t, un(t)) - ~~ (t, un(t)) un(t), 

tE(O,l), 
Un+! (0) = Un +1 (1) = O. 

Exercise 4.4.1 Explore sufficient conditions for the convergence of the 
Newton method (4.4.4). 

Exercise 4.4.2 Explore sufficient conditions for the convergence of the 
Newton method (4.4.7). 

4.5 Completely continuous vector fields 

There are other means of asserting the existence of a solution to an equa
tion. For example, if f E C[a, b], and if f(a) f(b) < 0, then the intermediate 
value theorem asserts the existence of a solution in [a, b] to the equation 
f(x) = O. We convert this to an existence theorem for fixed points as 
follows. Let T : [a, b] ---+ [a, b] be continuous. Then x = T(x) has a solu
tion in [a, b]. This can be proved by reducing it to the earlier case, letting 
f(x) == x - T(x). 

It is natural to try to extend this to multivariate functions f or T. 

Theorem 4.5.1 (BROUWER'S FIXED-POINT THEOREM) Let K <;;;; ]Rd be 
bounded, closed, and convex. Let T : K ---+ K be continuous. Then T has at 
least one fixed point in the set K. 

For a proof, see [98, p. 94]; [88, pp. 636-639]; or [53, p. 232]. 
We would like to generalize this further, to operators on infinite

dimensional Banach spaces. There are several ways of doing this, and we 
describe two approaches, both based on the assumption that T is a continu
ous compact operator. This is a concept we generalize to nonlinear operators 
T from Definition 2.8.1 for linear operators. We begin with an example 
to show that some additional hypotheses are needed, in addition to those 
assumed in Theorem 4.5.1. 
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Example 4.5.2 Let V be a Hilbert space with an orthonormal basis 
{cpjh~l' Then for every v E V, we can write 

00 

v = LO'.jcPj, 
j=l 

Let K be the unit ball in V, 

00 

Ilvllv = L IO'.jI2. 
j=l 

K = {v IlIvllv :::; I}. 

Introduce a parameter k > 1, and then choose a second parameter t < 1 
satisfying 

0< t:::; Jk2=1. 
Define T : K ~ K by 

00 

T(v) = t(l-lIvllv)CPl + LO'.jCPj+l, 
j=l 

v E K. 

This can be shown to be Lipschitz continuous on K, with 

IIT(v)-T(w)lIv:::;kllv-wllv, v,WEK. 

(4.5.1) 

(4.5.2) 

Moreover, the domain K is convex, closed, and bounded. However, T does 
not have a fixed point. This example is a modification of one given in [86j. 

Definition 4.5.3 Let T : K ~ V ~ W, with V and W Banach spaces. 
We say T is compact if for every bounded set B ~ K, the set T(B) has 
compact closure in W. If T is both compact and continuous, we call T a 
completely continuous operator. 

When T is a linear operator, T compact implies T is bounded and hence 
continuous. This is not true in general when T is nonlinear; continuity 
of T must be assumed separately. Some authors include a requirement of 
continuity in their definition of T being compact, e.g., [21, p. 89]. With 
the above definition, we can state one generalization of Theorem 4.5.1. For 
proofs, see [21, p. 90], [88, p. 482]' or [98, p. 124]. 

Theorem 4.5.4 (SCHAUDER'S FIXED-POINT THEOREM) Let V be a Ba
nach space and let K ~ V be bounded, closed, and convex. Let T : K ~ K 
be a completely continuous operator. Then T has at least one fixed point in 
the set K. 

When dealing with equations involving differentiable nonlinear functions, 
say, 

v = T(v), (4.5.3) 
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a common approach is to "linearize the problem." This generally means we 
replace the nonlinear function by a linear Taylor series approximation, 

T(v) ~ T(va) + T'(va) (v - va) (4.5.4) 

for some suitably chosen point Va. Then the equation (4.5.3) can be 
rewritten as 

(I - T'(va)) (v - va) ~ T(va) - Va· ( 4.5.5) 

This linearization procedure is a commonly used approach for the conver
gence analysis of approximation methods for solving (4.5.3), and it is used 
to this end in Section 11.6. 

This leads us to consider the properties of T' ( va) and motivates consider
ation of the following result. A proofis given in [99, p. 77J. As a consequence, 
we can apply the Fredholm alternative theorem to the operator I - T' ( va). 

Proposition 4.5.5 Let V be a Banach space and let K ~ V be an open set. 
Let T : K -; V be a completely continuous operator that is differentiable 
at Va E K. Then T' ( va) is a compact operator from V to V. 

4.5.1 The rotation of a completely continuous vector field 

The concept of the rotation of a nonlinear mapping is a fairly deep and 
sophisticated consequence of topology, and a complete development of it 
is given in [98, Chap. 2J. We describe here the main properties of this 
"rotation." 

Let T : K ~ V -; V, with V a Banach space, and assume T is completely 
continuous on K. We call the function 

<I>(v) == v - T(v), vEK 

the completely continuous vector field generated by T (or <I». Let B be 
a bounded, open subset of K and let S denote its boundary, and assume 
B == BUS ~ K. Assume T has no fixed points on the boundary S. Under 
the above assumptions, it is possible to define the rotation of T (or <I» over 
S. This is an integer, denoted here by Rot ( <I» with the following properties. 

PI If Rot(<I» =1= 0, then T has at least one fixed point within the set B. 
(See [98, p. 123J.) 

P2 Assume there is a function X ( v, t) defined for V E Band 0 ::; t ::; 1, 
and assume it has the following properties. 

(a) X(v,O) == <I>(v), V E B. 
(b) X(·, t) is completely continuous on B for each t E [O,IJ. 
(c) For every V E S, X ( v, t) is uniformly continuous in t. 
( d) v - X ( v, t) =1= 0 for all V E S and for 0 ::; t ::; 1. 
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Then Rot(<I» = Rot(ilJ), where ilJ(v) == v-X(v, 1). The mapping X is 
called a homotopy, and this property says the rotation of a completely 
continuous vector field is invariant under homotopy. (See [98, p. 108].) 

P3 Let Va be an isolated fixed point of T in K. Then for all sufficiently 
small neighborhoods of Va, Rot ( <I» over that neighborhood is con
stant; it is called the index of the fixed point Va. If all fixed points of 
T on B are isolated, then the number of such fixed points is finite; 
call them Vl, ... , Vr . Moreover, Rot ( <I» equals the sum of the indexes 
of the individual fixed points Vl, ... , Vr . (See [98, p. 109].) 

P4 Let Va be a fixed point of T and suppose that T has a continuous 
Frechet derivative T'(v) for all V in some neighborhood of Va. In 
addition, assume 1 is not an eigenvalue of T' ( va). Then the index of 
Va in non-zero. More precisely, it equals (_1)f3 with f3 equal to the 
number of positive real eigenvalues of T' (va) that are greater than 
1, counted according to their multiplicity. Also, the fixed point Va is 
isolated. (See [98, p. 136].) 

P5 Let Va be an isolated fixed point of T in B. Then the index of Va is 
zero if and only if there exists some open neighborhood N of Va such 
that for every 8 > 0, there exists completely continuous To defined 
on N to V with 

IIT(v) - To(v)llv ::; 8, V E N, 

and with To having no fixed points in N. This says that isolated fixed 
points have index zero if and only if they are unstable with respect 
to completely continuous perturbations. 

These ideas give a framework for the error analysis of numerical methods 
for solving some nonlinear integral equations and other problems. Such 
methods are examined in Subsection 11.6.2 of Chapter II. 

Exercise 4.5.1 (a) Show that T : B -+ B in Example 4.5.2. 
(b) Show the inequality (4.5.2). 
( c) Show T does not have a fixed point in B. 

4.6 Conjugate Gradient Iteration 

The conjugate gradient method is an iteration method that was originally 
devised for solving finite linear systems that were symmetric and positive 
definite. The method has since been generalized in a number of directions, 
and in this section, we consider its generalization to operator equations 

Au = f. (4.6.1) 
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In this, A is a bounded, positive-definite, self-adjoint, and invertible linear 
operator on a Hilbert space V. With these assumptions, (4.6.1) has a 
unique solution u* = A -1 f. For simplicity in this section, we assume V is 
a real Hilbert space; and we further assume that V is separable, implying 
that it has a countable orthogonal basis. 

The conjugate gradient method for solving Au = f in V is defined as 
follows. Let Uo be an initial guess for the solution u*. Define ro = f - Auo 
and So = roo For k 2: 0, define 

Ihl12 
O'.k = 

(ASk, Sk) , 

f3 - Ih+1112 
k - Ihl12 

(4.6.2) 

The norm and inner product are those of V. There are several other equiva
lent formulations of the method. An introduction to the conjugate gradient 
method for finite-dimensional systems, together with some other equivalent 
ways of writing it, is given in [11, Section 8.9] and [61, Section 10.2]. 

The following theorem is taken from [129, p. 159]; and we omit the proof, 
as it calls for a more detailed investigation of the method than we wish to 
consider here. The proof also follows quite closely the proof for the finite
dimensional case, which is well known in the literature (e.g., see [106, p. 
250]). In stating the theorem, we also use the following alternative inner 
product and norm: 

(V,U)A = (Av,u) , 

Theorem 4.6.1 Let A be a bounded, self-adjoint, linear operator satisfying 

v E V, ( 4.6.3) 

with m, M > 0 (which means that II·IIA and 11·11 are equivalent norms). 
Then the sequence {ud from (4.6.2) converges to u*, and 

Ilu* - Uk+111A ~ : ~: Ilu* - ukllA' k 2: O. (4.6.4) 

This shows Uk ---? u* linearly. 

Patterson [129, p. 163] also derives the improved result 

Ilu* - ukllA ~ 2 (~ - vrn)k Ilu* - uoll A , 
M+vrn 

k 2: O. 

It follows that this is a more rapid rate of convergence by showing 

VM-vrn M-m 
---==---'-- < , 
VM+vrn- M + m 

which we leave to the reader. 

(4.6.5) 

(4.6.6) 
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In the case that A = I - K, with K a compact operator, more can be 
said about the rate of convergence of Uk to u*. For the remainder of this 
section, we assume K is a compact, self-adjoint operator on V to V. 

The discussion of the convergence requires results on the eigenvalues 
of K. From Theorem 2.8.15 in Section 2.8.5, the eigenvalues of the self
adjoint compact operator K are real and the associated eigenvectors can 
be so chosen as to form an orthonormal basis for V: 

j = 1,2, ... 

with ((Pi, ¢j) = 8i ,j· Without any loss of generality, let the eigenvalues be 
ordered as follows: 

(4.6.7) 

We permit the number of non-zero eigenvalues to be finite or infinite. From 
Theorem 2.8.12 of Section 2.8.5, 

lim Aj = O. 
J~OO 

The eigenvalues of A are {1-Aj} with {¢j} as the corresponding orthogonal 
eigenvectors. The self-adjoint operator A = I - K is positive definite if and 
only if 

8 == inf (1 - Aj) = 1 - sup Aj > 0, 
J21 j21 

or equivalently, Aj < 1 for all j ~ 1. For later use, also introduce 

~==SUp(1-Aj). 
j21 

We note that 

[[A[[=~, 

(4.6.8) 

(4.6.9) 

With respect to (4.6.3), M = ~ and m = 8. The result (4.6.4) becomes 

[[u* - Uk+1[[A ~ (~ ~ ~) [[u* - Uk[[A' k ~ O. (4.6.10) 

It is possible to improve on this geometric rate of convergence when 
dealing with equations 

Au == (I - K) U = f 

to show a "superlinear" rate of convergence. The following result is due to 
Winther [166]. 

Theorem 4.6.2 Let K be a self-adjoint compact operator on the Hilbert 
space V. Assume A = 1- K is a self-adjoint positive definite operator (with 
the notation used above). Let {ud be generated by the conjugate gradient 
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iteration (4.6.2). Then Uk -+ U* superlinearly: 

Ilu* - ukll :S (Ck)k Ilu* - uoll, (4.6.11) 

with lim Ck = O. 
k_oo 

Proof. It is a standard result (cf. [106, p. 246]) that (4.6.2) implies that 

Uk = Uo + Pk-1 (A)ro (4.6.12) 

with Pk - 1 (A) a polynomial of degree :S k - 1. Letting A = 1- K, this can 
be rewritten in the equivalent form 

Uk = Uo + A-1(K)ro 

for some other polynomial P(A) of degree :S k - 1. The conjugate gradi
ent iterates satisfy an optimality property: If {yd is another sequence of 
iterates, generated by another sequence of the form 

(4.6.13) 

for some sequence of polynomials {Pk- 1 : deg(Pk-d :S k - 1, k 2: I}, then 

Ilu* - ukllA :S Ilu* - YkIIA' 
For a proof, see Luenberger [106, p. 247]. 

Introduce 
k 

Qk(A) = II ~ = ~j , 
j=l J 

and note that Qk(l) = 1. Define Pk- 1 implicitly by 

Qk(A) = 1 - (1- A)Pk-1(A), 

(4.6.14) 

(4.6.15) 

and note that degree(Pk_d = k - 1. Let {yd be defined using (4.6.13). 
Define ek = u* - Yk and 

rk = b - AYk = Aek· 

We first bound rk, and then 

Ilekll :S IIA-1 1111rkll = ~ Ilrkll· 
Moreover, 

Ilu* - ukllA :S Ilu* - YkllA 
::; v05.llu* - Ykll 

:S v: Ilrk II , 

Ilu* - ukll :S ~ Ilu* - ukllA :S ~ff.llrkll. ( 4.6.16) 
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From (4.6.13), 

rk = b - A [Yo + Pk-l(K)ro] 

= [I - APk - 1(K)] ro 

= Qk(A)ro. 

Expand ro using the eigenfunction basis {¢1, ¢2, ... }: 

Note that 

00 

ro = I)ro, ¢j)¢j. 
j=1 

j 21, 

and thus Qk(A)¢j = 0 for j = 1, ... , k. Then (4.6.17) implies 

and 

with 

00 00 

j=1 j=k+l 

00 

Ilrkll :::; <Xk L (ro, ¢j)2 :::; <Xk lira II 
j=k+l 

<Xk = sup IQk(Aj)l. 
j2':k+l 

Examining Qk(Aj) and using (4.6.7), we have 

Recall the well known inequality 

[ 
k 1 t k II b. <~"b· 

J -kL..JJ' 
j=1 j=1 

(4.6.17) 

(4.6.18) 

(4.6.19) 

which relates the arithmetic and geometric means of k positive numbers 
b1 , ••• , bk. Applying this, we have 

[~~~lk kL..J1-A j=1 J 
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Since lim )"j = 0, it is a straightforward argument to show that 
J---'OO 

2 k 1)"1 
lim -" __ J - = O. 

k---.oo k L 1-)" 
j=l J 

We leave the proof to the reader. 
Returning to (4.6.18) and (4.6.16), we have 

Ilu* - ukll ::; ~~ 111\11 
1{fI 

::; b V -yak 11m II 

::; ( ~ ) ~ adu* - uoll· 

To obtain (4.6.11), define 

Ck = (~)-1k [~~ ~l. 
8 k L 1-),,· 

j=l J 

From (4.6.20), Ck --70 as k --7 00. 

(4.6.20) 

(4.6.21 ) 

• 
It is of interest to know how rapidly Ck converges to zero. For this we 

restrict ourselves to compact integral operators. For simplicity, we consider 
only the single-variable case: 

Kv(x) = lb k(x, y)v(y) dy, x E [a, b], (4.6.22) 

and V = L2(a,b). From (4.6.21), the speed of convergence of Ck --7 0 is 
essentially the same as that of 

k 

Tk==~"~' 
kL1-)" 

j=l J 

(4.6.23) 

In turn, the convergence of Tk depends on the rate at which the eigenvalues 
)"j converge to zero. We give two results from Flores [52] in the following 
theorem. In all cases, we also assume the operator A = I - K is positive 
definite, which is equivalent to the assumption (4.6.8). 

Theorem 4.6.3 (a) Assume the integral operator K of (4.6.22) is a self
adjoint Hilbert-Schmidt integral operator, i. e., 

IIKII~s == L L Ik(t, s)1 2 ds dt < 00. 



168 4. Nonlinear Equations and Their Solution by Iteration 

Then 

(4.6.24) 

(b) Assume k(t, s) is a symmetric kernel with continuous partial derivatives 
of order up to p for some p ~ 1. Then there is a constant M == M(p) with 

T£::; ~ ((p+~) 11(1 - K)-III, (4.6.25) 

with ((z) the Riemann zeta function. 

Proof. (a) It can be proven from Theorem 2.8.15 of Section 2.8.5 that 
00 

LA; = IIKII~s . 
j=1 

From this, the eigenvalues Aj can be shown to converge to zero with a 
certain speed. Namely, 

This leads to 

j 

jA; ::; L AT ::; IIKII~s' 
i=1 

-~~~ 
Te - e L.,.. 1 - A . 

j=1 J 

e 
< ~ IIKIIHS" ~ 
- 8 e L.,.. r:; 

j=1 vJ 

< ~IIKIIHS 
- Vi 8 . 

Recalling that 8-1 = IIA-1 11 proves the upper bound in (4.6.24). The lower 
bound in (4.6.24) is immediate from the definition of Te. 
(b) From Fenyo and Stolle [50, Sec. 8.9], the eigenvalues {Aj} satisfy 

lim jP+O.5 Aj = O. 
J-'>OO 

Let 

so that 

(4.6.26) 
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With this bound on the eigenvalues, 

This completes the proof of (4.6.25). • 
We see that the speed of convergence of {Tc} (or equivalently, {cc}) is 

no better than 0(£-1), regardless of the differentiability of the kernel func
tion k. Moreover, for most cases of practical interest, it is no worse than 
0(£-0.5). The result (4.6.11) was only a bound for the speed of convergence 
of the conjugate gradient method, although we expect that the convergence 
speed is no better than this. For additional discussion of the convergence 
of {Tc}, see [52]. 

The result (4.6.12) says that the vectors Uk - Uo belong to the Krylov 
subspace 

K(A) :::::: {ro, Aro, A2ro, ... , Ak-1ro} ; 

and in fact, Uk is an optimal choice in the following sense: 

Ilu* - ukllA = min Ilu* - ylIA· 
YEuo+!C(A) 

Other iteration methods have been based on choosing particular elements 
from K(A) using a different sense of optimality. For a general discussion 
of such generalizations to nonsymmetric finite linear systems, see [56]. The 
conjugate gradient method has also be extended to the solution of nonlinear 
systems and nonlinear optimization problems. 

Exercise 4.6.1 Prove the inequality (4.6.6). 

Exercise 4.6.2 Derive the relation (4.6.12). 

Exercise 4.6.3 Prove the result in (4.6.20). 

Suggestion for Further Readings 

Many books and articles cover the convergence issue of iterative meth
ods for finite linear systems; see, e.g., AXELSSON [18], DEMMEL [43], 
FREUND, GOLUB, AND NACHTIGAL [56], GOLUB AND VAN LOAN [61], 
KELLEY [91, 92]' STEWART [152]' and TREFETHEN AND BAU [160]. For 
finite-dimensional nonlinear systems, see the comprehensive work of OR
TEGA AND RHEINBOLDT [127]. For optimization problems, a comprehensive 
reference is LUENBERGER [106]. 

Portions of this chapter follow ZEIDLER [170]. A more theoretical look 
at iteration methods for solving linear equations is given in NEVANLINNA 
[124]. The iterative solution of linear integral equations of the second kind 
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is treated in several books, including ATKINSON [13, Chap. 6J and KRESS 

[100J. There are many other tools for the analysis of nonlinear problems, 
and we refer the reader to BERGER [21], FRANKLIN [53], KANTOROVICH 

AND AKILOV [88, Chaps. 16-18], KRASNOSELSKII [98], KRASNOSELSKII 

AND ZABREYKO [99], and ZEIDLER [170J. 



5 
Finite Difference Method 

The finite difference method is a universally applicable numerical method 
for the solution of differential equations. In this chapter, for a sam
ple parabolic partial differential equation, we introduce some difference 
schemes and analyze their convergence. We present the well-known Lax 
equivalence theorem and related theoretical results, and we apply them to 
the convergence analysis of difference schemes. 

The finite difference method can be difficult to analyze, in part because 
it is quite general in its applicability. Much of the existing stability and 
convergence analysis is restricted to special cases, particularly to linear dif
ferential equations with constant coefficients. These results are then used to 
predict the behavior of difference methods for more complicated equations. 

5.1 Finite difference approximations 

The basic idea of the finite difference method is to approximate differential 
quotients by appropriate difference quotients, thus reducing a differential 
equation to an algebraic system. There are a variety of ways to do the 
approximation. 
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Suppose f is a differentiable real-valued function on lR.. Let x E lR. and 
h > 0. Then we have the following three popular difference approximations: 

f'(x) ~ f(x + h) - f(x) 
h 

f(x) - f(x - h) 

h 
f(x + h) - f(x - h) 

2h 

(5.1.1) 

(5.1.2) 

(5.1.3) 

These differences are called a forward difference, a backward difference, 
and a centered difference, respectively. Supposing f has a second deriva
tive, it is easy to verify that the approximation errors for the forward and 
backward differences are both O(h). If the third derivative of f exists, 
then the approximation error for the centered difference is O(h2). We see 
that if the function is smooth, the centered difference is a more accurate 
approximation to the derivative. 

The second derivative of the function f is usually approximated by a 
second-order centered difference: 

f"(x) ~ f(x + h) - 2 ~~x) + f(x - h). (5.1.4) 

It can be verified that when f has a fourth derivative, the approximation 
error is O(h2). 

Now let us use these difference formulas to formulate some difference 
schemes for a sample initial-boundary value problem for a heat equation. 

Example 5.1.1 Let us consider the problem 

Ut = v Uxx + f(x, t) in [0,71'] X [0, TJ, 

u(O, t) = u(7l', t) = 0, 0::; t ::; T, 

u(x,O) = uo(x). 

(5.1.5) 

(5.1.6) 

(5.1.7) 

The differential equation (5.1.5) can be used to model a variety of phys
ical processes such as heat conduction (see, e.g., [i33}). Here v > ° is 
a constant; f and Uo are given functions. To develop a finite difference 
method, we need to introduce grid points. Let N x and Nt be positive integers, 
hx = 71'/ N x, ht = T / Nt and define the partition points 

xj=jhx , j=O,I,oo.,Nx , 

tm = m ht, m = 0,1, ... , Nt. 

A point of the form (Xj, t m ) is called a grid point and we are interested 
in computing approximate solution values at the grid points. We use the 
notation vj for an approximation to uj == u(Xj, t m ) computed from a 
finite difference scheme. Write ff = f(xj, tm ) and 

r = vht/h;. 



5.1. Finite difference approximations 173 

Then we can bring in several schemes. 
The first scheme is 

vm+1 - 2v"!' + V m 1 = V J J J- + fm 
h2 J ' 

x 

1 ::; j ::; N x - I, 0::; m ::; Nt - I, 

vg' = VNx = 0, 

vJ = uO(Xj), 

o ::; m ::; Nt, 

0::; j::; N x . 

(5.1.8) 

(5.1.9) 

(5.1.10) 

This scheme is obtained by replacing the time derivative with a forward 
difference and the second spatial derivative with a second-order centered 
difference. Hence it is called a forward-time centered-space scheme. The 
difference equation (5.1.8) can be written as 

vj+l = (1 - 2r) vj + r (V.H-l + v~d + hdj, 
1 ::; j ::; N x - I, 0::; m ::; Nt - 1. (5.1.11) 

Thus once the solution at the time level t = tm is computed, the solution at 
the next time level t = tm+1 can be found explicitly. The forward scheme 
(5.1.8)-(5.1.10) is an explicit method. 

Alternatively, we may replace the time derivative with a backward differ
ence and still use the second spatial derivative with a second-order centered 
difference. The resulting scheme is a backward-time centered-space scheme: 

vg' = VNx = 0, 

vJ = uO(Xj), 

o ::; m ::; Nt, 

o ::; j ::; N x . 

The difference equation (5.1.12) can be written as 

(1 + 2r) vj - r (V.H-l + V~l) = vj-l + hdj, 
1 ::; j ::; N x - I, 1 ::; m ::; Nt, 

(5.1.12) 

(5.1.13) 

(5.1.14) 

(5.1.15) 

which is supplemented by the boundary condition from (5.1.13). Thus in 
order to find the solution at the time level t = tm from the solution at 
t = tm-l, we need to solve a tridiagonal linear system of order N x -1. The 
backward scheme (5.1.12)-(5.1.14) is an implicit method. 

In the above two methods, we approximate the differential equation at 
x = Xj and t = tm . We can also consider the differential equation at 
x = Xj and t = tm - 1/ 2 , approximating the time derivative by a centered 
difference: 
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Further, approximate the second spatial derivative by the second-order 
centered difference: 

and then approximate the half-time values by averages: 

etc. As a result we arrive at the Crank-Nicolson scheme: 

( m 2 m m) (m-1 2 m-1 m-1) vj+1 - Vj + vj_1 + vj+1 - Vj + vj_1 
= V 2h2 

x 

+ f;-1/2, 

vg' = VNx = 0, 

vJ = uo(Xj), 

1 ~ j ~ Nx - 1, 1 ~ m ~ Nt, 

o ~ m ~ Nt, 

o ~ j ~ N x . 

(5.1.16) 

(5.1.17) 

(5.1.18) 

Here f;-1/2 = f(xj, tm- 1/2), which is replaced by (ff + f'j-1)/2 
sometimes. The difference equation (5.1.16) can be rewritten as 

(1 + ~) vj - ~ (VAl + V~l) 
_ (1 _?:) m-1 + ?: ( m-1 + m-1) + h f m- 1/2 
- 2 Vj 2 Uj+1 u j_1 t j . (5.1.19) 

So we see that the Crank-Nicolson scheme is also an implicit method and at 
each time step we need to solve a tridiagonal linear system of order Nx - 1. 

The three schemes derived above all seem reasonable approximations for 
the initial-boundary value problem (5.1.5)-(5.1.7). Let us do some numerical 
experiments to see if these schemes indeed produce useful results. Let us 
use the forward scheme (5.1.8)-(5.1.10) and the backward scheme (5.1.12)
(5.1.14) to solve the problem (5.1.5)-(5.1.7) with v = 1, f(x, t) = 0 and 
Uo (x) = sin x. Results from the Crank-Nicolson scheme are qualitatively 
similar to those from the backward scheme but magnitudes are smaller, 
and are thus omitted. It can be verified that the exact solution is u(x, t) = 
e-t sinx. We consider numerical solution errors at t = 1. 

Figure 5.1 shows solution errors of the forward scheme corresponding 
to several combinations of the values Nx and Nt (or equivalently, hx and 
ht). Convergence is observed only when Nx is substantially smaller than 
Nt {i.e. when ht is substantially smaller than hx}. In the next two sections, 
we explain this phenomenon theoretically. 

Figure 5.2 demonstrates solution errors of the backward scheme corre
sponding to the same values of Nx and Nt. We observe a good convergence 
pattern. The maximum solution error decreases as Nx and Nt increase. In 
Section 5.3, we prove that the maximum error at t = 1 is bounded by a 
constant times (h; + ht ). This result explains the phenomenon in Figure 
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Nx=50. Nt=10 

0.02 0.02 2 

0 0 0 

-1 

-0.02 -0.02 -2 

o -3 N =1if. Nt 5O 
4 0 

Nx=2if. Nt 5O 
4 0 2 4 

x 10 x X 1047 Nx=50. Nt=50 
1 10 4 

2 

0 0 

-2 

-1 -10 -4 

o -3 N =10'~t=100 4 o -3 N =20'~t=1 00 
4 o 79 N =50'~t=100 4 

x 10 x x 10 x x 10 x 
2 1 1 

0 

-1 
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Figure 5.1. The forward scheme: errors at t = 1 

5.2 that the error seems to decrease more rapidly with a decreasing ht than 

hx · 

Naturally, a difference scheme is useful only if the scheme is convergent, 
i.e., if it can provide numerical solutions that approximate the exact solu
tion. A necessary requirement for convergence is consistency of the scheme; 
that is, the difference scheme must be close to the differential equation in 
some sense. However, consistency alone does not guarantee the conver
gence, as we see from the numerical examples above. From the viewpoint 
of theoretical analysis, at each time level, some error is brought in, repre
senting the discrepancy between the difference scheme and the differential 
equation. From the viewpoint of computer implementation, numerical val
ues and numerical computations are subject to roundoff errors. Thus it 
is important to be able to control the propagation of errors. The ability 
to control the propagation of errors is termed stability of the scheme. We 
expect to have convergence for consistent, stable schemes. The well-known 
Lax theory for finite difference methods goes beyond this. The theory states 
that with properly defined notions of consistency, stability and convergence 
for a well-posed partial differential equation problem, a consistent scheme 
is convergent if and only if it is stable. In the next section, we present 
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Figure 5.2. The backward scheme: errors at t = 1 

one version of the Lax equivalence theory on the convergence of differ
ence schemes. In the third section, we present and illustrate a variant of 
the Lax equivalence theory that is usually more easily applicable to yield 
convergence and convergence order results of difference schemes. 

Exercise 5.1.1 One approach for deriving difference formulas to approx
imate derivatives is the method of undetermined coefficients. Suppose f is 
a smooth function on R Let h > O. Determine coefficients a, b, and c so 
that 

af(x + h) + bf(x) + cf(x - h) 

is an approximation of f'(x) with an order as high as possible; i.e., choose 
a, b, and c such that 

la f(x + h) + b f(x) + cf(x - h) - f'(x)1 '5, O(hP ) 

with a largest possible exponent p. 

Exercise 5.1.2 Do the same problem as Exercise 5.1.1 with f'(x) replaced 
by f"(x). 
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Exercise 5.1.3 Is it possible to use 

af(x + h) + bf(x) + cf(x - h) 

with suitably chosen coefficients to approximate f"'(x)? How many function 
values are needed to approximate f"' (x) ? 

Exercise 5.1.4 For the initial value problem of the one-way wave equation 

Ut + aux = f in lR. x lR.+, 

u(',O) = uoO in lR., 

(5.1.20) 

(5.1.21) 

where a E lR. is a constant, derive some difference schemes based on various 
combinations of difference approximations of the time derivative and spatial 
derivative. 

Exercise 5.1.5 The idea of the Lax- Wendroff scheme for solving the ini
tial value problem of Exercise 5.1.4 is the following. Start with the Taylor 
expansion 

h2 
u(Xj, t m +1) ~ u(Xj, t m ) + htut(xj, tm ) + i"-Utt(Xj, tm ). 

From the differential equation, we have 

ut=-aux+f 

and 

Utt = a2u xx - a fx + ft· 

(5.1.22) 

Use these relations to replace the time derivatives in the right side of 
(5.1.22). Then replace the first and the second spatial derivatives by central 
differences. Finally replace fx by a central difference and ft by a forward 
difference. 

Follow the above instructions to derive the Lax-Wendroff scheme for 
solving (5.1.20)-(5.1.21). 

5.2 Lax equivalence theorem 

In this section, we follow [67] to present one version of the Lax equivalence 
theorem for analyzing difference methods in solving initial value or initial
boundary value problems. The rigorous theory is developed in an abstract 
setting. To help understand the theory, we use the sample problem (5.1.5)
(5.1.7) with f(x, t) = 0 to illustrate the notation, assumptions, definitions 
and the equivalence result. 

We first introduce an abstract framework. Let V be a Banach space, 
Va ~ V a dense subspace of V. Let L : Vo <;;; V ---t V be a linear operator. 
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The operator L is usually unbounded and can be thought of as a differential 
operator. Consider the initial value problem 

{ 
d~~t) = Lu(t), 0::; t ::; T, 

u(O) = Uo. 
(5.2.1) 

This problem also represents an initial-boundary value problem with ho
mogeneous boundary value conditions when they are included in definitions 
of the space V and the operator L. The next definition gives the meaning 
of a solution of the problem (5.2.1). 

Definition 5.2.1 A function u : [0, T] -t V is a solution of the initial 
value problem (5.2.1) if for any t E [0, TJ, u(t) E Vo, 

l~~o II ~t (u(t + ~t) - u(t)) - Lu(t) II = 0, (5.2.2) 

and u(O) = Uo. 

In the above definition, the limit in (5.2.2) is understood to be the right 
limit at t = 0 and the left limit at t = T. 

Definition 5.2.2 The initial value problem (5.2.1) is well-posed if for any 
Uo E Vo, there is a unique solution u = u(t) and the solution depends 
continuously on the initial value: There exists a constant eo > 0 such that 
if u(t) and u(t) are the solutions for the initial values uo, Uo E Vo; then 

sup Ilu(t) - u(t)lIv ::; colluo - uollv. (5.2.3) 
O~t~T 

From now on, we assume the initial value problem (5.2.1) is well-posed. 
We denote the solution as 

u(t) = Set) Uo, Uo E Vo· 

Using the linearity of the operator L, it is easy to see that the solution 
operator Set) is linear. From the continuous dependence property (5.2.3), 
we have 

sup IIS(t) (uo - uo)llv ::; eolluo - uollv, 
O~t~T 

sup IIS(t)uollv::; colluollv Vuo E Vo· 
O~t~T 

By Theorem 2.4.1, the operator Set) : Vo ~ V -t V can be uniquely 
extended to a linear continuous operator Set) : V -t V with 

sup IIS(t)llv::; co· 
O~t~T 

Definition 5.2.3 For Uo E V\ Vo, we call u(t) = S(t)uo the generalized 
solution of the initial value problem (5.2.1). 
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Example 5.2.4 We use the following problem and its finite difference 
approximations to illustrate the use of the abstract framework of the section. 

{ 

Ut = v Uxx in [0,7r] X [0, T], 

u(O,t) = u(7r,t) = ° 0:::; t:::; T, 

u(x, 0) = uo(x) 0:::; x :::; 7r. 

(5.2.4) 

We take V = Co[O,7r] = {v E C[O,7r] I v(O) = v(7r) = O} 
II . Ilc[o;11"]' We choose 

with the norm 

n 

Vo = {v I vex) = L aj sin(jx), aj E ffi., n = 1,2, ... }. 
j=l 

The verification that Vo is dense in V is left as an exercise. 
If Uo E Vo, then for some integer n ~ 1 and b1 , ... , bn E ffi., 

n 

uo(x) = L bj sin(jx). 
j=l 

For this Uo, it can be verified directly that the solution is 
n 

u(x, t) = L bje-Vj2t sin(jx). 
j=l 

(5.2.5) 

(5.2.6) 

(5.2.7) 

By using the maximum principle for the heat equation (see, e.g., [48j or 
other textbooks on partial differential equations), 

min{O, min uo(x)}:::; u(x, t) :::; max{O, max uo(x)}, 
O~x~~ O~x~~ 

we see that 

max lu(x, t)l:::; max luo(x)1 Vt E [0, T]. 
O~x~~ O~x~~ 

Thus the operator Set) : Vo <:;:; V ~ V is bounded. 
Then for a general Uo E V, the problem (5.2.4) has a unique solution. If 

Uo E V has a piecewise continuous derivative in [0, 7r], then from the theory 
of Fourier series, 

00 

uo(x) = L bj sin(jx) 
j=l 

and the solution u(t) can be expressed as 
00 

u(x, t) = S(t)uo(x) = L bje-Vj2t sin(jx). 
j=l 

Return to the abstract problem (5.1.5)-(5.1.7). We present two results; 
the first one is on the time continuity of the generalized solution and the 
second one shows the solution operator Set) forms a semigroup. 
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Proposition 5.2.5 For any Uo E Vo, the generalized solution of the initial 
value problem (5.1.5)-(5.1.7) is continuous in t. 

Proof. Choose a sequence {UO,n} ~ Vo that converges to Uo in V: 

Iluo,n - uollv -t ° as n -t 00. 

Let to E [0, T] be fixed, and t E [0, T]. We write 

u(t) - u(to) = S(t)uo - S(to)uo 

= S(t)(uo - UO,n) + (S(t) - S(tO))UO,n - S(to)(uo - UO,n). 

Then 

Ilu(t) - u(to)llv ::; 2colluo,n - uollv + II(S(t) - S(tO))uo,nllv. 

Given any c > 0, we choose n sufficiently large such that 
c 

2colluo,n - uollv < 2' 

For this n, using (5.2.2) of the definition of the solution, we have a 8 > ° 
such that 

c 
II(S(t) - S(tO))uo,nllv < 2 for It - tol < 8. 

Then for t E [0, T] with It - tol < 8, we have Ilu(t) - u(to)llv ::; c. • 

Proposition 5.2.6 Assume the problem (5.2.1) is well-posed. Then for all 
h, to E [0, T] such that tl + to ::; T, we have S(tl + to) = S(tI) S(to). 

Proof. The solution of the problem (5.2.1) is u(t) = S(t)uo. We have 
u(to) = S(to)uo and S(t)u(to) is the solution of the differential equation 
on [to, T) with the initial condition u(to) at to. By the uniqueness of the 
solution, 

S(t)u(to) = u(t + to), 

i.e., 

S(tl)S(tO)UO = S(h + to)uo· 

Therefore, S(tl + to) = S(tt) S(to). • 
Now we introduce a finite difference method defined by a one-parameter 

family of uniformly bounded linear operators 

C(fl.t) : V -t V, ° < fl.t ::; fl.to. 

Here fl.to > ° is a fixed number. The family {C(fl.t)}o<ll.t::;ll.to is said to be 
uniformly bounded if there is a constant c such that 

IIC(fl.t)II ::; c \:j fl.t E (0, fl.to). 

The approximate solution is then defined by 

ull.t(mfl.t) = C(fl.t)muo, m = 1,2, ... 
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Definition 5.2.7 (CONSISTENCY) The difference method is consistent if 
there exists a dense subspace Vc of V such that for all Uo EVe, for the 
corresponding solution u of the initial value problem (5.2.1), we have 

l~~o 111t (C(.6.t)u(t) - u(t + .6.t)) II = 0 uniformly in [0, T]. 

Assume Vc n Vo i- 0. For Uo E Vc n Yo, we write 

1 
.6.t (C(.6.t)u(t) - u(t + .6.t)) 

= (C(.6.~ - I _ L )u(t) _ (u(t + .6.~~ - u(t) _ Lu(t)). 

Since 

u(t + .6.t) - u(t) L ( ) A --'-----,-'------'---'- - u t ----t 0 as I...l.t ----t 0 
.6.t 

by the definition of the solution, we see that 

(C(.6.~~ - I _ L )u(t) ----t 0 as.6.t ----t 0; 

so (C(.6.t) - 1) j .6.t is a convergent approximation of the operator L. 

Example 5.2.8 (continuation of Example 5.2.4) Let us now consider 
the forward method and the backward method from Example 5.1.1 for the 
sample problem (5.2.4). For the forward method, we define the operator 
C(.6.t) by the formula 

C(.6.t)v(x) = (1- 2r) v(x) + r (v(x + .6.x) + v(x - .6.x)), 

where.6.x = Jv.6.tjr and if x±.6.x (j. [0, 7r]; then the function v is extended 
by oddness with period 27r. We will identify .6.t with ht and .6.x with hx . 

Then C(.6.t) : V ----t V is a linear operator and it can be shown that 

IIC(.6.t)vllv ::::: (11- 2rl + 2r) Ilvllv \Iv E V. 

So 

IIC(.6.t)11 ::::: 11 - 2rl + 2r, (5.2.8) 

and the family {C (.6.t)} is uniformly bounded. The difference method is 

uL~Atm) = C(.6.t)ULlt(tm-l) = C(.6.t)muo 

or 

Notice that in this form, the difference method generates an approximate 
solution ULlt(X, t) that is defined for x E [0,7r] and t = tm , m = 0, 1, ... , Nt. 
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Since 

Uflt(Xj, tm+l) = (1 - 2r) Uflt(Xj, tm ) 

+ r (Uflt(Xj-l, tm ) + Uflt(Xj+l, tm )), 

1 ::; j ::; Nx - 1, 0::; m ::; Nt - 1, 

Uflt(O, tm ) = uflt(Nx, tm ) = 0, 0::; m ::; Nt, 

Uflt(Xj,O) = uO(Xj), 0::; j ::; Nx, 

we see that the relation between the approximate solution Uflt and the so
lution v defined by the ordinary difference scheme (5.1.8)-(5.1.10) (with 
ff = 0) is 

(5.2.9) 

As for the consistency, we take Vc = Vo. For the initial value function 
(5.2.6), we have the formula (5.2.7) for the solution which is obviously 
infinitely smooth. Now using Taylor expansions at (x, t), we have 

C(~t)U(x, t) - u(x, t + ~t) 
= (1 - 2r)u(x, t) + r (u(x + ~x, t) + u(x - ~x, t)) - u(x, t + ~t) 
= (1 - 2r)u(x, t) + r (2u(x, t) + uxx(x, t)) 

+ ;! (uxxxx(x + (h~x, t) + uxxxx(x - ()2~X, t)) (~x)4 

- u(x, t) - Ut(x, t) ~t - ~ Utt(x, t + ()3~t) (~t? 
1 2 = -"2 Utt(x, t + ()3~t) (~t) 

1/2 
- 24r (Uxxxx(X + ()l~X, t) + Uxxxx(x - ()2~X, t)) (~t)2, 

where, ()ll ()2, ()3 E (0,1). Thus, 

II ~t (C(~t)u(t) - u(t + ~t)) II ::; c~t, 
and we have the consistency of the scheme. 

For the backward method, Uflt(" t + ~t) = C(~t)Uflt(-, t) is defined by 

(1 + 2r) Uflt(X, t + ~t) - r (Uflt(X - ~x, t + ~t) 
+ Uflt(X + ~x, t + ~t)) = Uflt(X, t) 

with ~x = JI/~t/r. Again, for x ± ~x fj. [0,7rJ, the function U is extended 
by oddness with period 27r. Rewrite the relation in the form 

Uflt(X, t + ~t) 
r Uflt(X,~ 

= -1 2 (Uflt(X - ~x, t + ~t) + Uflt(X + ~x, t + ~t)) + . 
+ r 1 + 2r 
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Let Ilu~t(-, t + ilt)llv = IU~t(xo, t + ilt)1 for some Xo E [0, ?fl. Then 

r 
Ilu~t(-, t + ilt)llv ~ 1 + 2r (Iu~t(x - ilx, t + ilt)1 + IU~t(x + ilx, t + ilt)!) 

IU~t(x, t)1 
+ 1 + 2r ; 

i.e., 

So 

Ilu~t(-, t + ilt)llv ~ Ilu~t(-, t)llv 

and the family {C(ilt) }o<~t:<:;~to is uniformly bounded. 
Showing consistency of the backward scheme is more involved, and the 

argument is similar to that in Example 5.3.4 where the definition of the 
consistency is slightly different but is essentially the same. 

Let us return to the general case. 

Definition 5.2.9 (CONVERGENCE) The difference method is convergent 
if for any fixed t E [0, T], any Uo E V, we have 

lim II(C(ilti)mi - S(t))uoll = ° 
~ti---+O 

where {md is a sequence of integers and {iltd a sequence of step sizes 
such that limi---+oo miilti = t. 

Definition 5.2.10 (STABILITY) The difference method is stable if the 
operators 

{C(ilt)m I 0< ilt ~ ilto, milt ~ T} 

are uniformly bounded; i. e., there exists a constant Mo > ° such that 

We now come to the central result of the section. 

Theorem 5.2.11 (LAX EQUIVALENCE THEOREM) Suppose the initial 
value problem (5.2.1) is well-posed. For a consistent difference method, 
stability is equivalent to convergence. 

Proof. (==}) Consider the error 

C(ilt)muo - u(t) 
m-l 

= L C(ilt)j[C(ilt)u((m - 1 - j)ilt) - u((m - j)ilt)] 
j=l 

+ u(milt) - u(t). 
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First assume Uo E Vc. Then since the method is stable, 

IIC(~t)muo _ u(t)11 ::; Mo m~ts~p II C(~t)u(t)~ u(t + ~t) II 

+ Ilu(m~t) - u(t)ll· (5.2.10) 

By continuity, Ilu(m~t) - u(t)11 ---+ 0, and by the consistency, 

II C(~t)u(t) - u(t + ~t) II 0 sup A ---+ • 
t ~t 

So we have the convergence. 
Next consider the convergence for the general case where Uo E V. We 

have a sequence {UO,n} <:;:; Vo such that UO,n ---+ Uo in V. Writing 

C(~t)muo - u(t) 

= C(~t)m(uo - UO,n) + [C(~t)m - S(t)]UO,n - S(t) (uo - UO,n), 

we obtain 

IIC(~t)muo - u(t)11 ::; IIC(~t)m(uo - uO,n)11 

+ II[C(~t)m - S(t)]uo,nll + IIS(t) (uo - uo,n)ll· 

Since the initial value problem (5.2.1) is well-posed and the method is 
stable, 

IIC(~t)muo - u(t)11 ::; c Iluo - uo,nll + II[C(~t)m - S(t)]uo,nll. 

Given any € > 0, there is an n sufficiently large such that 
€ 

c Iluo - uo,nll < 2· 

For this n, let ~t be sufficiently small, 
€ 

II[C(~t)m - S(t)]uo,nll < 2 V ~t small, Im~t - tl < ~t. 

Then we obtain the convergence. 
( -¢=) Suppose the method is not stable. Then there are sequences {~tk} 

and {md such that mk~tk ::; T and 

lim IIC(~tk)mk II = 00. 
k->oo 

Since ~tk ::; ~to, we may assume the sequence {~td is convergent. If the 
sequence {mk} is bounded, then 

sup IIC(~tk)mk II ::; sup IIC(~tk)llmk < 00. 
k k 

This is a contradiction. Thus mk ---+ 00 and ~tk ---+ 0 as k ---+ 00. 

By the convergence of the method, 

sup IIC(~tk)mkuoll < 00 Vuo E V. 
k 
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Applying Theorem 2.4.4, we have 

lim IIC(~tk)mk II < 00, 
k-'>oo 

contradicting the assumption that the method is not stable. • 
Corollary 5.2.12 (CONVERGENCE ORDER) Under the assumptions of 
Theorem 5.2.11, if u is a solution with initial value Uo E Vc satisfying 

sup II C(~t)u(t) - u(t + ~t) II ~ c (~t)k \:I ~t E (0, ~to], 
O::;;t~T ~t 

then we have the error estimate 

where m is a positive integer with m~t = t. 

Proof. The error estimate follows immediately from (5.2.10). • 

Example 5.2.13 (continuation of Example 5.2.8) Let us apply the Lax 
equivalence theorem to the forward and backward schemes for the sample 
problem 5.2.4. For the forward scheme, we assume r ~ 1/2. Then according 
to (5.2.8), IIC(~t)11 ~ 1 and so 

IIC(~t)mll ~ 1, m = 1,2, ... 

Thus under the condition r ~ 1/2, the forward scheme is stable. Since the 
scheme is consistent, we have the convergence 

(5.2.11) 

where limAti-->o mi~ti = t. 
Actually, it can be shown that 

IIC(~t)11 = 11 - 2rl + 2r 

and r ~ 1/2 is a necessary and sufficient condition for stability and then 
convergence (cf. Exercise 5.2.3). 

By the relation (5.2.9), we see that for the finite difference solution {vj} 
defined in (5.1.8)-(5.1.10) with ff = 0, we have the convergence 

lim max: Iv} - u(Xj, t)1 = 0, 
ht-->O O~j~Nx 

where m depends on ht and limht-->o mht = t. 
Since we need a condition (r ~ 1/2 in this case) for convergence, 

the forward scheme is said to be conditionally stable and conditionally 
convergent. 

For the backward scheme, for any r, IIC(~t)11 ~ 1. Then 

IIC(~t)mll ~ 1 \:1m. 

So the backward scheme is unconditionally stable, which leads to un
conditional convergence of the backward scheme. We skip the detailed 
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presentation of the arguments for the above statement since the arguments 
are similar to those for the forward scheme. 

We can also apply Corollary 5.2.12 to claim convergence order for the 
forward and backward schemes (see examples 5.3.3 and 5.3.4 in the next 
section for some similar arguments). 

Exercise 5.2.1 Show that the subspace Vo defined in (5.2.5) is dense in V. 

Exercise 5.2.2 Analyze the Crank-Nicolson scheme for the problem 
(5.2.4) . 

Exercise 5.2.3 Consider the forward scheme for solving the sample 
problem 5.2.4. Show that 

11C(~t)1I = 11- 2rl + 2r 

and r ::; 1/2 is a necessary and sufficient condition for both stability and 
convergence. 

5.3 More on convergence 

In the literature, one can find various slightly different variants of the Lax 
equivalence theorem presented in the preceding section. Here we consider 
one such variant that is usually more convenient to apply in analyz
ing convergence of difference schemes for solving initial-boundary value 
problems. 

Consider an initial-boundary value problem of the form 

Lu = f in (O,a) x (O,T), 

u(O, t) = u(a, t) = ° t E [0, TJ, 
u(x, 0) = uo(x) x E [O,a]. 

(5.3.1) 

(5.3.2) 

(5.3.3) 

Here f and Uo are given data, and L is a linear partial differential operator 
of first order with respect to the time variable. For the problem (5.1.5)
(5.1.7), L = at -1/ a;. We assume for the given data f and uo, the problem 
(5.3.1)-(5.3.3) has a unique solution u with certain smoothness that makes 
the following calculations meaningful (e.g., derivatives of u up to certain 
order are continuous). 

Again denote N x and Nt positive integers, hx = alNx , ht = TINt and 
we use the other notations introduced in Example 5.1.1. Corresponding to 
the time level t = t m , we introduce the solution vector 

m _ ( m m)T 11])Nx -1 
V - VI, ... ,VNx-1 EIDio. , 

where the norm in the space ~Nx-I is denoted by 11·11; this norm depends on 
the dimension N x -1, but we do not indicate this dependence explicitly for 
notational simplicity. We will be specific about the norm when we consider 
concrete examples. 
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Consider a general two-level scheme 

vm+1 = Qvm + htgm , 0:::; m:::; Nt -1, 

v O = u O• 

(5.3.4) 

(5.3.5) 

Here the matrix Q E ~(Nx-l)x(Nx-l) may depend on ht and hx . We use 
IIQII to denote the operator matrix nOrm induced by the vector nOrm on 
~Nx-l. The vector gm is usually constructed from values of f at t = t m, 

u O = (UO(Xl), ... , uo(xNx-d?, 

and in general 

with U the solution of (5.3.1)-(5.3.3). 
We now introduce definitions of consistency, stability, and convergence 

for the scheme (5.3.4)-(5.3.5). For this, we need to define a quantity 'Tm 

through the relation 

(5.3.6) 

This quantity 'Tm can be called the local truncation error of the scheme. 
As we will see from examples below, for an explicit method, 'Tm defined in 
(5.3.6) is indeed the local truncation errOr used in many references. In the 
case of an implicit method, 'Tm defined here is related to the usual local 
truncation error by a linear transformation. 

Definition 5.3.1 We say the difference method (5.3.4)-(5.3.5) is consis
tent if 

sup II'Tmll--+ 0 as ht,hx --+ O. 
m:mht '5!,T 

The method is of order (Pl,P2) if, when the solution U is sufficiently smooth, 
there is a constant c such that 

sup II'Tmll:::; C(h~' + hf2). (5.3.7) 
m:mht '5!,T 

The method is said to be stable if for some constant Mo < 00, which may 
depend on T, we have 

sup IIQmll:::; Mo. 
m:mht;ST 

The method is convergent if 

sup Ilum - vmll --+ 0 as ht, hx --+ O. 
m:mht '5!,T 

We have the following theorem concerning convergence and convergence 
order of the difference method. 
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Theorem 5.3.2 Assume the scheme (5.3.4)-(5.3.5) is consistent and 
stable. Then the method is convergent. 

Suppose the solution u is sufficiently smooth so that (5.3.7) holds. Then 
we have the error estimate 

sup Ilum-ymll:::;c(h~'+hf2). 
m:mht~T 

Proof. Introduce the error vectors: em = um - ym for m = 0,1, ... , Nt. 
Then eO = 0 by the definition of the initial value for the scheme. We have 
the error recursion relation: 

em+1 = Q em + !:1t rm. 

Using this relation repeatedly and remembering eO = 0, we find 
m 

em+! = !:1t L Qlrm-l. 

1=0 

Thus 
m 

Ilem+111 :::;!:1t L IIQ1111Irm-lll· 
1=0 

Apply the stability condition, 

Ilem+111 :::; Mo(m + l)!:1t sup Ilrm-111. 
O~l~m 

Then we have the inequality 

sup Ilum - ymll :::; MoT sup Ilrmll, 
m:mht~T m:mht~T 

and the claims of the theorem follow. • 
Example 5.3.3 We give a convergence analysis of the scheme (5.1.8)
(5.1.10). Assume Utt, Uxxxx E C([O, 1T] x [0, T]). Then (cf. (5.1.11)) 

uj+l = (1- 2r) uj + r (uj+! + Uj_l) + hdj + htTj, 

where, following easily from Taylor expansions, 

IT,!, I :::; c(h; + hd, 

with the constant c depending on Utt and Uxxxx . 

The scheme (5.1.8)-(5.1.10) can be written in the form (5.3.4)-(5.3.5) 
with 

1- 2r r 
r 1 - 2r r 

Q= 
r 1- 2r r 

r 1- 2r 
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and 

m fm - (fm fm)T g = = 1,···, N x -l . 

Let us assume the condition r ::S 1/2. Then if we choose to use the 
maximum-norm, we have 

Thus the method is stable, and we can apply Theorem 5.3.2 to conclude 
that under the conditions Utt, U xxxx E C([O, 71"] x [0, T]) and r ::S 1/2, 

max Ilum - vmll oo ::S c (h; + ht). 
O~m~Nx 

Now suppose we use the discrete weighted 2-norm: 

It is easy to see that the induced matrix norm is the usual spectral norm 
IIQI12. Since Q is symmetric and its eigenvalues are (see Exercise 5.3.1) 

Aj (Q) = 1 - 4r sin2 (j;J, 1:S:: j :s:: Nx - 1, 

we see that under the condition r :s:: 1/2, 

; i. e., the method is stable. It is easy to verify that 

Thus by Theorem 5.3.2, we conclude that under the conditions Utt, U xxxx E 

C([O, 71"] x [0, T]) and r :s:: 1/2, 

max Ilum - vml12,hx :s:: c(h; + ht). 
O~m~Nx 

Example 5.3.4 Now consider the backward scheme (5.1.12)-(5.1.14). 
Assume Utt, Uxxxx E C([O, 71"] x [0, T]). Then (cf. (5.1.15)) 

(1 + 2r) uj - r (uj+1 + uj_l) = uj-l + hdj + htTj, 

where 

with the constant c depending on Utt and U xxxx . Define the matrix 

Q _ Q-l 
- 1 , 
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where 

1 + 2r -r 
-r 1 + 2r-r 

-r 1 + 2r -r 
-r 1 + 2r 

Let gm = Qfm and rm = Q7"'. Then the scheme (5.1.12)-(5.1.14) can be 
written in the form (5.3.4)-(5.3.5). 

First we consider the convergence in 11·1100' Let us estimate II Q II 00' Prom 
the definition of Q, 

Y = Qx {::=} x = QIY for x, Y E ]RNx-l. 

Thus 
r Xi 

Yi = 1 + 2r (Yi-l + Yi+l) + 1 + 2r' 1::; i ::; N x - 1. 

Suppose Ilylioo = IYil· Then 

r Ilxll oo 
IIYlloo = IYil ::; 1 + 2r 211Yll00 + 1 + 2r' 

So 

IIQxll oo = IIYlloo ::; Ilxll oo 't/x E ]RNx-l. 

Hence 

IIQlloo ::; 1, 

the backward scheme is unconditionally stable and it is easy to see 

Ilrmll oo ::; 117"'1100' 

Applying Theorem 5.3.2, for the backward scheme (5.1.12)-(5.1.14), we 
conclude that under the conditions Utt, U xxxx E C([O, 7r] x [0, T]), 

max Ilum - vmll oo ::; c(h; + ht). 
0::::; m::::; N x 

Now we consider the convergence in II . 112,hx ' By Exercise 5.3.1, the 
eigenvalues of Ql are 

2 j7r 
Aj(Ql) = 1 +4r cos 2Nx ' 1::; j::; N x -1. 

Since Q = Ql1, the eigenvalues of Q are 

Aj(Q) = Aj(Qd-1 E (0,1), 1::; j ::; Nx - 1. 

Now that Q is symmetric because Ql is, 
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So the backward scheme is unconditionally stable measured in 1I·1I2,h"" and 
it is also easy to deduce 

Ilrmlb,h", :S II'TmI12,h",. 
So for the backward scheme (5.1.12)-(5.1.14), we apply Theorem 5.3.2 to 
conclude that under the conditions Utt, U xxxx E C([O, 1f] x [0, T]), 

O~~~xN", Ilum - vmI12,h", :S c (h; + ht ). 

Exercise 5.3.1 Show that for the matrix 

Q= 

a c 
b a c 

b a c 
b a 

of order N x N, the eigenvalues are 

Aj = a + 2-../bc cos (): 1)' 1:S j :S N. 

Hint: For the nontrivial case bc i- 0, write 

Q = aI + -../bcD-lAD 

with D is a diagonal matrix with the diagonal elements JC/b, (JC/b)2, 
... , (JC/b)N, and A is a tridiagonal matrix 

A= 

° 1 1 0 1 

101 
1 0 

Then find the eigenvalues of A by following the definition of the eigenvalue 
problem and solving a difference system for components of associated eigen
vectors. An alternative approach is to relate the characteristic equation of 
A through its recurssion formula to Chebyshev polynomials of the second 
kind (cf. [11, p. 497]). 

Exercise 5.3.2 Give a convergence analysis for the Crank-Nicolson 
scheme (5.1.16)-(5.1.18) by applying Theorem 5.3.2, as is done for the 
forward and backward schemes in examples. 

Exercise 5.3.3 The forward, backward, and Crank-Nicolson schemes are 
all particular members in a family of difference schemes called generalized 
mid-point methods. Let () E [0,1] be a parameter. Then a generalized mid-
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point scheme for the initial-boundary value problem (5.1.5)-(5.1.7) is 

m 2 m m m-1 2 m-1 m-1 
V'+l - v' + v' 1 V'+l - v' + v' 1 = V () J J J- + v (1 _ ()) J J J-

h~ h~ 

+ () fj + (1 - ()) fj-1, 15: j 5: N x - 1, 15: m 5: Nt, 

aupplemented by the boundary condition (5.1.13) and the initial condition 
(5.1.14). Show that for () E [1/2,1]' the scheme is unconditionally stable 
in both II . 112,hx and II . 1100 norms; for () E [0,1/2), the scheme is stable 
in II . 112,hx norm if 2 (1 - 2 ()) r 5: 1, and it is stable in II . 1100 norm if 
2 (1 - ()) r 5: 1. Determine the convergence orders of the schemes. 

Suggestion for Further Readings 

More details on theoretical analysis of the finite difference method, e.g., 
treatment of other kind of boundary conditions, general spatial domains for 
higher spatial dimension problems, approximation of hyperbolic or elliptic 
problems, can be found in several books on the topic, e.g., [154]. For the 
finite difference method for parabolic problems, [158] is an in-depth sur
vey. Another popular approach to developing finite difference methods for 
parabolic problems is the method of lines; see [11, p. 414] for an introduction 
that discusses some of the finite difference methods of this chapter. 

For initial-boundary value problems of evolution equations in high spatial 
dimensions, stability for an explicit scheme usually requires the time step
size to be prohibitively small. On the other hand, some implicit schemes are 
unconditionally stable, and stability requirement does not impose restric
tion on the time stepsize. The disadvantage of an implicit scheme is that 
at each time level we may need to solve an algebraic system of very large 
scale. The idea of operator splitting technique is to split the computation 
for each time step into several substeps such that each substep is implicit 
only in one spatial variable and at the same time good stability property is 
maintained. The resulting schemes are called alternating direction methods 
or fractional step methods. See [113, 169] for detailed discussions. 

Many physical phenomena are described by conservation laws (conser
vation of mass, momentum, and energy). Finite difference methods for 
conservation laws constitute a large research area. The interested reader 
can consult [60] and [107] . 

Extrapolation methods are efficient means to accelerate the convergence 
of numerical solutions. For extrapolation methods in the context of the 
finite difference method, see [114]. 



6 
Sobolev Spaces 

In this chapter, we review definitions and properties of Sobolev spaces, 
which are indispensable for a theoretical analysis of partial differential equa
tions and boundary integral equations, as well as being necessary for the 
analysis of some numerical methods for solving such equations. Most re
sults are stated without proof; detailed proofs of the results can be found 
in standard references on Sobolev spaces, e.g., [1]. 

6.1 Weak derivatives 

We need the multi-index notation for partial derivatives introduced in 
Section 1.4. 

Our purpose here is to extend the definition of derivatives. To do this, 
we start with the classical "integration by parts" formula 

L v(x) DC<¢(x) dx = (_1)1c<1 L DQv(x) ¢(x) dx, (6.1.1) 

which holds for v E C m (f2), ¢ E Co(f2) and 10:1 ~ m. This formula, relating 
differentiation and integration, is a most important formula in calculus. The 
weak derivative is defined in such a way that, first, if the classical derivative 
exists then the two derivatives coincide so that the weak derivative is an ex
tension of the classical derivative; second, the integration by parts formula 
(6.1.1) holds. A more general approach for the extension of the classical 
derivatives is to first introduce the derivatives in the distributional sense. 
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A detailed discussion of distributions and the derivatives in the distribu
tional sense can be found in several monographs, e.g., [149J. Here we choose 
to introduce the concept of the weak derivatives directly, which is sufficient 
for this text. 

As preparation, we first introduce the notion of locally integrable 
functions. 

Definition 6.1.1 Let 1 ::; p < 00. A function v : 0 ~ ]Rd ---> ]R is said to 
be locally p-integrable, v E Lioc(O), if for every x E 0, there is an open 
neighborhood Of ofx such that 0' ~ 0 and v E LP(O'). 

Notice that a locally integrable function can behave arbitrarily badly near 
the boundary 80. One such example is the function ed(x)-l sin(d(x)-i), 
where d(x) == infyEan Ilx - yll is the distance from x to a~. 

We have the following useful result which will be used repeatedly ([171, 
p. 18]). 

Lemma 6.1.2 (GENERALIZED VARIATIONAL LEMMA) Let v E Lfoc(O) 
with 0 a non-empty open set in ]Rd. If 

10 vex) ¢(x) dx = 0 

then v = 0 a.e. on O. 

v ¢ E Cg"(O), 

Now we are ready to introduce the concept of a weak derivative. 

Definition 6.1.3 Let 0 be a non-empty open set in ]Rd, v, w E Lfoc(O). 
Then w is called a weak oih derivative of v if 

10 vex) DO:¢(x) dx = (-1)10:110 w(x) ¢(x) dx v ¢ E Cg"(O). (6.1.2) 

Lemma 6.1.4 A weak derivative, if it exists, is uniquely defined up to a 
set of measure zero. 

Proof. Suppose v E Lfoc(O) has two weak ath derivatives Wi, W2 E 
Lfoc(O). Then from the definition, we have 

10 (Wi (x) - W2(X)) ¢(x) dx = 0 V ¢ E Cg"(O). 

Applying Lemma 6.1.2, we conclude Wi = W2 a.e. on O. _ 
From the definition of the weak derivative and Lemma 6.1.4, we 

immediately see the following result holds. 

Lemma 6.1.5 If v E cm(o), then for each 0', with 10',1 ::; m, the classical 
partial derivative DO:v is also the weak a th partial derivative of v. 

Because of Lemma 6.1.5, it is natural to use all those notations of the 
classical derivative also for the weak derivative. For example, aiv = VXi 

denote the first-order weak derivative of v with respect to Xi. 
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The weak derivatives defined here coincide with the extension of the 
classical derivatives discussed in Section 2.4. Let us return to the situation 
of Example 2.4.2, where the classical differentiation operator D : C 1 [0, 1] -+ 

L2(0, 1) is extended to the differentiation operator D defined over H1(0, 1), 
the completion of C 1 [0, 1] under the norm 11·111,2. For any v E H1(0, 1), 
there exists a sequence {vn } ~ C1 [0, 1] such that 

Ilvn - v111,2 -+ ° as n -+ 00, 

which implies, as n -+ 00, 

Vn -+ v and DVn -+ Dv in L2(0, 1). 

Now by the classical integration by parts formula, 

11 vn(x) D¢(x) dx = -11 
Dvn(x) ¢(x) dx If ¢ E CO'(O, 1). 

Taking the limit as n -+ 00 in the above relation, we obtain 

11 vex) D¢(x) dx = -11 
Dv(x) ¢(x) dx If ¢ E CO'(O, 1). 

Hence, Dv is also the first-order weak derivative of v. 
Now we examine some examples of weakly differentiable functions that 

are not differentiable in the classical sense, as well as some examples of 
functions that are not weakly differentiable. 

Example 6.1.6 The absolute value function vex) = Ixl is not differen
tiable at x = ° in the classical sense. Nevertheless the first-order weak 
derivative of Ixl at x = ° exists. Indeed, it is easy to verify that 

{
I, x> 0, 

w(x) = -1, x < 0, 
co, x = 0, 

where Co E lR. is arbitrary, is a first-order weak derivative of the absolute 
value function. 

Example 6.1.7 Functions with jump discontinuities are not weakly differ
entiable. For example, define 

{
-I, -1 < x < 0, 

v(x)= co, x=O, 

1, ° < x < 1, 

where Co E lR.. Let us show that the function v does not have a weak deriva
tive. We argue by contradiction. Suppose v is weakly differentiable with the 
derivative w E Lfoc ( -1, 1). By definition, we have the identity 

[11 vex) ¢'(x) dx = _[11 w(x)¢(x) dx \;I ¢ E cge( -1,1). 
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Figure 6.1. A continuous function that is piecewisely smooth 

The left-hand side of the relation can be simplified to - 21>(0). Hence we 
have the identity 

111 w(x) 1>(X) dx = 21>(0) V1>ECO'(-1,1). 

Taking 1> E CO'(O, 1), we get 

11 w(x) 1>(X) dx = 0 v 1> E CO'(O, 1). 

By Lemma 6.1.2, we conclude that w(x) = 0 a.e. on (0,1). Similarly, 
w(x) = 0 on (-1,0). So w(x) = 0 a.e. on (-1,1), and we arrive at the 
contradictory relation 

0=21>(0) v 1> E CO'( -1,1). 

Thus the function v is not weakly differentiable. 

Example 6.1.8 More generally, assume v E C[a, bJ is piecewisely continu
ously differentiable (Figure 6.1); i. e., there exists a partition of the interval, 
a = Xo < Xl < ... < Xn = b, such that v E C 1[Xi_1, Xi], 1 ::; i ::; n. Then 
the first-order weak derivative of v is 

( ) ={V/(X), XEUi'=l(Xi-l,Xi), 
w X b· 0 . ar Itrary, X = Xi, ::; Z ::; n. 

This result can be verified directly by applying the definition of the weak 
derivative. Notice that a second-order weak derivative of v does not exist. 

Example 6.1.9 In the finite element analysis for solving differential and 
integral equations, we frequently deal with piecewise polynomials, or piece
wise images of polynomials. Suppose n ~ 1R2 is a polygonal domain and is 
partitioned into polygonal subdomains: 

N 

0= UOn. 
n=l 
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Each subdomain Oi is usually taken to be a triangle or a quadrilateral. 
Suppose for some non-negative integer k, 

v E Ck(O), vlnn E Ck+l(nn), 1::; n ::; N. 

Then the (k + l)th weak partial derivatives of v exist, and for a multi-index 
a of length k + 1, the a th weak derivative of v is given by the formula 

{ Dav(x), XEU{=lOi, 
arbitrary, otherwise. 

When 0 is a general curved domain, On may be a curved triangle or 
quadrilateral. Finite element functions are piecewise polynomials or im
ages of piecewise polynomials. The index k is determined by the order 
of the PDE problem and the type of the finite elements (conforming or 
non-conforming). For example, for a second-order elliptic boundary value 
problem, finite element functions for a conforming method are globally 
continuous and have first-order weak derivatives. For a non-conforming 
method, the finite element functions are not globally continuous, and hence 
do not have first-order weak derivatives. Nevertheless, such functions are 
smooth in each subdomain (element). For details, see Chapter 9. 

Most differentiation rules for classical derivatives can be carried over to 
weak derivatives. Two such examples are the following results, which can 
be verified directly from the definition of a weak derivative. 

Proposition 6.1.10 Let a be a multi-index, Cl, C2 E JR. If Dau and Dav 
exist, then Da (Cl U + C2V) exists and 

Da(C1U + C2V) = clDau + C2 Dav. 

Proposition 6.1.11 Let p, q E (1,00) be related by } + ~ 1. Assume 

u,UXi E Lioc(O) and V,VXi E Lfoc(O). Then (UV)Xi exists and 

(UV)Xi =uXiV+UVXi ' 

We have the following specialized form of the chain rule. 

Proposition 6.1.12 Assume f E C l (JR, JR) with f' bounded. Suppose 0 <;;;; 

JRd is open bounded, and for some p E (1, (0), v E LP(O) and VXi E LP(O), 
1 ::; i ::; d (i.e., v E Wl,P(O) using the notation of the Sobolev space 
Wl,P(O) to be introduced in the following section). Then (f(V))Xi E £P(O), 
and (f(v))x, = J'(v) vxp 1::; i ::; d. 

Exercise 6.1.1 Prove Proposition 6.1.12 using the definition of the weak 
derivatives. 

Exercise 6.1.2 Let 

J() { 1, -1 < x < 0, 
x = ax + b, 0 ::; x < 1. 
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Find a necessary and sufficient condition on a and b for f(x) to be weakly 
differentiable on (-1, 1). Calculate the weak derivative f' (x) when it exists. 

Exercise 6.1.3 Show that if v E W1,P(0), 1:::; p:::; 00, then Ivl,v+,v- E 
W1,P(0), and 

Dv+ _ {DV' a.e. on {x EO I v(x) > O}, 
- 0, a.e. on {x EO I v(x) :::; O}, 

Dv- _ {O, a.e. on {x E 0 I v(x) 20}, 
- -Dv, a.e. on {x E 0 I v(x) < O}, 

where, v+ = (Ivl + v)/2 is the positive part of v, and v- = (Ivl - v)/2 is 
the negative part. 

Exercise 6.1.4 Assume v has the a th weak derivative W Q = DQu and W Q 

has the (3th weak derivative wQ +i3 = Di3wQ . Show that wQ +i3 is the (a+(3)th 
weak derivative of v. 

6.2 Sobolev spaces 

Some properties of Sobolev spaces require a certain degree of regularity of 
the boundary 80 of the domain O. 

Definition 6.2.1 Let 0 be open and bounded in ]Rd, and let V denote a 
function space on ]Rd-l. We say 80 is of class V if for each "point Xo E 80, 
there exist an r > 0 and a function g E V such that upon a transformation 
of the coordinate system if necessary, we have 

On B(xo, r) = {x E B(xo, r) I Xd > g(Xl, ... , Xd-l)}. 

Here, B(xo, r) denotes the d-dimensional ball centered at Xo with radius r. 
In particular, when V consists of Lipschitz continuous functions, we say 

o is a Lipschitz domain. When V consists of c k functions, we say 0 is a 
C k domain. When V consists of ck,Q (0 < a :::; 1) functions, we say 80 is 
a Holder boundary of class Ck,Ol. See Figure 6.2. 

We remark that in engineering applications, most domains are Lipschitz 
continuous (Figures 6.3 and 6.4). A well-known non-Lipschitz domain is 
one with cracks (Figure 6.5). 

Since 80 is a compact set in ]Rd, we can actually find a finite number of 
points {xiH=l on the boundary so that for some positive numbers {rd[=l 
and functions {gi H=l ~ V, 

On B(Xi' ri) = {x E B(Xi' ri) I Xd > gi(Xl, ... ,Xd-l)} 

upon a transformation of the coordinate system if necessary, and 
I 

80 ~ U B(Xi' ri). 
i=l 
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n 

x~>g(XJ, •.. ,X~J) 

r 

x,,-g(X I , ... ,X fl.,) 

Figure 6.2. Smoothness of the boundary 

Figure 6.3. Smooth domains 

o 
Figure 6.4. Lipschitz domains 

6.2.1 Sobolev spaces of integer order 

Definition 6.2.2 Let k be a non-negative integer, p E [l,ooJ. The Sobolev 
space W k ,P(f2) is the set of all the functions v E Lfoc(f2) such that for 
each multi-index a with lal :::; k, the a th weak derivative DO!.v exists and 
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Figure 6.5. A crack domain 

DOlV E LP(n). The norm in the space Wk,p(n) is defined as 

! (L IIDOlVII~p(fl») liP, 1:::; p < 00, 

Ilvllwk,p(fl) = 1001:Sk 
max IIDOlVIILOO(fl), p = 00. 1001:Sk 

When p = 2, we write Hk(n) == Wk,2(n). 

Usually we replace Ilvllwk,P(fl) by the simpler notations Ilvllk,p,fl, or even 
IIvllk,p when no confusion results. The standard semi-norm over the space 
Wk,p(n) is 

I I _ ! (L IIDOlVII~p(fl») liP, 
v Wk,p(fl) - 1001=k 

max IIDOlvIILOO(fl), 1001=k 

1:::; p < 00, 

p= 00. 

It is not difficult to see that Wk,p(n) is a normed space. Moreover, we 
have the following result. 

Theorem 6.2.3 The Sobolev space Wk,p(n) is a Banach space. 

Proof. Let {vn } be a Cauchy sequence in Wk,p(n). Then for any multi
index a with lal :::; k, {DOlvn} is a Cauchy sequence in LP(n). Since LP(n) 
is complete, there exists a VOl E LP(n) such that 

DOlvn -t VOl in LP(n), as n -t 00. 

Let us show that V", = D"'v where V is the limit of the sequence {vn} in 
LP(n). For any ¢ E cO"(n), 

10 vn(x) DOl¢(X) dx = (-1)1"'110 D"'vn(x) ¢(x) dx. 
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Letting n -+ 00, we obtain 

In v(x) Da¢(x) dx = (_1)la l In va(x) ¢(x) dx V ¢ E C(f(D). 

Therefore, Va = Dav and Vn -+ V in Wk,P(D) as n -+ 00. • 

A simple consequence of the theorem is the following result. 

Corollary 6.2.4 The Sobolev space Hk(D) is a Hilbert space with the inner 
product 

(u, V)k = 1 L Dau(x) Dav(x) dx, 
fl lal::;k 

Like the case for Lebegue spaces LP(D), it can be shown that the Sobolev 
space Wk,P(D) is reflexive if and only if p E (1,00). 

Let us examine some examples of Sobolev functions. 

Example 6.2.5 Assume D = {x E lR.d I Ixl < 1} is the unit ball, and let 
v(x) = Ixl>" where A is real. Let p E [1,00). Notice that 

IlvlliP(fl) = In IxlAPdx = c 11 r Ap+d- 1dr. 

So 

V E LP(D) ¢=:=} A > -dip. 

It can be verified that the first-order weak derivative VXi is given by the 
formula, if VXi exists, 

Thus 

IVv(x)1 = IAllxI A- 1 , x =f. O. 

Now 

IIIVvllliP(fl) = IAIP In Ixl(A-1)Pdx = c 11 r(A-1)p+d- 1dr. 

We see that 

d 
¢=:=} A>1--. 

p 

More generally, for a non-negative integer k, we have 

d 
¢=:=} A>k--. 

p 

Example 6.2.6 Are elements of H1(D) continuous? Not necessarily! 
Consider the example 

v(x) = log (log (~)) , x E ]R2, r = lxi, 
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with n = B(O, (3), a circle of radius f3 < 1 in the plane. Then 

10 l~v(x)12 dx = l:~; < 00 

and also easily, Ilvll£2(n) < 00. Thus v E H1(n), but v(x) is unbounded 
as x ~ O. For conditions ensuring continuity of functions from a Sobolev 
space, see Theorem 6.3.7. 

Example 6.2.7 In the theory of finite elements, we need to analyze the 
global regularity of a finite element function from its regularity on each ele
ment. Let n ~ ~d be a bounded Lipschitz domain, partitioned into Lipschitz 
subdomains: 

Suppose for some non-negative integer k and some real p E [1,00) or p = 
00, 

vlnn E wk+l,p(nn), 

Let us show that 

v E wk+1,p(n). 

Evidently, it is enough to prove the result for the case k = O. Thus let 
v E C(O) be such that for each n = 1, ... , N, v E W1,p(nn)' For each i, 
1 ~ i ~ d, we need to show that 8i v exists as a weak derivative and belongs 
to LP(n). An obvious candidate for 8i v is 

{ 
8i v(x) , x E U;;=lnn, 

Wi(X) = 
arbitrary, otherwise. 

Certainly Wi E U(n). So we only need to verify Wi = 8iv. By definition, 
we need to prove 

10 wicpdx = -10 v8icpdx Vcp E cO'(n). 

Denote the unit outward normal vector on 8nn by v = (v!, .. . ,vdf that 
exists a.e. since nn has a Lipschitz boundary. We have 

N 

r wiCPdx = L r 8ivcpdx 
In n=l Jnn 

N N 

= L l vlnn CPVi ds - L 1 v8iCPdx 
n=l ann n=l nn 

N 

= L r vlnn CPVi ds - r v8icpdx, 
n=lJann In 
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y 

Figure 6.6. Two adjacent subdomains 

where we apply an integration by parts formula to the integrals on the subdo
mains nn. Integration by parts formulas are valid for functions from certain 
Sobolev spaces (cf. Section 6.4). Now the sum of the boundary integrals is 
zero: Either a portion of ann is a part of an and ¢ = 0 along this portion, 
or the contributions from the adjacent subdomains cancel each other. Thus, 

in wi¢dx = -in vai¢dx '</¢ E cO'(n). 

By definition, Wi = aiV. 

Example 6.2.8 Continuing the preceding example, let us show that if v E 
W k+1 ,p(n) and v E ck(nn), 1 ::; n ::; N, then v E Ck(O). Obviously it 
is enough to prove the statement for k = O. Let us argue by contradiction. 
Thus we assume v E W 1,p(n) and v E C(On), 1 ::; n ::; N, but there are two 
adjacent subdomains nnl and nn2 and a non-empty open set n' ~ nnl unn2 
(Figure 6.6) such that 

on "I n n', 
where "I = annl n ann2 . 

By shrinking the set n' if necessary, we may assume there is an i between 
1 and d, such that Vi > 0 (or Vi < O) on "Inn'. Here Vi is the ith component 
of the unit outward normal v on "I with respect to nnl' Then we choose 
¢ E cO'(n') ~ cO'(n) with the property ¢ > 0 on "I n n'. Now 

2 r aiv¢dx = L r aiv¢dx 
in 1=1 innl 

2 2 

= L r vlnnl ¢Vids - L r vai¢dx 
1=1 i annl l=l inn! 

= 1 (vlnnl - vlnn2 )¢ Vi ds - in v ai¢ dx. 
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By the assumptions, the boundary integral is non-zero. This contradicts the 
definition of the weak derivative. 

Combining the results from Examples 6.2.7 and 6.2.8, we see that under 
the assumption vlon E ck(nn) n Wk+l,P(f!n), 1 :::; n :::; N, we have the 
conclusion 

Some important properties of the Sobolev spaces will be discussed in the 
next section. In general the space Co(f!) is not dense in Wk,P(f!). So it 
makes sense to bring in the following definition. 

Definition 6.2.9 Let W;'P(f!) be the closure of Co (f!) in Wk,P(f!). When 

p = 2, we denote H~(f!) == W;,2(f!). 

We interpret W;'P(f!) to be the space of all the functions v in Wk,P(f!) 
with the "property" that 

DQv(x) = 0 on of!, 'Va with lal :::; k - 1. 

The meaning of this statement is made clear later after the trace theorems 
are presented. 

6.2.2 Sobolev spaces of real order 

It is possible to extend the definition of Sobolev spaces with non-negative 
integer order to any real order. We first introduce Sobolev spaces of positive 
real order. In this subsection, we assume p E [1,(0). 

Definition 6.2.10 Let s = k + a with k ;:::: 0 an integer and a E (0,1). 
Then we define the Sobolev space 

WS,P(f!) = {v E Wk,P(f!) I IDQv(x) - DQv(Y)1 E LP(f! x f!) 
Ilx - yIIO'+d/p 

'Va: lal = k} 

with the norm 

"r IDQv(x) - DQv(y)IP dx d ) l/p 

+ L.J loxo Ilx - yllO'p+d y 
IQI=k 

It can be shown that the space WS,P(f!) is a Banach space. It is reflexive 
if and only if p E (1, (0). When p = 2, HS(f!) == ws,2(f!) is a Hilbert space 
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with the inner product 

(u, v)s,o = (u, V)k,O "" 1 (Dau(x) - Dau(y)) (Dav(x) - Dav(y)) d d 
+ ~ Ilx - 112a+d X y. 

lal=k OxO Y 

Most properties of Sobolev spaces of integer order, such as density of 
smooth functions, extension theorem and Sobolev embedding theorems dis
cussed in the next section, carryover to Sobolev spaces of positive real order 
introduced here. The introduction of the spaces WS,P(D) in this text serves 
two purposes: as a preparation for the definition of Sobolev spaces over 
boundaries and for a more precise statement of Sobolev trace theorems. 
Therefore, we will not give detailed discussions of the properties of the 
spaces WS,P(D). An interested reader can consult [90, Chap. 4, Part Il. 

The space CO'(D) does not need to be dense in WS'P(D). So we introduce 
the following definition. 

Definition 6.2.11 Let s 2 0. Then we define W~'P(D) to be the closure 
of the space CO'(D) in WS,P(D). When p = 2, we have a Hilbert space 
H8(D) :::::: W~,2(D). 

With the spaces W~'P(D), we can then define Sobolev spaces with 
negative order. 

Definition 6.2.12 Let s 2 0, either an integer or a non-integer. Let p E 

[1, (0) and denote its conjugate exponent p' defined by the relation lip + 
lip' = 1. Then we define W-s,p' (D) to be the dual space of W~'P(D). In 
particular, H-S(D) :::::: W- S,2(D). 

On several occasions later, we need to use in particular the Sobolev space 
H-1(D), defined as the dual of HJ(D). Thus, any £ E H-1(D) is a bounded 
linear functional on HJ(D): 

The norm of £ is 

1£(v)1 ~ M Ilvll 'VvEHJ(D). 

£(v) 
II£IIH-'(o) = sup II II 

VEHJ (0) v HJ (0) 

Any function f E L2(D) naturally induces a bounded linear functional 
f E H- 1(D) by the relation 

(j,v) = l fvdx 'Vv E HJ(D). 

Sometimes even when f E H- 1(D)\L2(D), we write 10 f v dx for the dual
ity pairing (j, v) between H-1(D) and HJ(D), although integration in this 
situation does not make sense. 
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It can be shown that if C E H-1(n), then there exist L2(n) functions Co, 
... , Cd, such that 

C(v) = k [Cov+ t,CiVXi] dx 

Thus formally (or in the sense of distributions), 

d 

C = Co - L aci ; 
i=l aXi 

i.e., H-1(n) functions can be obtained by differentiating L2(n) functions. 

6.2.3 Sobolev spaces over boundaries 

To deal with function spaces over boundaries, we introduce the following 
Sobolev spaces. 

Definition 6.2.13 Let k 2 0 be an integer, a E (0,1]' s E [0, k + a] and 
p E [1,(0). Assume a set of local representations of the boundary given by 

an n B(Xi' ri) = {x E B(Xi' ri) I Xd = gi(Xl,"" xd-d} 

for i = 1, ... ,I, with open Di ~ lR.d- 1 the domain of gi; and assume every 
point of an lies in at least one of these local representations. We assume 
gi E Ck,D:(Di ) for all i. A decomposition of an into a finite number I of 
such subdomains 9i(Di ) is called a ''patch system." For s :s; k+a, we define 
the Sobolev space WS,p(an) as follows: 

WS,p(an) = {v E L2(an) I v 0 gi E WS,P(Di ), i = 1, ... , I} . 

The norm in WS,p(an) is defined by 

Ilvllw8,p(ao) = max Ilv 0 gillwB,P(Di)' , 
Other definitions equivalent to this norm are possible. When p = 2, we 
obtain a Hilbert space HS(an) == W s,2(an). 

Exercise 6.2.1 Show that for non-negative integers k and real p E [1,00], 
the quantity II . Ilwk,p(o) defines a norm. 

Exercise 6.2.2 Consider the function 

f (x) = {x~' 0 S x S 1, 
x , -1 S x S O. 

Determine the largest possible integer k for which f E Hk (-1,1). 

Exercise 6.2.3 Show that Ck(O) ~ wk,p(n) for any p E [1,00]. 

Exercise 6.2.4 Is it true that COO(n) ~ Wk,p(n)? 
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Exercise 6.2.5 Show that there exists a constant c depending only on k 
such that 

6.3 Properties 

We collect some important properties of the Sobolev spaces in this section. 
Most properties are stated for Sobolev spaces of non-negative integer order, 
although they can be extended to Sobolev spaces of real order. We refer 
to Sobolev spaces of real order only when it is necessary to do so, e.g., 
in presentation of trace theorems. Properties of the Sobolev spaces over 
boundaries are summarized in [90, Chap. 4, Part I]. 

6.3.1 Approximation by smooth functions 

Inequalities involving Sobolev functions are usually proved for smooth func
tions first, followed by a density argument. A theoretical basis for this 
technique is density results of smooth functions in Sobolev spaces. 

Theorem 6.3.1 Assume v E Wk,p(n), 1 ::; p < 00. Then there exists a 
sequence {vn } C;;;; COO(n) n Wk,p(n) such that 

as n --. 00. 

Note that in this theorem the approximation functions Vn are smooth 
only in the interior of n. To have the smoothness up to the boundary of 
the approximating sequence, we need to make a smoothness assumption on 
the boundary of n. 

Theorem 6.3.2 Assume n is a Lipschitz domain, v E Wk,p(n), 1 ::; p < 
00. Then there exists a sequence {vn } C;;;; Coo (0) such that 

Ilvn - vllk,p --.0 as n --. 00. 

Proofs of these density theorems can be found, e.g., in [48]. 
Since COO(O) C;;;; Ck(O) C;;;; Wk,p(n), we see from Theorem 6.3.2 that 

under the assumption D is Lipschitz continuous, the space Wk,P(D) is the 
completion of the space coo(O) with respect to the norm II . Ilk,p' 

From the definition of the space W;,p(n), we immediately obtain the 
following density result. 

Theorem 6.3.3 For any v E W;,P(D), there exists a sequence {vn } C;;;; 

CD (D) such that 

Ilvn - vllk,p --. 0 as n --. 00. 
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The definitions of the Sobolev spaces over n can be extended in a 
straightforward fashion to those over the whole space JRd or other un
bounded domains. When n = JRd, smooth functions are dense in Sobolev 
spaces. 

Theorem 6.3.4 Assume k ~ 0, P E [1,00). Then the space CO(JRd ) is 
dense in Wk,p(JRd). 

6.3.2 Extensions 

Extension theorems are also useful in proving some relations involving 
Sobolev functions. A rather general form of extension theorems is the 
following universal extension theorem, proved in [150, Theorem 5, p. 181J. 

Theorem 6.3.5 Assume n is an open half-space or an open, bounded Lip
schitz domain in JRd. Then there is an extension operator E such that for 
any non-negative integer k and any p E [1,00]' E is a linear continuous 
operator from wk,p(n) to Wk,p(l~d); in other words, for any v E Wk,p(n), 
we have Ev E Wk,p(JRd), Ev = v in n, Ev is infinitely smooth on JRd\n, 
and 

IIEvIIWk,P(IRd) :::; c Ilvllwk,P(!1) 

for some constant c independent of v. 

Notice that in the above theorem, the extension operator E works for all 
possible values of k and p. In Exercise 6.3.1, we consider a simple extension 
operator from Wk,p(JRi) to Wk,p(JRd), whose definition depends on the 
value k. 

6.3.3 Sobolev embedding theorems 

Sobolev embedding theorems are important, e.g., in analyzing the regular
ity of a weak solution of a boundary value problem. 

Definition 6.3.6 Let V and W be two Banach spaces with V ~ W. We 
say the space V is continuously embedded in Wand write V ~ W, if 

Ilvllw :::; c Ilvllv Vv E V. (6.3.1) 

We say the space V is compactly embedded in Wand write V ~~ W, if 
(6.3.1) holds and each bounded sequence in V has a convergent subsequence 
in W. 

If V ~ W, the functions in V are more smooth than the remaining 
functions in W. Proofs of most parts of the following two theorems can be 
found in [48]. The first theorem is on embedding of Sobolev spaces, and 
the second on compact embedding. 
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Theorem 6.3.7 Let f! ~ lR.d be a non-empty open bounded Lipschitz 
domain. Then the following statements are valid. 

(a) If k < ~, then Wk,P(f!) "-+ Lq(f!) for any q:::; p*, where pI. = ~ -~. 

(b) If k = ~, then Wk,P(f!) "-+ Lq(f!) for any q < 00. 

(c) If k > ~, then 

where 

(3 = { [~] + 1 - ~, if ~ i- integer, 
any positive number < 1, if ~ = integer. 

Here [xl denotes the integer part of x, i.e., the largest integer less than or 
equal to x. We remark that in the one-dimensional case, with f! = (a, b) a 
bounded interval, we have 

Wk,P(a, b) "-+ era, bl 

for any k ;:::: 1, p ;:::: l. 

Theorem 6.3.8 Let f! ~ lR.d be a non-empty open bounded Lipschitz 
domain. Then the following statements are valid. 

(a) Ifk < ~,then Wk,P(f!) "-+"-+ Lq(f!) for anyq < p*, where pl. = ~-~. 

(b) If k = ~, then Wk,P(f!) "-+"-+ Lq(f!) for any q < 00. 

(c) If k > ~, then 

Wk,P(f!) "-+"-+ ck-[~l-l,,e(f!), 

where (3 E [0, [~] + 1 - ~). 

How to remember these results? We take Theorem 6.3.7 as an example. 
The larger the product kp, the smoother the functions from the space 
Wk,P(f!). There is a critical value d (the dimension of the domain f!) for this 
product such that if kp > d, then a Wk,P(f!) function is actually continuous 
(or more precisely, is equal to a continuous function a.e.). When kp < d, 
a Wk,P(f!) function belongs to LP' (f!) for an exponent p* larger than p. 
To determine the exponent p*, we start from the condition kp < d, which 
is written as l/p - d/k > 0. Then l/p* is defined to be the difference 
l/p - d/k. When kp > d, it is usually useful to know if a Wk,P(f!) function 
has continuous derivatives up to certain order. We begin with 
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Then we apply this embedding result to derivatives of Sobolev functions; 
it is easy to see that 

if k-l>~. 

A direct consequence of Theorem 6.3.8 is the following compact 
embedding result. 

Theorem 6.3.9 Let k and l be non-negative integers, k > l, and p E 
[1,00]. Let 0 ~ ]Rd be a non-empty open bounded Lipschitz domain. Then 
Wk,P(O) <--t<--t WI,P(O). 

6.3.4 Traces 
Sobolev spaces are defined through LP(O) spaces. Hence Sobolev functions 
are uniquely defined only a.e. in O. Now that the boundary ao has measure 
zero in ]Rd, it seems the boundary value of a Sobolev function is not well
defined. Nevertheless it is possible to define the trace of a Sobolev function 
on the boundary in such a way that for a Sobolev function that is continuous 
up to the boundary, its trace coincides with its boundary value. 

Theorem 6.3.10 Assume 0 is an open, bounded Lipschitz domain in ]Rd, 

1 ::; p < 00. Then there exists a continuous linear operator "( : W1,P(O) --+ 

£P(aO) such that-

(a) "(V = vlan if v E W1,P(O) n C(O). 

(b) For some constant c > 0, ibvllLv(an) ::; c Ilvllwl,p(n) Vv E W1,P(O). 

(c) The mapping"( : W1,P(O) --+ £P(aO) is compact; i.e., for any bounded 
sequence {vn} in W1,P(O), there is a subsequence {vn/} ~ {vn} such 
that bVn/} is convergent in £P(aO). 

The operator "( is called the trace operator, and "(v can be called the 
generalized boundary value of v. The trace operator is neither an injection 
nor a surjection from W1,P(O) to LP(aO). The range ,,((W1,P(O)) is a space 

smaller than LP(aO), namely, W1-t,p(aO), a positive order Sobolev space 
over the boundary. 

In studying boundary value problems, necessarily we need to be able to 
impose essential boundary conditions properly in formulations. For second
order boundary value problems, essential boundary conditions involve only 
function values on the boundary, so Theorem 6.3.10 is enough for the pur
pose. For higher-order boundary value problems, we need to use the traces 
of partial derivatives on the boundary. For example, for fourth-order bound
ary value problems, any boundary conditions involving derivatives of order 
at most one are treated as essential boundary conditions. Since a tangen
tial derivative of a function on the boundary can be obtained by taking a 
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differentiation of the boundary value of the function, we only need to use 
traces of a function and its normal derivative. 

Let v = (/11' ... ' /ld)T denote the outward unit normal to the boundary 
r of D. Recall that if v E C1 (n), then its classical normal derivative on the 
boundary is 

The following theorem states the fact that for a function from certain 
Sobolev spaces, it is possible to define a generalized normal derivative that 
is an extension of the classical normal derivative. 

Theorem 6.3.11 Assume D is a bounded, open set with a C 1,1 boundary 
r. Assume that 1 ::; p ::; 00 and m > 1 + ~. Then there exist unique 

1 
bounded linear and surjective mappings 1'0 : Wm,P(D) ........ Wm-p,p(r) and 

1'1 : Wm,P(D) ........ Wm-1-~,p(r) such that 1'oV = vir and 1'lV = (ovjo/l)lr 
when v E Wm,P(D) n C1(n). 

6.3.5 Equivalent norms 

In the study of weak formulations of boundary value problems, it is con
venient to use equivalent norms over Sobolev spaces or Sobolev subspaces. 
There are some powerful general results, called norm equivalence theorems, 
for the purpose of generating various equivalent norms on Sobolev spaces. 
Beore stating the norm equivalence results, we recall the semi-norm defined 
by 

/Vlk,p,n = (1 L IDav/ p dX) lip 
n lal=k 

over the space Wk,P(D) for p < 00. It can be shown that if D is connected 
and Ivlk,p,n = 0, then v is a polynomial of degree less than or equal to k-l. 

Theorem 6.3.12 Let D be an open, bounded, connected set in lR.d with 
a Lipschitz boundary, k ~ 1, 1 ::; p < 00. Assume fJ : Wk,P(D) ........ 1R., 
1 ::; j ::; J, are semi-norms on Wk,P(D) satisfying two conditions: 

(H1) 0::; fJ(v) ::; c Ilvllk,p,n Vv E Wk,P(D), 1::; j ::; J. 

(H2) If v is a polynomial of degree less than or equal to k -1 and fJ (v) = 0, 
1 ::; j ::; J, then v = o. 

Then the quantity 

J 

IIvll = Ivlk,p,n + L fJ(v) (6.3.2) 
j=l 
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or 

[ 
J ] lip 

Ilvll = Ivl~,p,n + L fi(v)P (6.3.3) 
j=l 

defines a norm on Wk,p(n), which is equivalent to the norm Ilvllk,p,n. 
Proof. We prove that the quantity (6.3.2) is a norm on Wk,p(n) equiv

alent to the norm lIullk,p,n. That the quantity (6.3.3) is also an equivalent 
norm can be proved similarly. 

By the condition (HI), we see that for some constant c> 0, 

Ilvll :::; c Ilvllk,p,n 
So we only need to show that there is another constant c > 0 such that 

Ilvllk,p,n :::; c Ilvll 
We argue by contradiction. Suppose this inequality is false. Then we can 
find a sequence {vz} S;;; Wk,p(n) with the properties 

Ilvzilk,p,n = 1, 
1 

Ilvzil :::; l 
for l = 1,2, .... From (6.3.5), we see that as l -+ 00, 

Ivzlk,p,n -+ 0 

and 

fi(vz) -+0, l:::;j:::; J. 

(6.3.4) 

(6.3.5) 

(6.3.6) 

(6.3.7) 

Since {vz} is a bounded sequence in Wk,p(n) from the property (6.3.4), 
and since 

wk,p(n) '--->'---> Wk- 1,p(n), 

there is a subsequence of the sequence {vz}, still denoted as {vz}, and a 
function v E W k - 1,p(n) such that 

Vz -+ v in W k- 1,p(n), as l -+ 00. (6.3.8) 

This property and (6.3.6), together with the uniqueness of a limit, imply 
that 

Vz -+ v in Wk,p(n), as l -+ 00 

and 

Ivlk,p,n = zlim Ivzik,p,n = o. 
--too 

We then conclude that v is a polynomial of degree less than or equal to 
k - 1. On the other hand, from the continuity of the functionals {fi h::;j::;J 
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and (6.3.7), we find that 

fJ(v) = lim fj(vl) = 0, 1 s:; j s:; J. 
1-->00 

Using the condition (H2), we see that v = 0, which contradicts the relation 
that 

Ilvllk,p,n = llim Ilvzllk,p,n = 1. 
-->00 

The proof of the result is now completed. • 
Notice that in Theorem 6.3.12, we need to assume 0 to be connected. 

This assumption is used to guarantee that from Ivlk,p,n = 0 we can conclude 
that v is a (global) polynomial of degree less than or equal to k - 1. The 
above proof of Theorem 6.3.12 can be easily modified to yield the next 
result. 

Theorem 6.3.13 Let 0 be an open, bounded set in ~d with a Lipschitz 
boundary, k 2: 1, 1 s:; p < 00. Assume fJ : Wk,P(O) ---; ~, 1 s:; j s:; J, are 
semi-norms on Wk,P(O) satisfying two conditions: 

(HI) 0 s:; fj(v) s:; c Ilvllk,p,n Vv E Wk,P(O), 1 s:; j s:; J. 

(H2)' If Ivlk,p,n = 0 and fj(v) = 0, 1 s:; j s:; J, then v = o. 
Then the quantities (6.3.2) and (6.3.3) are norms on Wk,P(O), equivalent 
to the norm Ilvllk,p,n. 

We may also state the norm-equivalence result for the case where 0 is a 
union of separated open connected sets. 

Theorem 6.3.14 Let 0 be an open, bounded set in ~d, 0 = U.xEAO.x with 
each O.x having a Lipschitz boundary, O.x n OJ.! = 0 for .A t= /1>. Let k :2: 1, 
1 s:; p < 00. Assume fJ : Wk,P(O) ---; ~, 1 s:; j s:; J, are semi-norms on 
Wk,P(O) satisfying two conditions: 

(HI) 0 s:; fJ(v) s:; cllvllk,p,n Vv E Wk,P(O), 1 s:; j s:; J. 

(H2) If v is a polynomial of degree less than or equal to k - 1 on each O.x, 
.A E A, and fJ(v) = 0, 1 s:; j s:; J, then v = o. 

Then the quantities (6.3.2) and (6.3.3) are norms on Wk,P(O), equivalent 

to the norm Ilvllk,p,n. 
Many useful inequalities can be derived as consequences of the previous 

theorems. We present some examples below. 

Example 6.3.15 Assume 0 is an open, bounded set in ~d with a Lipschitz 
boundary. Let us apply Theorem 6.3.13 with k = 1, p = 2, J = 1 and 

JI(v) = { Ivl ds. Jan 
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We can then conclude that there exists a constant c > 0, depending only on 
D such that 

Ilvllt,n :::; c(lvll,n + Ilvll£1(an)) "Iv E H1(D). 

Therefore, the Poincare-Friedrichs inequality holds: 

Ilvllt,n :::; c Ivlt,n "Iv E HJ(D). 

From this inequality it follows that the semi-norm I . It,n is a norm on 
HJ (D), equivalent to the usual Hl (D) -norm. 

Example 6.3.16 Let D be an open, bounded, connected set in jRd with 
a Lipschitz boundary. Assume ra is an open, non-empty subset of the 
boundary aD, then there is a constant c > 0, depending only on D, such 
that 

Ilvllt,n:::; c(lvlt,n + Ilvll£1(ra)) "Iv E H1(D). 

This inequality can be derived by applying Theorem 6.3.12 with k 1, 
p = 2, J = 1 and 

Therefore, 

where 

!lev) = r Ivl ds. 
ira 

Hfa(D) = {v E HI(D) I v = 0 a.e. on ra}. 

Some other useful inequalities, however, cannot be derived from the norm 
equivalence theorem. One example is 

(6.3.9) 

which is valid if D is smooth or is convex. This result is proved by using a 
regularity estimate for the (weak) solution of the boundary value problem 
(cf. [48]) 

-~U = f in D, 
U = 0 on an. 

Another example is Kom's inequality, which is useful in theoretical me
chanics. Let n be a non-empty, open, bounded, and connected set in jR3 

with a Lipschitz boundary. Given a function U E [H1(D)P, the linearized 
strain tensor is defined by 

1 
e(U) = "2('Vu + ('Vuf); 

in component form, 

1 
Cij(U) = "2 (aXiUj + axjUi), 1:::; i,j :::; 3. 
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Let ra be a measurable subset of 80. with meas (ra) > 0, and define 

[Hr\(0.)]3 = {v E [Hl(0.)]3 I v = 0 a.e. on ra}. 

Korn's inequality states that there exists a constant c > ° depending only 
on 0. such that 

Ilull[Hl(n»)3 :s c lle(uWdx \lu E [Hr\(o.)f 

A proof of Korn's inequality can be found in [95] or [123]. 

6.3.6 A Sobolev quotient space 

Later in error analysis for the finite element method, we need an inequality 
involving the norm of the Sobolev quotient space 

V = Wk+l,p(o.)/Pk(o.) 

= {[v] I [v] = {v + q I q E Pk(o.)}, v E Wk+l,p(o.)}. 

Here k ~ ° is an integer and Pk (0.) is the space of polynomials of degree less 
than or equal to k. Any element [v] of the space V is an equivalence class, 
the difference between any two elements in the equivalence class being 
a polynomial in the space Pk(o.). Any v E [v] is called a representative 
element of [v]. The quotient norm in the space V is defined to be 

II[v]llv = inf Ilv + qllk+l,p,n. 
qE"Pk(n) 

Theorem 6.3.17 Assume 1 :s p < 00. Let 0. ~ IRd be an open, bounded, 
connected set with a Lipschitz continuous boundary. Then the quantity 
Ivlk+l,p,n, \I v E [v], is a norm on V, equivalent to the quotient norm II [v]llv. 

Proof. Obviously, for any [v] E V and any v E [v], 

II[v]llv = qE~~n) IIv + qllk+l,p,n ~ Ivlk+l,p,n. 

Thus we only need to prove that there is a constant c, depending only on 
0., such that 

(6.3.10) 

Denote N = dim(Pk(o.)). Define N independent linear continuous function
als on Pdo.), the continuity being with respect to the norm of Wk+ 1,P(0.). 
By the Hahn-Banach theorem, we can extend these functionals to lin
ear continuous functionals over the space Wk+ 1,P(0.), denoted by fi(·), 
1 :S i :S N, such that for q E Pk(o.), fi(q) = 0, 1 :S i :S N, if and only if 
q = 0. Then Ifil, 1 :S i :S N, are semi-norms on Wk+l,p(o.) satisfying the 
assumptions of Theorem 6.3.12. Applying Theorem 6.3.12, we have 

N 

IIvllk+l,p,n :S c (Ivlk+l,p,n + L Ifi(v)l) 
i=l 
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Since ii, 1 :S i :S N, are linearly independent on Pk(n), for any fixed 
v E wk+l,p(n), there exists q E Pdn) such that !i(V + q) = 0, 1 :S i :S N. 
Thus, 

N 

Ilv + qllk+l,p,n :S c (Iv + qlk+l,p,n + L l!i(V + q)l) = c IVIk+l,p,n, 
i=l 

and hence (6.3.10) holds. 
It is possible to prove (6.3.10) without using the Hahn-Banach theorem. 

For this, we apply Theorem 6.3.12 to obtain the inequality 

Ilvllk+l,p,n :S c (IV1k+l,p,n + L 11 DQv(x) dxl) 
IQI:S:k n 

Replacing v by v + q and noting that DQ q = 0 for lal = k + 1, we have 

Ilv + qllk+l,p,n :S c (IVIk+l,p,n + L 11 DQ(v + q) dxl) 
IQI:S:k n 

'Iv E wk+l,p(n), q E Pk(n). 

Now construct a polynomial ij E Pk(n) satisfying 

In DQ(v + ij) dx = 0 for lal:S k. 

(6.3.11) 

(6.3.12) 

This can always be done: Set lal = k; then DQp equals al!'" ad! times 
the coefficient of xQ == Xfl ... X~d, so the coefficient can be computed by 
using (6.3.12). Having found all the coefficients for terms of degree k, we 
set lal = k - 1, and use (6.3.12) to compute all the coefficients for terms of 
degree k - 1. Proceeding in this way, we obtain the polynomial ij satisfying 
the condition (6.3.12) for the given function v. 

With q = ij in (6.3.11), we have 

qE~~n) Ilv + qllk+l,p,n :S Ilv + ijllk+l,p,n :S c Ivlk+l,p,n, 

from which (6.3.10) follows. • 
Corollary 6.3.18 For any open, bounded, connected set n ~ lRd with a 
Lipschitz continuous boundary, there is a constant c, depending only on n, 
such that 

(6.3.13) 

Exercise 6.3.1 It is possible to construct a simple extension operator when 
the domain is a half-space, say, lRi = {x E lRd I Xd 2 o}. Let k 2 1 be an 
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integer, p E [1,00]. For any v E Wk,p(~i), we define 

Ev(x) = { 
v(x), x E ~i, 

k-l . d d 2: j =o CjV(Xl, ... , Xd-l, -2JXd), x E ~ \~+, 

where the coefficients co, ... ,Ck-l are determined from the system 

k-l 

L Cj( _2j)i = 1, 
j=O 

i = 0,1, ... , k - 1. 

Show that Ev E Wk,p(~d), and E is a continuous operator from Wk,p(~i) 
to Wk,p(~d). 

Exercise 6.3.2 In general, an embedding result (Theorems 6.3.7, 6.3.8) 
is not easy to prove. On the other hand, it is usually not difficult to prove 
an embedding result for one-dimensional domains. Let -00 < a < b < 00, 
p> 1, and let q be the conjugate of p defined by the relation l/p+ l/q = l. 
Prove the embedding result W 1,P(a, b) ~ CO,I/Q (a, b) with the following 
steps. 

First, let v E C 1 [a, b]. By the Mean Value Theorem in calculus, there 
exists a ~ E [a, b] such that 

lb v(x) dx = (b - a) v(O. 

Then we can write 

v(x) = b ~ a lb v(s) ds + l x 
v'(s) ds, 

from which, it is easy to find 

Iv(x)1 ~ c IIvllWl,p(a,b) \:Ix E [a,b]. 

Hence, 

IIvllC[a,bj ~ c IIvllWl,p(a,b)' 

Furthermore, for x =I y, 

x ( b )1~ 
Iv(x) - v(y)1 = 11 v'(s) dsl ~ Ix - y11/Q 1 lv' (s)IPds 

Therefore, 

Second, for any v E W 1,P(a, b), using the density of c1 [a, b] in W 1,P(a, b), 
we can find a sequence {vn } ~ C1 [a, b], such that 

as n -+ 00. 
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Apply the inequality proved in the first step, 

Ilvn - vllco,l/q(a,b) ::; C Ilvn - VIiWl,p(a,b) -+ 0 as n -+ 00. 

So {vn } is a Cauchy sequence in CO,l/q(a, b). Since the space CO,l/q(a, b) 
is complete, the sequence {vn } converges to some ii in CO,l/q(a, b). We also 
have Vn -+ u a.e. By the uniqueness of a limit, we conclude ii = u. 

Exercise 6.3.3 Prove Theorem 6.3.9 by applying Theorem 6.3.8. 

Exercise 6.3.4 Let n ~ ]Rd be an open, bounded, connected domain 
with a Lipschitz continuous boundary an. Assume ro ~ an is such that 
meas ro > O. Define 

H~o(n) = {v E H2(n) I v = avjav = 0 a.e. on ro}. 

Prove the following inequality: 

'V v E H~o (n). 

This result implies that under the stated assumptions, Ivl2,n is a norm on 
H~o(n), which is equivalent to the norm IlvIi2,n. 

Exercise 6.3.5 Apply the norm equivalence theorems to derive the follow
ing inequalities, using the previously stated assumptions on n: 

Ilvlll,p,n ::; C (IvI1,p,n + I ko v dXI), 'V v E W1,p(n), 

if no ~ n, meas(no) > OJ 

Iivlll,p,n ::; c (Ivll,p,n + IIvIILP(r») , 'Vv E W1,p(n), 

if r ~ an, measd-l (r) > O. 

Ilvlil,p,n ::; c Ivll,p,n, 'V v E wJ,p(n). 

Can you think of some more inequalities of the above kind? 

Exercise 6.3.6 In some applications, it is important to find or estimate 
the best constant in a Sobolev inequality. For example, let n be an open, 
bounded, connected Lipschitz domain; and let r 1 and r 2 be two disjoint, 
nonempty open subsets of the boundary an. Then there is a Sobolev 
inequality 

By the best constant Co of the inequality, we mean that Co is the small
est constant such that the inequality holds. The best constant Co can be 
characterized by the expression 



6.4. Characterization of Sobolev spaces via the Fourier transform 219 

Show that Co = 1/ JX1 where A1 > 0 is the smallest eigenvalue of the 
eigenvalue problem 

u E Hf2 (0.), r V'u· V'vdx = A r uvds in irl 
Exercise 6.3.7 In the preceding exercise, the best constant of an inequality 
is related to a linear eigenvalue boundary value problem. In some other 
applications, we need the best constant of an inequality, which can be found 
or estimated by solving a linear elliptic boundary value problem. Keeping 
the notations of the previous exercise, we have the Sobolev inequality 

The best constant Co of the inequality can be characterized by the expression 

Show that 

Co = IIV'u ll£2(n) = Ilull~~rll' 
where u is the solution of the problem 

UEHf2(0.), r V'u.V'vdx= r vds in ir1 
Hint: Use the result of Exercise 6.1.3 (cf. {68}}. 

6.4 Characterization of Sobolev spaces via the 
Fourier transform 

When 0. = JRd, it is possible to define Sobolev spaces Hk (JRd) by using the 
Fourier transform. All the functions in this section are complex-valued. The 
reader is referred to [149] for a detailed discussion of the Fourier transform 
and its properties, including proofs of the Theorems 6.4.2 and 6.4.3 below. 

Definition 6.4.1 For v E £l(JRd), the Fourier transform is defined by 

1 r . 
F(v)(y) = (27l")d/2 iRd exp( -zx· y) v(x) dx, 

and the inverse Fourier transform is defined by 

F- 1(v)(y) = (27l"\d/2 kd exp(ix· y) v(x) dx. 

An important property of the Fourier transform is the Plancherel's 
theorem, stated next. 
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Theorem 6.4.2 Assume v E £l(l~d) n £2(JR.d). Then Fv, F-Iv E £2(JR.d), 
and 

(6.4.1) 

Using (6.4.1) and the density of £1(JR.d) n £2 (JR.d) in £2 (JR.d) , one can 
extend the definitions of the Fourier transform and its inverse to £2(JR.d) 
functions. Some useful properties of the transforms are recorded in the next 
theorem. 

Theorem 6.4.3 Assume u, v E £2(JR.d). Then 

(a) 

( Fu(y) Fv(y) dy = ( u(x) v(x) dx; 
J~d J~d 

(b) 

(c) 

Fu=v 

It is then straightforward to show the next result. 

Theorem 6.4.4 A function v E £2(JR.d) belongs to Hk(JR.d) if and only if 
(1 + Iylk) Fv E £2(JR.d). Moreover, there exist CI, C2 > 0 such that 

cIilvIIHk(~d) :::; 11(1 + IYlk)Fvll£2(~d) :::; c21IvIIHk(JRd) '\Iv E Hk(JR.d). 
(6.4.2) 

Thus we see that 11(1 + lylk)Fvll£2(~d) is a norm on Hk(JR.d), which is 
equivalent to the canonical norm IlvIIHk(~d). It is equally good to define the 
space Hk (JR.d) by 

Hk(JR.d) = {v E £2(JR.d) 1 (1 + lylk)Fv E £2(JR.d)}. 

We notice that in this equivalent definition, there is no need to assume k to 
be an integer. It is natural to define Sobolev spaces of any (positive) order 
s:::: 0: 

(6.4.3) 

with the norm 

and the inner product 
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Actually, the definition of the Fourier transform can be extended to dis
tributions of slow growth that are continuous linear functionals on smooth 
functions decaying sufficiently rapidly at infinity (for detail, cf. [149]). Then 
we can define the Sobolev space HS(l~d) for negative index s to be the set 
of the distributions v of slow growth such that 

IlvIIHS(IRd) = 11(1 + Iyn rvll£2(IRd) < 00. 

We can combine the extension theorem, the approximation theorems and 
the Fourier transform characterization of Sobolev spaces to prove some 
properties of Sobolev spaces over bounded Lipschitz domains. 

Example 6.4.5 Let D ~ ~d be a bounded domain with a Lipschitz 
boundary. Assume k > d/2. Let us prove Hk(D) '-....4 C(O); i.e., 

IlvIIC(il)::; cllvIIHk(rI) 'Vv E Hk(D). (6.4.4) 

Proof. STEP 1. We prove (6.4.4) for D = ~d and v E Cgo(~d). We have 

vex) = (27r\d/21d exp(ix·y)rv(y)dy. 

Thus 

1 

= C (ld (1 + IYlk)2IFv(Y)12dY) "2 , 

where we used the fact that 

if k > d/2. 

Hence, 

STEP 2. Since Cgo(~d) is dense in Hk(~d), the relation (6.4.4) holds 
for any v E Hk(~d). 

STEP 3. We now use the extension theorem. For any v E Hk(D), we can 
extend it to Ev E Hk(~d) with 

IIEvIIHk(IRd) ::; c IlvIIHk(rI). 
Therefore, 



222 6. Sobolev Spaces 

Thus we have proved (6.4.4). • 
Example 6.4.6 Let n ~ lR.d be a bounded domain with a Lipschitz 
boundary. Then 

1 1 

IlvllC(f!) :::; c IlvIIJrd(O) Ilvlli2(O) (6.4.5) 

Proof. As in the previous example, it is enough to show (6.4.5) for the 
case n = lR.d and v E C8"(n). For any A > 0, 

Iv(x)12 :::; c (ld l.rv(y) I dY) 2 

=c (r (1 +Alyld) l.rv(y) I d)2 
iRd 1 + A Iyld Y 

:::; c r (1 + A lyld)21.rv(y)12 dy r (1 + A lyld)-2dy iRd iRd 
:::; c ± ld (l.rv(y)12 + A2(1 + lyld)21.rv(y)12) dy 

= c (A -11Ivlli2(o) + A Ilvll~d(O)) . 
Taking A = Ilvll£2(O)/llvIIHd(O), we then get the required inequality. • 

Exercise 6.4.1 Let v(x) be a step function defined by: v(x) = 1 for x E 
[0,1], and v(x) = ° for x ~ [0,1]. Find the range of s for which v E HS(lR.). 

Exercise 6.4.2 Provide a detailed argument for Step 2 in the proof of 
Example 6.4.5. 

6.5 Periodic Sobolev spaces 

When working with an equation defined over the boundary of a bounded 
and simply connected region in the plane, the functions being discussed are 
periodic. Therefore, it is useful to consider Sobolev spaces of such functions. 
Since periodic functions are often discussed with reference to their Fourier 
series expansion, we use this expansion to discuss Sobolev spaces of such 
functions. 

From Example 1.3.11, we write the Fourier series of 'P E L2(0, 21f) as 

00 

m=-CX) 

with 

m = 0, ±1, ±2, ... 
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forming an orthonormal basis of £2(0, 21T). The Fourier coefficients are 
given by 

am = (cp, '¢m) = ~ (21r cp(x) e-imxdx. 
V21T Jo 

The convergence of the Fourier series was discussed earlier in Sections 3.3 
and 3.5. Also, for a non-negative integer k, recall that C;(21T) denotes 
the set of all periodic functions on (-00,00) with period 21T that are also 
k-times continuously differentiable. 

Definition 6.5.1 For an integer k ~ 0, Hk(21T) is defined to be the closure 
of C;(21T) under the inner product norm 

For arbitrary real s ~ 0, HS(21T) can be obtained as in earlier sections, 
with the formulas of Section 6.4 being closest to the discussion given below, 
especially (6.4.3). 

The following can be shown without too much difficulty; e.g., see [100, 
Chap. 8]. 

Theorem 6.5.2 For s E lR., HS (21T) is the set of all series 

00 

(6.5.1) 
m=-oo 

for which 

Ilcpll:,s == laol2 + L Iml2s lam l2 < 00. (6.5.2) 
Iml>O 

Moreover, the norm Ilcpll*,s is equivalent to the standard Sobolev norm 
IlcpllHs for cp E HS(21T). 

The norm II· 11*,s is based on the inner product defined by 

(cp, p)*,s == aobo + L Iml2s ambm, 
Iml>O 

where cp = L, am'¢m and P = L, bm'¢m· 
For s < 0, the space HS(21T) contains series that are divergent ac

cording to most usual definitions of convergence. These new "functions" 
(6.5.1) are referred to as both generalized functions and distributions. One 
way of giving meaning to these new functions is to introduce the concept 
of distributional derivative, which generalizes the derivative of ordinary 
sense and the weak derivative introduced in Section 6.1. With the ordinary 
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differentiation operator V == dj dt, we have 

d (t) 00 

Vcp(t) == ~ = i '"' mam'lj;m(t) dt ~ 
(6.5.3) 

m=-CX) 

and V : HS(27r) -+ HS- 1 (27r), s ;::: 1. The distributional derivative gives 
meaning to differentiation of periodic functions in L2(0, 27r), and also to 
repeated differentiation of generalized functions. To prove that there exists 
a unique such extension of the definition of V, proceed as follows. 

Introduce the space T of all trigonometric polynomials, 

(6.5.4) 

It is straightforward to show this is a dense subspace of HS(27r) for arbi
trary s, meaning that when using the norm (6.5.2), the closure of T equals 
HS(27r). Considering T as a subspace of HS(27r), define V: T -+ HS- 1 (27r) 
by 

Vcp = cp', cp E T. (6.5.5) 

This is a bounded operatorj and using the representation of cp in (6.5.4), it 
is straightforward that 

IIVII = 1. 

Since T is dense in HS(27r), and since V : T ~ HS(27r) -+ H s - 1 (27r) is 
bounded, we have that there is a unique bounded extension of V to all of 
HS(27r)j see Theorem 2.4.1. We will retain the notation V for the extension. 
Combining the representation of cp E Tin (6.5.4) with the definition (6.5.5), 
and using the continuity of the extension V, the formula (6.5.5) remains 
valid for any cp E HS(27r) for all s. 

Example 6.5.3 Define 

cp(t) = {
O, 

1, 
(2k - 1)7r < t < 2k7r, 

2k7r < t < (2k + 1)7r, 

for all integers k, a so-called "square wave." The Fourier series of this 
function is given by 

cp(t) = ~ _ i ~ _1_ [eC2k+1)it _ e-C2k+1)it] 
2 7r ~ 2k + 1 ' 

k=O 

-00 < t < 00, 

which converges almost everywhere. Regarding this series as a function 
defined on~, the distributional derivative of cp(t) is 

cp'(t) = ~f [e C2k+1)it + e- C2k+1)it] = f (-1)j8(t - 7rj). 
k=O j=-oo 
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The function 8(t) is the Dirac delta function, and it is a well-studied linear 
functional on elements of HS(21f) for s > ~ : 

8[cp] == (cp,8) = cp(O), 

with 8[cp] denoting the action of 8 on cpo 

6. 5.1 The dual space 

1 
s> -

2 

The last example suggests another interpretation of HS(21f) for negative s, 
that of a dual space. Let £ be a bounded linear functional on Ht(21f) for 
some t 2 0, bounded with respect to the norm II· lit. Then using the Riesz 
representation theorem (Theorem 2.5.7), it can be shown that there is a 
unique element 7]£ E H-t (21f), 7]£ = I: bm'l/Jm, with 

00 

for cp = L am'l/Jm E Ht(21f). 
(6.5.6) 

m=-oo 

It is also straightforward to show that when given two such linear 
functionals, say £1 and £2, we have 

for all scalars C1, C2. Moreover, 

and 

The space H-t (21f) can be used to represent the space of bounded linear 
functionals on Ht(21f), and it is usually called the dual space for Ht(21f). 
In this framework, we are regarding HO(21f) == L2(0, 21f) as self-dual. The 
evaluation of linear functionals on Ht(21f), as in (6.5.6), can be considered 
as a bilinear function defined on Ht(21f) x H-t (21f); and in that case, 

(6.5.7) 

b(cp, 'l/J) = (cp, 'l/J), (6.5.8) 

using the usual inner product of L2(0, 21f). Then the bilinear duality pairing 
(-,.) is the unique bounded extension of b(·,·) to Ht(21f) x H-t (21f), when 
regarding L2(0, 21f) as a dense subspace of H-t (21f). For a more extensive 
discussion ofthis topic with much greater generality, see Aubin [17, Chapter 
3J. 
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We have considered (.,.) as defined on Ht(27r) x H-t(27r) with t ~ 0. 
But we can easily extend this definition to allow t < O. Using (6.5.6), we 
define 

= 
(6.5.9) 

m=-= 

for 'P = 'L-am'¢m in Ht(27r) and TJ = 'L-bm'¢m in H-t (27r), for any real 
number t. The bound (6.5.7) is also still valid. This extension of (.,.) is 
merely a statement that the dual space for Ht(27r) with t < ° is just 
H-t(27r). 

6.5.2 Embedding results 

We give another variant of the Sobolev embedding theorem. 

Proposition 6.5.4 Let s > k + ~ for some integer k ~ 0, and let 'P E 
HS(27r). Then 'P E C;(27r). 

Proof. We give a proof for only the case k = 0, as the general case is 
quite similar. We show the Fourier series (6.5.1) for 'P is absolutely and 
uniformly convergent on [0, 27r]j and it then follows by standard arguments 
that 'P is continuous and periodic. From the definition (6.5.1), and by using 
the Cauchy-Schwarz inequality, 

= 
m=-oo 

= laol + L Iml-s Iml s laml 
Iml>O 

~ laol + L Iml-2S L Iml2s laml2 . 

Iml>O Iml>O 

Denoting ((r) the zeta function 

= 1 
((r) = L mr ' 

m=l 

r> 1, 

we then have 

(6.5.10) 

By standard arguments on the convergence of infinite series, (6.5.10) implies 
that the Fourier series (6.5.1) for 'P is absolutely and uniformly convergent. 
In addition, 

(6.5.11) 

Thus the identity mapping from HS(27r) into Cp (27r) is bounded. • 
The proof of the following result is left as Exercise 6.5.1. 
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Proposition 6.5.5 Let s > t. Then HS(27r) is dense in Ht(27r), and the 
identity mapping 

I: H 8 (27r) -+ Ht(27r), I(cp) == cp for cp E HS(27r) 

is a compact operator. 

6.5.3 Approximation results 

When integrals of periodic functions are approximated numerically, the 
trapezoidal rule is the method of choice in most cases. Let us explain why. 
Suppose the integral to be evaluated is 

I( cp) = 127r cp(x) dx 

with cp E HS(27r) and s > !. The latter assumption guarantees cp is contin
uous so that evaluation of cp(x) makes sense for all x. For an integer k 2: 1, 
let h = 2;: and write the rule as 

k 

Tk(cp) = h L cp(jh). (6.5.12) 
j=l 

We give a nonstandard error bound, but one that shows the rapid rate of 
convergence for smooth periodic functions. 

Proposition 6.5.6 Assume s > !, and let cp E HS(27r). Then 

k 2: 1. (6.5.13) 

Proof. We begin with the following result, on the application of the 
trapezoidal rule to eimx . 

Tk(eimx ) = {27r' m = jk, j = 0, ±1, ±2, ... , (6.5.14) 
0, otherwise. 

Using it, and applying Tk to the Fourier series representation (6.5.1) of 
cp(s), we have 

I(cp) - Tk(cp) = -~ L akm = -~ L akm(km)S(km)-s. 
Iml>O Iml>O 

Applying the Cauchy-Schwarz inequality to the last sum, 
1 1 

II(cp) - Tk(cp) I ~ ~ [L lakml2 (km)2S]
2 

[ L (km)-2S]
2 

Iml>O Iml>O 

~ ~llcpllsk-sJ2((2s). 

This completes the proof. • 
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Recall the discussion of the trigonometric interpolation polynomial Inrp 
in Chapter 3, and in particular the theoretical error bound of Theorem 
3.6.2. We give another error bound for this interpolation. A complete 
derivation of it can be found in [102]. 

Theorem 6.5.7 Let s > ~, and let rp E HS(27r). Then for 0:::; r:::; s, 

c 
Ilrp - Inrpllr :::; ns - r IIrplls ' n?1. (6.5.15) 

The constant c depends on sand r only. 

Proof. The proof is based on using the Fourier series representation 
(6.5.1) of rp to obtain a Fourier series for Inrp. This is then subtracted from 
that for rp, and the remaining terms are bounded to give the result (6.5.15). 
For details, see [102]. This is only a marginally better result than Theorem 
3.6.2, but it is an important tool when doing error analyses of numerical 
methods in the Sobolev spaces HS(27r). • 

6.5.4 An illustrative example of an operator 

To illustrate the usefulness of the Sobolev spaces HS(27r), we consider the 
following important integral operator: 

Arp(x) = -~ 127r rp(y) log 12e-! sin (x; y) I dy, -00 < x < 00 

(6.5.16) 

for rp E £2(0, 27r). It plays a critical role in the study of boundary integral 
equation reformulations of Laplace's equation in the plane. Using results 
from the theory of functions of a complex variable, it can be shown that 

Arp(t) = a07{!o(t) + L ~17{!m(t) 
Iml>O 

(6.5.17) 

where rp = 2:::=-00 am7{!m. In turn, this implies that 

A: HS(27r) l-=rl Hs+l(27r), 
onto 

s?O (6.5.18) 

and 

II All = 1. 

The definition of A as an integral operator in (6.5.16) requires that the 
function rp be a function to which integration can be applied. However, 
the formula (6.5.17) permits us to extend the domain for A to any Sobolev 
space HS(27r) with s < O. This is important in that one important approach 
to the numerical analysis of the equation Arp = f requires A to be regarded 
as an operator from H-!(27r) to H!(27r). 

We will return to the study and application of A in Chapter 12; and it 
is discussed at length in [13, Chap. 7]; [148]. 
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6.5.5 Spherical polynomials and spherical harmonics 

The Fourier series can be regarded as an expansion of functions defined on 
the unit circle in the plane. For functions defined on the unit sphere U in 
~3, the analogue of the Fourier series is the Laplace expansion, and it uses 
spherical harmonics as the generalizations of the trigonometric functions. 
We begin by first considering spherical polynomials, and then we introduce 
the spherical harmonics and Laplace expansion. Following the tradition in 
the literature on the topic, we use (x, y, z) for a generic point in ~3 in this 
subsection. 

Definition 6.5.8 Consider an arbitrary polynomial in (x, y, z) of degree 
N, say, 

p(x, y, z) = 
i,j,k',?O 

i+j+k~N 

(6.5.19) 

and restrict (x, y, z) to lie on the unit sphere U. The resulting function is 
called a spherical polynomial of degree:::; N. 

Spherical polynomials are the analogues of the trigonometric polynomi
als, which can be obtained by replacing (x, y) in 

"'"' a. 'xiyj L..; 't,l 

i,j',?O 
i+j~N 

with (cos 0, sin 0). Note that a polynomial p(x, y, z) may reduce to an ex
pression oflower degree. For example, p(x, y, z) = x 2 +y2 + z2 reduces to 1 
when (x, y, z) E U. Denote by SN the set of all such spherical polynomials 
of degree :::; N. 

An alternative way of obtaining polynomials on U is to begin with 
homogeneous harmonic polynomials. 

Definition 6.5.9 Let p = p(x, y, z) be a polynomial of degree n which 
satisfies Laplace's equation, 

82p 82p 82p 
f1p(x, y, z) == 8x2 + 8y2 + 8z2 = 0, (x,y,z) E ~3, 

and further, let p be homogeneous of degree n: 

p(tx, ty, tz) = tnp(x, y, z), -00 < t < 00, (x,y,z) E ~3. 

Restrict all such polynomials to U. Such functions are called spherical 
harmonics of degree n. 

As examples of spherical harmonics, we have the following. 

1. n = 0 

p(x, y, z) = 1, 
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2. n = 1 

p(x, y, z) = x, y, z, 

3. n= 2 

() 2 2 22 2 2 22 P x, y, z = xy, xz, yz, x + y - z, x + z - Y , 

where in all cases, we use (x,y,z) = (cos ¢>sinO, sin¢>sinO, cosO). Non
trivial linear combinations of spherical harmonics of a given degree are 
again spherical harmonics of that same degree. For example, 

p(x, y, z) = x + y + z 

is also a spherical harmonic of degree 1. The number of linearly independent 
spherical harmonics of degree n is 2n + 1; and thus the above sets are 
maximal independent sets for each of the given degrees n = 0,1,2. 

Define S N to be the smallest vector space to contain all of the spherical 
harmonics of degree n :S N. Alternatively, SN is the set of all finite linear 
combinations of spherical harmonics of all possible degrees n :S N. Then it 
can be shown that 

(6.5.20) 

and 

(6.5.21) 

Below, we give a basis for SN. See MacRobert [111, Chap. 7] for a proof of 
these results. 

There are well-known formulas for spherical harmonics, and we will make 
use of some of them in working with spherical polynomials. The subject of 
spherical harmonics is quite large one, and we can only touch on a few small 
parts of it. For further study, see the classical book [111] by T. MacRobert. 
The spherical harmonics of degree n are the analogues of the trigonometric 
functions cos nO and sin nO, which are restrictions to the unit circle of the 
homogeneous harmonic polynomials 

rn cos(nO), rn sin(nO) 

written in polar coordinates form. 
The standard basis for spherical harmonics of degree n is 

S~(x,y,z) = cnLn(cosO), 

s;m(x, y, z) = cn,mL~(cosO) cos(m¢», 

s;m+l(x, y, z) = cn,mL~(cosO) sin(m¢», m = 1, ... , n, 

(6.5.22) 

with (x,y,z) = (cos ¢>sinO, sin ¢>sin 0, cos 0). In this formula, Ln(t) 1S a 
Legendre polynomial of degree n, 

(6.5.23) 
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and L~(t) is an associated Legendre function, 

The constants in (6.5.22) are given by 

_ V2n + 1 
cn - ~' 

1 ~ m ~ n. 

Cn,m = 
2n + 1 (n - m)! 

27l' (n + m)!' 

(6.5.24) 

We will occasionally denote the Legendre polynomial Ln by L~, to simplify 
referring to these Legendre functions. 

The standard inner product on L2(U) is given by 

(f,g) = Lf(Q)g(Q)dSQ . 

Using this definition, we can verify that the functions of (6.5.22) satisfy 

(S~, S~) = 8n,q8k,p 

for n, q = 0,1, ... and 1 ~ k ~ 2n + 1, 1 ~ p ~ 2q + 1. The set of functions 

{S~ I 1 ~ k ~ 2n + 1, 0 ~ n ~ N} 

is an orthonormal basis for S N. To avoid some double summations, we will 
sometimes write this basis for S N as 

(6.5.25) 

with dN = (N + 1)2 the dimension of the subspace. 
The set {S~ I 1 ~ k ~ 2n + 1, 0 ~ n < oo} of spherical harmonics is an 

orthonormal basis for L2(U), and it leads to the expansion formula 

00 2n+l 

g(Q) = L L (g, S~) S~(Q), (6.5.26) 
n=O k=l 

This is called the Laplace expansion of the function g, and it is the gener
alization to L2(U) of the Fourier series on the unit circle in the plane. The 
function 9 E L2(U) if and only if 

00 2n+l 

Ilgll~2 = L L l(g,S~)12 < 00. (6.5.27) 
n=O k=l 

In analogy with the use of the Fourier series to define the Sobolev spaces 
HS(27l'), we can characterize the Sobolev spaces HS(U) by using the Laplace 
expansion. 
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Of particular interest is the truncation of the series (6.5.26) to terms of 
degree at most N, to obtain 

N 2n+l 

PNg(Q) = L L (g, S~) S~(Q). (6.5.28) 
n=O k=l 

This defines the orthogonal projection of L2(U) onto SN; and of course, 
PNg ---. 9 as N ---. 00. Since it is an orthogonal projection on L2(U), we 
have IIPNII = 1 as an operator from L2(U) in L2(U). However, we can also 
regard SN as a subset of C(S); and then regarding PN as a projection from 
C(S) to SN, we have 

(6.5.29) 

with 8N ---.0 as N ---. 00. A proof of this is quite involved, and we refer the 
reader to Gronwall [66] and Ragozin [136]. In a later chapter, we use the 
projection PN to define a Galerkin method for solving integral equations 
defined on U, with S N as the approximating subspace. 

Best approximations 

Given 9 E C(U), define 

PN(g) = inf Ilg - plloo . 
pESN 

(6.5.30) 

This is called the minimax error for the approximation of 9 by spherical 
polynomials of degree:::; N. With the Stone-WeierstraB theorem (e.g., see 
[117]), it can be shown that PN(g) ---.0 as N ---. 00. In the error analysis of 
numerical methods that use spherical polynomials, it is important to have 
bounds on the rate at which PN(g) converges to zero. An initial partial 
result was given by Gronwall [66]; and a much more complete theory was 
given many years later by Ragozin [135], a special case of which we give 
here. We first introduce some notation. 

For given positive integer k, let Dk 9 denote an arbitrary kth order deriva
tive of 9 on U, formed with respect to local surface coordinates on U. (One 
should consider a set of local patch coordinate systems over U, as in Def
inition 6.2.13, and Sobolev spaces based on these patches. But what is 
intended is clear and the present notation is simpler.) Let 'Y be a real num
ber, 0 < 'Y :::; 1. Define Ck,'Y(U) to be the set of all functions 9 E C(U) 
for which all of its derivatives Dkg E C(U), with each of these derivatives 
satisfying a Holder condition with exponent T 

P,QEU. 

Here IP - QI denotes the usual distance between the two points P and Q. 
The Holder constant Hk,'Y(g) is to be uniform over all kth-order derivatives 
of g. 
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Theorem 6.5.10 Let 9 E Ck,'Y(U). Then there is a sequence of spherical 
polynomials {PN} for which Ilg - pNlloo = pN(g) and 

( ) < CkHk,'Y(g) 
PN 9 _ Nk+'Y' N ;?: 1. (6.5.31) 

The constant Ck is dependent on only k. 

For the case k = 0, see Gronwall [66] for a proof; and for the general 
case, a proof can be found in Ragozin [135, Theorem 3.3]. 

This result leads immediately to results on the rate of convergence of the 
Laplace series expansion of a function 9 E Ck,'Y(U), given in (6.5.26). Using 
the norm of L2(U), and using the definition of the orthogonal projection 
PNg being the best approximation in the inner product norm, we have 

Ilg - PNgl1 ~ Ilg - PNII 
~ 471" Ilg - PNlloo 
< 471"Ck,'Y (g) 
- Nk+'Y ' N;?:1. (6.5.32) 

We can also consider the uniform convergence of the Laplace series. Write 

Ilg - PNgii oo = IIg - PN - PN(g - PN )11 00 

~ (1 + IIFNI!) Ilg - PNlloo 
~ cN-(k+'Y-~) (6.5.33) 

with the last step using (6.5.29). In particular, if 9 E CO,'Y(U) with ~ < 
'Y ~ 1, we have uniform convergence of PNg to 9 on U. From (6.5.31), the 
constant C is a multiple of Hk,'Y(g). 

No way is known to interpolate with spherical polynomials in a manner 
that generalizes trigonometric interpolation. For a more complete discus
sion of this and other problems in working with spherical polynomial 
approximations, see [13, Section 5.5]. 

Sobolev spaces on the unit sphere 

The function spaces L2(U) and C(U) are the most widely used function 
spaces over U, but we need to also introduce the Sobolev spaces Hr(u). 
There are several equivalent ways to define Hr(u). The standard way is 
to proceed as in Definition 6.2.13, using local coordinate systems based on 
a local set of patches covering U and then using Sobolev spaces based on 
these patches. 

Another approach, used less often but possibly more intuitive, is based 
on the Laplace expansion of a function 9 defined on the unit sphere U. 
Recalling the Laplace expansion (6.5.26), define the Sobolev space Hr(u) 
to be the set of functions whose Laplace expansion satisfies 

(6.5.34) 
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This definition can be used for any real number r ~ O. For r a positive inte
ger, the norm Ilgll* r can be shown to be equivalent to a standard Sobolev 
norm based on a s~t of local patch coordinate systems for U. 

Exercise 6.5.1 Prove Proposition 6.5.5. 

Exercise 6.5.2 Prove that the space T defined in (6.5.4) zs dense in 
HS(27r) for -00 < s < 00. 

Exercise 6.5.3 Let 'P be a continuous periodic function with period 27r. 
Write Simpson's rule as 

where h = 27r/(2k) = 7r/k. Show that if'P E HS(27r), s> 1/2, then 

Exercise 6.5.4 For t > 0, demonstrate that elements of H-t (27r) are in
deed bounded linear functionals on Ht(27r) when using (6.5.6) to define the 
linear functional. 

6.6 Integration by parts formulas 

We comment on the validity of integration by parts formulas. Assume n is 
a bounded domain in JRd with a Lipschitz continuous boundary r. Denote 
v = (111' ... ' IIdf the unit outward normal vector on r, which is defined 
almost everywhere giving that r is Lipschitz continuous. It is a well-known 
classical result that 

l ux;v dx = k UV IIi ds -l uvx;dx 

This is often called Gauss's formula or the divergence theorem; and for 
planar regions n, it is also called Green's formula. This formula can be 
extended to functions from certain Sobolev spaces so that the smoothness 
of the functions is exactly enough for the integrals to be well defined in the 
sense of Lebesgue. 

Proposition 6.6.1 Assume n <;;; JRd is a bounded domain with a Lipschitz 
continuous boundary r. Then 

l Ux;V dx = k UV IIi ds -l uvx;dx (6.6.1) 
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Proof. Since CI (0) is dense in HI (0), we have sequences {un}, { Vn} S;;; 
CI (0), such that 

Ilun - uIIH1(fl) ~ 0 

Ilvn - vIIHl(fl) ~ 0 

as n ~ 00, 

as n ~ 00. 

in (Un)xi Vn dx = h Un Vn Vi ds -in Un (Vn)Xi dx . 

We take the limit as n ~ 00 in (6.6.2). Let us estimate 

lin UXi v dx - in (Un)Xi Vn dxl 

::; inl(u - un)x,Ilvl dx + inl(Un)Xillv - vnl dx 

::; Ilu - unIIHl(fl)llvll£2(fl) + IlunIIHl(fl)llv - vnll£2(fl). 

(6.6.2) 

Since the sequences {un} and {vn} are convergent in HI(O), the quantities 
IlunIlHl(fl) are uniformly bounded. Hence, 

in uxivdx -in (un)xivndx ~ 0 as n ~ 00. 

Similarly, 

in uVxidx -in Un (Vn)Xi dx ~ 0 as n ~ 00. 

With regard to the boundary integral terms, we need to use the trace 
theorem, HI(O) '----t L2 (f). From this, we see that 

as n ~ 00, 

and similarly, 

as n ~ 00. 

Then use the argument technique above, 

as n ~ 00. 

Taking the limit n ~ 00 in (6.6.2) we obtain (6.6.1). • 
The above proof technique is called a "density argument." Roughly 

speaking, a classical integral relation can often be extended to functions 
from certain Sobolev spaces, as long as all the expressions in the integral 
relation make sense. The formula (6.6.1) suffices in studying linear second
order boundary value problems. For analyzing nonlinear problems, it is 
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beneficial to extend the formula (6.6.1) even further. Indeed we have 

luxiVdX= hUVVids-lUVxidX \iuEW1,P(O), VEW1,P*(O), 

(6.6.3) 

where p E (1,00), and p* E (1,00) is the conjugate exponent defined 
through the relation lip + 1/p* = l. 

Various other useful formulas can be derived from (6.6.2). One such 
formula is 

l ~uvdx = h ~~ vds -l \lu· \lvdx \iu E H2(O), v E Hl(O). 

(6.6.4) 

Here, 

is the Laplacian operator; 

is the gradient of U; and 

d 02 

~:Uf---t~U= L j:) ~ 
uX· 

i=l t 

au 
- = \lu·v 
av 

is the outward normal derivative. 
Another useful formula derived from (6.6.2) is 

l(divU)VdX= hUvVds-lu.\lVdX \iUEHl(O)d, VEHl(O). 

(6.6.5) 

Here U = (Ul, ... ,Ud)T is a vector-valued function; 

d 

d. '" aUi 
IVU= ~-

i=l aXi 

is the divergence of U; and U v = U· v is the normal component of U on r. 

Exercise 6.6.1 Use the density argument to prove the formula (6.6.3). 

Exercise 6.6.2 Prove the formulas (6.6.4) and (6.6.5) by using (6.6.1). 

Suggestion for Further Readings 

ADAMS [1] and LIONS AND MAGENES [109] provides a comprehensive 
treatment of basic aspects of Sobolev spaces, including proofs of various 
results. Many references on modern PDEs contain an introduction to the 
theory of Sobolev spaces, e.g., EVANS [48], MCOWEN [116], WLOKA [167]. 
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Sobolev spaces of any real order (i.e., W 8 ,P(!l) with s E JR) can be studied 
in the framework of interpolation spaces. Several methods are possible to 
develop a theory of interpolation spaces; see TRIEBEL [161]. A relatively 
easily accessible reference on the topic is BERGH AND LOFSTROM [22]. 



7 
Variational Formulations of Elliptic 
Boundary Value Problems 

In this chapter, we formulate variational (or weak) forms of some elliptic 
boundary value problems and study the well-posedness of the variational 
problems. We begin with a derivation of the weak formulation of the homo
geneous Dirichlet boundary value problem for the Poisson equation. In the 
abstract form, a weak formulation can be viewed as an operator equation. 
In the second section, we provide some general results on existence and 
uniqueness for linear operator equations. In the third section, we present 
and discuss the well-known Lax-Milgram lemma, which is applied, in the 
section following, to the study of well-posedness of variational formula
tions for various linear elliptic boundary value problems. We also apply the 
Lax-Milgram lemma in studying a boundary value problem in linearized 
elasticity. The framework in the Lax-Milgram lemma is suitable for the 
development of the Galerkin method for numerically solving linear elliptic 
boundary value problems. In Section 7.6, we provide a brief discussion of 
two different weak formulations: the mixed formulation and the dual for
mulation. For the development of Petrov-Galerkin method, where the trial 
function space and the test function space are different, we discuss a gen
eralization of Lax-Milgram lemma in Section 7.7. Most of the chapter is 
concerned with boundary value problems with linear differential operators. 
In the last section, we analyze a nonlinear elliptic boundary value problem. 

Recall that we use n to denote an open bounded set in ]Rd, and we 
assume the boundary r = 8n is Lipschitz continuous. Occasionally, we 
need to further assume n to be connected, and we state this assumption 
explicitly when it is needed. 
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7.1 A model boundary value problem 

To begin, we use the following model boundary value problem as an 
illustrative example: 

{ -t:w = f in n, 
u = 0 on r. (7.1.1) 

The differential equation in (7.1.1) is called the Poisson equation. The 
Poisson equation can be used to describe many physical processes, e.g., 
steady-state heat conduction, electrostatics, deformation of a thin elastic 
membrane (cf. [133]). We discuss a weak solution of the problem and its 
relation to a classical solution of the problem. 

A classical solution of the problem (7.1.1) is a smooth function u E 

C2 (n)nc(n) that satisfies the differential equation (7.1.1h and the bound
ary condition (7.1.1h pointwise. Necessarily we have to assume f E C(n), 
but this condition, or even the stronger condition f E C(n), does not 
guarantee the existence of a classical solution of the problem (d. [64]). A 
purpose of the introduction of the weak formulation is to remove the high 
smoothness requirement on the solution and as a result it is easier to have 
the existence of a (weak) solution. 

To derive the weak formulation corresponding to (7.1.1), we temporarily 
assume it has a classical solution u E C2 (n) n C(O). We multiply the 
differential equation (7.1.1h by an arbitrary function v E Co(n) (so-called 
smooth test functions), and integrate the relation on n, 

-in f:l.uvdx = in fvdx. 

Now an integration by parts yields (recall that v = 0 on r) 

in "Vu· "Vvdx = 10 fvdx. (7.1.2) 

This relation was proved under the assumptions u E C2 (n) n C(O) and 
v E Co(n). However, for each term in the relation (7.1.2) to make sense, 
we only need to require the following regularities of u and v: u, v E H 1(n), 
assuming f E L2(n). Recalling the homogeneous Dirichlet boundary con
dition (7.1.1h, we thus seek a solution u E HJ(n) satisfying the relation 
(7.1.2) for any v E Co(n). Since Co(n) is dense in HJ(n), the relation 
(7.1.2) is valid for any v E HJ(n). Therefore, the weak formulation of the 
boundary value problem (7.1.1) is 

UEHJ(n), in "Vu·"Vvdx= infVdX VVEHJ(n). (7.1.3) 

Actually, we can even weaken the assumption f E L2(n). It is enough for 
us to assume f E H-1(n) = (HJ(n))', as long as we interpret the integral 
10 f v dx as the duality pairing (t, VI between H-1 (n) and HJ(n). We 
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adopt the convention of using fnfvdx for (f,v) when f E H-1(n) and 
v E HJ(n). 

We have shown that if u is a classical solution of (7.1.1), then it is also 
a solution of the weak formulation (7.1.3). Conversely, suppose u is a weak 
solution with the additional regularity u E C2 (n) n C(O). Then for any 
v E cO'(n) ~ HJ(n), from (7.1.3) we obtain 

in (-~u - f)vdx = o. 

Then we must have -~u = f in 0,; i.e., the differential equation (7.1.1h 
is satisfied. Also u satisfies the homogeneous Dirichlet boundary condition 
pointwisely. 

Thus we have shown that the boundary value problem (7.1.1) and the 
variational problem (7.1.3) are formally equivalent. In case the weak so
lution u does not have the regularity u E C2 (n) n C(O), we will say u 
formally solves the boundary value problem (7.1.1). 

We set V = HJ(n), and let a(·,·) : V x V --t lR be the bilinear form 
defined by 

a(u, v) = in "Vu· "Vv dx for u, v E V, 

and f : V --t lR the linear functional defined by 

f(v) = infVdX for vEV. 

Then the weak formulation of the problem is to find u E V such that 

a( u, v) = f( v) V v E V. (7.1.4) 

We define a differential operator A associated with the boundary value 
problem (7.1.1) by 

A: HJ(n) --t H-1(n), (Au, v) = a(u,v) Vu,v E HJ(n). 

Here, (.,.) denotes the duality pairing between H-1(n) and HJ(n). Then 
the problems (7.1.4) can be viewed as a linear operator equation 

Au = f in H-1(n). 

A formulation of the type (7.1.1) in the form of a partial differential 
equation and a set of boundary conditions is referred to as a classical for
mulation of a boundary value problem, while a formulation of the type 
(7.1.4) is known as a weak formulation. One advantage of weak formula
tions over classical formulations is that questions related to existence and 
uniqueness of solutions can be answered more satisfactorily. Another ad
vantage is that weak formulations naturally lead to the development of 
Galerkin-type numerical methods. 
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7.2 Some general results on existence and 
unIqueness 

We first present some general ideas and results on existence and uniqueness 
for a linear operator equation of the form 

u E V, Lu = f, (7.2.1) 

where L : V(L) <:;;; V --> W, V and Ware Hilbert spaces, and fEW. 
Notice that the solvability of the equation is equivalent to the condition 
R(L) = W, while the uniqueness of a solution is equivalent to the condition 
N(L) = {a}. 

A very basic existence result is the following theorem. 

Theorem 7.2.1 Let V and W be Hilbert spaces, L : V(L) <:;;; V --> W a 
linear operator. Then R(L) = W if and only ifR(L) is closed and R(L).l.. = 

{a}. 

Proof. If R(L) = W, then obviously R(L) is closed and R(L).l.. = {a}. 
Now assume R(L) is closed and R(L).l.. = {a}, but R(L) =J. W. Then 

R(L) is a closed subspace of W. Let w E W\R(L). By the Hahn-Banach 
theorem, the compact set {w} and the closed convex set R( L) can be 
strictly separated by a closed hyperplane; i.e., there exists a w* E W' such 
that (w*,w) > a and (w*,Lv) ::; a for all v E V(L). Since L is a linear 
operator, V(L) is a subspace of V. Hence, (w*, Lv) = a for all v E V(L). 
Therefore, a =J. w* E R(L).l... This is a contradiction. • 

Let us see under what conditions R(L) is closed. We first introduce an 
important generalization of the notion of continuity. 

Definition 7.2.2 An operator T : V(T) <:;;; V --> W, where V and Ware 
Banach spaces, is said to be a closed operator if for any sequence {vn} <:;;; 

V(T), Vn --> v and T(vn) --> w imply v E V(T) and w = T(v). 

We notice that a continuous operator is closed. The next example shows 
that a closed operator is not necessarily continuous. 

Example 7.2.3 Let us consider a linear differential operator, Lv = -.6.v. 
This operator is not continuous from L2(n) to L2(n). Nevertheless, L is a 
closed operator on L2(n). To see this, let {vn} be a sequence converging to 
v in L2(n), such that the sequence {-.6.vn} converges to w in L2(n). In 
the relation 

In -.6.vn ¢dx = -In vn.6.¢dx V¢ E c8"(n) 

we take the limit n --> 00 to obtain 

In w¢dx = -In v.6.¢dx V¢ E C8"(n). 

Therefore w = -.6.v, and the operator L is closed. 
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Theorem 7.2.4 Let V and W be Hilbert spaces, L : V(L) ~ V ~ W a 
linear closed operator. Assume for some constant c > 0, the following a 
priori estimate holds: 

IILvllw;::: cllvllv Vv E V(L), (7.2.2) 

which is usually called a stability estimate. Also assume R( L) l.. = {O}. 
Then for each fEW, the equation (7.2.1) has a unique solution. 

Proof. Let us verify that R( L) is closed. Let {f n} be a sequence in R( L), 
converging to f. Then there is a sequence {vn } ~ V(L) with fn = Lvn. By 
(7.2.2), 

Thus {vn } is a Cauchy sequence in V. Since V is a Hilbert space, the 
sequence {vn } converges: Vn ~ v E V. Now L is assumed to be closed, we 
conclude that v E V(L) and f = Lv E R(L). So we can invoke Theorem 
7.2.1 to obtain the existence of a solution. The uniqueness of the solution 
follows from the stability estimate (7.2.2). • 

Noticing that a continuous operator is closed, we can replace the closed
ness of the operator by the continuity of the operator in the above Theorem 
7.2.4. 

Example 7.2.5 Let V be a Hilbert space, L E .c(V, V') be strongly 
monotone, i.e., for some constant c > 0, 

(Lv, v);::: cllvll~ Vv E V. 

Then (7.2.2) holds because, from the monotonicity, 

IILvilvl Ilvllv ;::: c Ilvll~, 
which implies 

IILvllvl ;::: c Ilvllv. 
Also R(L)l.. = {O}, since from v.l R(L) we have 

c Ilvll~ :S (Lv, v) = 0, 

and hence v = O. Therefore from Theorem 7.2.4, under the stated assump
tions, for any f E V', there is a unique solution u E V to the equation 
Lu = f in V'. 

Example 7.2.6 As a concrete example, we consider the weak formulation 
of the model elliptic boundary value problem (7.1.1). Here, 0 ~ IRd is a 
bounded domain with Lipschitz boundary 80, V = HJ(O) with the norm 
IIvllv = IVIHl(rl), and V' = H-l(O). Given f E H- 1(0), consider the 
problem 

{ 
-~u = f in 0, 

u = 0 on 80. 
(7.2.3) 
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We define the operator L : V --+ V' by 

(Lu,v) = 10 'lu· 'lvdx, u,v E V. 

Then L is linear, continuous, and strongly monotone; indeed, we have 

IILII = 1 

and 

(Lv,v) = Ilvll~ \Iv E V. 

Thus from Example 7.2.5, for any f E H- 1 (O), there is a unique u E 

HJ(O) such that 

10 'lu· 'lvdx = (j,v) \Iv E V; 

i.e., the boundary value problem (7.2.3) has a unique weak solution. 

It is possible to extend the existence results presented in Theorems 7.2.1 
and 7.2.4 to linear operator equations on Banach spaces. Let V and W 
be Banach spaces, with duals V' and W'. Let L : V(L) ~ V --+ W be a 
densely defined linear operator; i.e., L is a linear operator and V(L) is a 
dense subspace of V. Because V(L) is dense in V, one can define the dual 
operator L* : V(L*) ~ W' --+ V' by 

(L*w*,v) = (w*,Lv) \Iv E V(L), w* E W'. 

We then define 

N(L).L = {v* E Vi I (v*,v) = 0 \Iv E V(L)}, 

N(L*).L = {w E WI (w*,w) = 0 \lw* E V(L*)}. 

The most important theorem on dual operators in Banach spaces is the 
following closed range theorem of Banach (d., e.g., [175, p. 210]). 

Theorem 7.2.7 Assume V and Ware Banach spaces, L : V(L) ~ V --+ 

W is a densely defined linear closed operator. Then the following four state
ments are equivalent. 
(a) R(L) is closed in W. 
(b) R(L) = N(L*).L. 
(c) R(L*) is closed in V'. 
(d) R(L*) = N(L).L. 

In particular, this theorem implies the abstract Fredholm alternative 
result: If R(L) is closed, then R(L) = N(L*).L; i.e., the equation Lu = f 
has a solution u E V( L) if and only if (w*, f) = 0 for any w* E W' with 
L*w* = O. The closedness of R(L) follows from the stability estimate 

IILvl1 2': c Ilvll \Iv E V(L), 

as we have seen in the proof of Theorem 7.2.4. 
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Now we consider the issue of uniqueness of a solution to a nonlinear 
operator equation. We have the following general result. 

Theorem 7.2.8 Assume V and Ware Banach spaces, T : V(T) ~ V -+ 

W. Then for any fEW, there exists at most one solution u E V of the 
equation T( u) = f, if one of the following conditions is satisfied. 
(a) Stability: for some constant c > 0, 

IIT(u) - T(v)11 :::: cllu - vii Vu,v E V(T). 

(b) Contractivity of T - I: 

II(T(u) - u) - (T(v) - v)11 < Ilu - vii Vu, v E V(T), u =t- v. 

Proof. (a) Assume both Ul and U2 are solutions. Then T(Ul) = T(U2) = 
f. Apply the stability condition, 

Therefore, Ul = U2. 
(b) Suppose there are two solutions Ul =t- U2. Then from the contractivity 

condition, we have 

This is a contradiction. • 
We remark that the result of Theorem 7.2.8 certainly holds in the special 

case of Hilbert spaces V and W, and when T = L : V(L) ~ V -+ W is 
a linear operator. In the case of a linear operator, the stability condition 
reduces to the estimate (7.2.2). 

Exercise 7.2.1 Consider a linear system on JR.d: Ax = b, where A E 
JR.dxd , and b E JR.d. Recall the well-known result that for such a linear 
system, existence and uniqueness are equivalent. Apply Theorem 7.2.8 to 
find sufficient conditions on A that guarantee the unique solvability of the 
linear system for any given b E JR.d. 

7.3 The Lax-Milgram Lemma 

The Lax-Milgram lemma is employed frequently in the study of linear el
liptic boundary value problems of the form (7.1.4). For a real Banach space 
V, let us first explore the relation between a linear operator A : V -+ V' 
and a bilinear form a : V x V -+ JR related by 

(Au, v) = a(u,v) Vu,v E V. (7.3.1) 

Theorem 7.3.1 There exists a one-to-one correspondence between linear 
continuous operators A : V -+ V' and continuous bilinear forms a : V x 
V -+ JR, given by the formula (7.3.1). 
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Proof. If A E .c(V, V'), then a : V x V --* ~ defined in (7.3.1) is bilinear 
and bounded: 

la(u,v)l::; IIAullllvl1 ::; IIAllllullllvl1 Vu,v E V. 

Conversely, let a(·, .) be given as a continuous bilinear form on V. For any 
fixed u E V, the map v 1-+ a( u, v) defines a linear continuous operator on 
V. Thus, there is an element Au E V' such that (7.3.1) holds. From the 
bilinearity of a(·, .), we obtain the linearity of A. From the boundedness of 
a(·, .), we obtain the boundedness of A. • 

With a linear operator A and a bilinear form a related through (7.3.1), 
many properties of the linear operator A can be defined through those of 
the bilinear form a, or vice versa. Some examples are (assuming V is a real 
Hilbert space): 

• a is bounded (a(u,v) ::; Milullllvil Vu,v E V) if and only if A is 
bounded (11Avll ::; M Ilvll "Iv E V). 

• a is positive (a(v, v) 2: 0 V v E V) if and only if A is positive ((Av, v) 2: 
o "Iv E V). 

• a is strictly positive (a( v, v) > 0 "10 i=- v E V) if and only if A is 
strictly positive ((Av, v) > 0 "10 i=- v E V). 

• a is strongly positive or V-elliptic (a(v, v) 2: 0: IIvl12 V v E V) if and 
only if A is strongly positive ((Av, v) 2: 0: IIvl12 V v E V). 

• a is symmetric (a( u, v) = a( v, u) V u, v E V) if and only if A is 
symmetric ((Au,v) = (Av,u) Vu,v E V). 

We now recall the following minimization principle from Chapter 3. 

Theorem 7.3.2 Assume K is a non-empty, closed, convex subset of the 
Hilbert space V, £ E V'. Let 

1 
E(v) = 211vl12 - £(v), v E V. 

Then there exists a unique u E K such that 

E(u) = inf E(v). 
vEK 

The minimizer u is uniquely characterized by the inequality 

uEK, (u,v-u)2:£(v-u) VvEK. 

If additionally, K is a subspace of V, then u is equivalently defined by 

u E K, (u,v) = £(v) "Iv E K. 

Let us apply this result to get the Lax-Milgram lemma in case the bilinear 
form is symmetric. 
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Theorem 7.3.3 Assume K is a non-empty, closed, convex subset of the 
Hilbert space V, a(·,·) V x V ---+ JR bilinear, symmetric, bounded, and 
V -elliptic, C E V'. Let 

1 
E(v) = "2 a(v, v) - C(v), v E V. 

Then there exists a unique u E K such that 

E(u) = inf E(v), 
vEK 

which is also the unique solution of the variational inequality 

u E K, a( u, v - u) ~ C( v - u) 'i/ v E K, 

or 

u E K, a(u,v) = C(v) 'i/v E K 

in the special case K is a subspace. 

Proof. By the assumptions, 

(u,v)a=a(u,v), u,vEV 

defines an inner product on V with the induced norm 

Ilvlla = y'a(v, v) 

which is equivalent to the original norm, 

(7.3.2) 

(7.3.3) 

(7.3.4) 

for some constants 0 < Cl s:; C2 < 00. Also notice that C is continuous with 
respect to the original norm if and only if it is continuous with respect to 
the norm II . Ila. Now 

1 
E(v) = "2llvll~ - C(v) 

and we can apply the results of Theorem 7.3.2. • 
In case the bilinear form a(·,·) is not symmetric, there is no longer an 

associated minimization problem, yet we can still discuss the solvability 
of the variational equation (7.3.4) (the next theorem) or the variational 
inequality (7.3.3) (see Chapter 10). 

Theorem 7.3.4 (LAX-MILGRAM LEMMA) Assume V is a Hilbert space, 
a(·, .) is a bounded, V -elliptic bilinear form on V, C E V'. Then there is a 
unique solution of the problem 

u E V, a(u,v) = C(v) 'i/v E V. (7.3.5) 

Before proving the result, let us consider the simple real linear equation 

x E JR, ax = C. 
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Its weak formulation is 

XElR, axy=£y \lyElR. 

We observe that the real linear equation has a solution if and only if ° < a < 
00 (we multiply the equation by (-1) to make a positive, if necessary) and 
1£1 < 00, i.e., if and only if the bilinearform a(x, y) == a x y is continuous and 
lR-elliptic, and the linear form £(y) == £ y is bounded. Thus the assumptions 
made in Theorem 7.3.4 are quite natural. 

Several different proofs are possible for this important result. Here we 
present two of them. 

Proof. [#1] For any () > 0, the problem (7.3.5) is equivalent to 

(u, v) = (u, v) - () [a(u, v) - £(v)] \Iv E V, 

i.e., the fixed-point problem, 

u = Po(u), 

where Po ( u) E V is defined through the relation 

(Po(u), v) = (u, v) - () [a(u, v) - £(v)], v E V. 

We will apply the Banach fixed-point theorem with a proper choice of (). 
Let A : V ---+ V' be the linear operator associated with the bilinear form 
a(·, .), cf. (7.3.1). Then A is bounded and strongly positive: \Iv E V, 

IIAvl1 ::; M Ilvll, 
(Av, v) 2 ex Ilv11 2. 

Denote :1 : V' ---+ V the isometric dual mapping from the Riesz 
representation theorem. Then 

a(u,v) = (Au, v) = (:1Au,v) \lu,v E V, 

and 

11:1 Aull = IIAul1 \I u E V. 

For any u E V, by Theorem 7.3.3, the problem 

(w, v) = (u, v) - () [a(u, v) - £(v)] \Iv E V 

has a unique solution w = Po (u). Let us show that for () E (0, 2 ex/ M2), the 
operator Po is a contraction. Indeed let UI, U2 E V, and denote WI = Po (UI), 
W2 = PO(U2). Then 

(WI-W2,V) = (UI-U2,V) -()a(ul-u2,V) = ((I -():1A)(UI-U2),V), 

i.e., WI - W2 = (I - ():1A)(UI - U2). We then have 

IlwI - w211 2 = IluI - u211 2 - 2 () (:1 A( UI - U2), UI - U2) 

+ ()211:1 A(UI - u2)11 2 

::; (1- 2()ex + ()2 M2) iiul - u2112. 
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Since () E (O,2a/M2 ), we have 

1 - 2 () a + ()2 M2 < 1 

and the mapping Po is a contraction. By the Banach fixed-point theorem, 
Po has a unique fixed-point U E V, which is the solution of the problem 
(7.3.5). 

[#2] The uniqueness of a solution follows from the V-ellipticity of the 
bilinear form. We prove the existence by applying Theorem 7.2.1. We will 
use the linear operator L = :1 A : V ----+ V constructed in the first proof. 
We recall that R(L) = V if and only if R(L) is closed and R(L)l.. = {O}. 

To show R( L) is closed, we let {Un} ~ R( L) be a sequence converging 
to u. Then Un = :1 AWn for some Wn E V. We have 

Hence {wn } is a Cauchy sequence and so has a limit W E V. Then 

Ilun -:1 Awil = 11:1 A(wn - w)II = IIA(wn - w)II :S M IIwn - wil ----+ o. 
Hence, U =:1 Aw E R(L) and R(L) is closed. 

Now suppose U E R(L)l... Then for any v E V, 

0= (:1Av,u) = a(v,u). 

Taking v = u above, we have a(u, u) = O. By the V-ellipticity of a(·, .), we 
conclude u = o. • 
Example 7.3.5 Applying the Lax-Milgram lemma, we see that the bound
ary value problem (7.2.3) has a unique weak solution u E HJ(f2). 

7.4 Weak formulations of linear elliptic boundary 
value problems 

In this section, we formulate and analyze weak formulations of some lin
ear elliptic boundary value problems. To present the ideas clearly, we 
will frequently use boundary value problems associated with the Poisson 
equation, 

-~u = j, 

and the Helmholtz equation, 

as examples. 
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7.4.1 Problems with homogeneous Dirichlet boundary 
conditions 

So far, we have studied the model elliptic boundary value problem corre
sponding to the Poisson equation with the homogeneous Dirichlet boundary 
condition 

-Au = f in 0, 

u=O inr, 

where f E L2(0). The weak formulation of the problem is 

UEV, a(u,v)=€(v) VvEV. 

Here 

v = HS(O), 

a(u,v) = In V'u· V'vdx for u,v E V, 

€(v) = InfVdX forvEV. 

(7.4.1) 

(7.4.2) 

(7.4.3) 

The problem (7.4.3) has a unique solution u E V by the Lax-Milgram 
lemma. 

Dirichlet boundary conditions are also called essential boundary condi
tions since they are explicitly required by the weak formulations. 

7.4.2 Problems with non-homogeneous Dirichlet boundary 
conditions 

Suppose that instead of (7.4.2) the boundary condition is 

u = 9 on r. (7.4.4) 

To derive a weak formulation, we proceed similarly as in Section 7.1. We 
first assume the boundary value problem (7.4.1)-(7.4.4) has a classical solu
tion u E C 2 (0) nc(n). Multiplying the equation (7.4.1) by a test function 
v with certain smoothness which validates the following calculations, and 
integrating over 0, we have 

In -Auvdx = In fvdx. 

Integrate by parts, 

-h ~~ vds + In V'u· V'vdx = In fvdx. 

We now assume v = 0 on r so that the boundary integral term vanishes; 
the boundary integral term would otherwise be difficult to deal with under 
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the expected regularity condition U E HI(n) on the weak solution. Thus 
we arrive at the relation 

10 'Vu· 'Vvdx = 10 fvdx 

if v is smooth and v = 0 on f. For each term in the above relation to make 
sense, we assume f E L 2 (n), and let U E HI(n) and v E HJ(n). Recall 
that the solution U should satisfy the boundary condition u = 9 on f. We 
observe that it is necessary to assume 9 E H I / 2 (f). Finally, we obtain the 
weak formulation for the boundary value problem (7.4.1)-(7.4.4): 

U E HI(n), u = 9 on f, 10 'Vu· 'Vvdx = 10 fvdx \;Iv E HJ(n). 

(7.4.5) 

For the weak formulation (7.4.5), though, we cannot apply Lax-Milgram 
lemma directly, since the trial function u and the test function v do not lie 
in the same space. There is a standard way to get rid of this problem. Since 
9 E H I/2(r) and ')'(HI(n)) = HI/2(r), we have the existence of a function 
G E HI (0,) such that ')'G = g. We remark that finding the function G in 
practice may be nontrivial. Thus, setting 

u=w+G, 

the problem may be transformed into one of seeking w such that 

wE HJ(n), 10 'Vw· 'Vvdx = 10 (f v - 'VG· 'Vv) dx Vv E HJ(n). 

(7.4.6) 

The classical form of the boundary value problem for w is 

-D.w = f + D.G in 0" 

w = 0 on f. 

Applying the Lax-Milgram lemma, we have a unique solution w E HJ(n) 
of the problem (7.4.6). Then we set u = w + G to get a solution u of the 
problem (7.4.5). Notice that the choice of the function G is not unique, so 
the uniqueness of the solution u of the problem (7.4.5) does not follow from 
the above argument. Nevertheless, we can show the uniqueness of u by a 
standard approach. Assume both UI and U2 are solution of the problem 
(7.4.5). Then the difference UI - U2 satisfies 

UI - U2 E HJ(n), 10 'V(UI - U2)· 'Vvdx = 0 \;Iv E HJ(n). 

Taking v = UI - U2, we obtain 
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Thus, V'(U1 - U2) = 0 a.e. in !1, and hence U1 - U2 = C a.e. in !1. Using the 
boundary condition U1 - U2 = 0 a.e. on r, we see that U1 = U2 a.e. in !1. 

Since non-homogeneous Dirichlet boundary conditions can be rendered 
homogeneous in the way described above, for convenience only problems 
with homogeneous Dirichlet conditions will be considered later. 

7.4.3 Problems with Neumann boundary conditions 

Consider next the Neumann problem of determining u that satisfies 

{ -,6.u + u = f 
8uj8v = g 

in !1, 
on r. (7.4.7) 

Again we first derive a weak formulation. Assume u E C 2 (!1) n CICn) is 
a classical solution of the problem (7.4.7). Multiplying (7.4.7)r by an arbi
trary test function v with certain smoothness for the following calculations 
to make sense, integrating over !1 and using Green's theorem, we obtain 

1o(V'u,V'v+uv)dx= 1ofvdx+ h~~vdS. 
Then, substitution of the Neumann boundary condition (7.4.7h in the 
boundary term leads to the relation 

10 (V'u· V'v + uV)dx = 10 fvdx + h gvds. 

Assume f E L2(!1), g E L2(r). For each term in the above relation to make 
sense, it is natural to choose the space HI(!1) for both the trial function u 
and the test function v. Thus, the weak formulation of the boundary value 
problem (7.4.7) is 

UEHI(!1), 1o(V'u,V'v+uv)dx= 1ofvdx+ hgVdS 'v'VEHI(!1). 

(7.4.8) 

This problem has the form (7.4.3), where V = H1(!1), a(·,·) and £(.) are 
defined by 

a(u,v) = 1o(V'u,V'v+uv)dx, 

£(v) = 1o fvdx + hgVdS, 

respectively. Applying the Lax-Milgram lemma, it is straightforward to 
show that the weak formulation (7.4.8) has a unique solution u E HI(!1). 

Above we have shown that a classical solution u E C2 (!1) n C 1 Cn) of the 
boundary value problem (7.4.7) is also the solution u E HI(!1) of the weak 
formulation (7.4.8). Conversely, reversing the arguments leading to (7.4.8) 
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to (7.4.7), it is readily seen that a weak solution ofthe problem (7.4.8) with 
sufficient smoothness is also the classical solution of the problem (7.4.7). 

Neumann boundary conditions are also called natural boundary condi
tions since they are naturally incorporated in the weak formulations of the 
boundary value problems, as can be seen from (7.4.8). 

It is more delicate to study the Neumann problem for the Poisson 
equation 

{ -~u = f 
vu/vv = g 

in 0, 
on r, (7.4.9) 

where f E L2(0) and g E L2(r) are given. In general, the problem (7.4.9) 
does not have a solution, and when the problem has a solution u, any 
function of the form u + c, c E lR, is a solution. Formally, the corresponding 
weak formulation is 

UEHI(O), in V'u·V'vdx = infVdX+ 19VdS 'VvEHI(O). 

(7.4.10) 

A necessary condition for (7.4.10) to have a solution is 

in fdx + l g ds = 0 (7.4.11) 

which is derived from (7.4.10) by taking the test function v = 1. Assume 
o ~ lRd is an open, bounded, connected set with a Lipschitz boundary. 
Let us show that the condition (7.4.11) is also a sufficient condition for the 
problem (7.4.10) to have a solution. Indeed, the problem (7.4.10) is most 
conveniently studied in the quotient space V = HI (0) /lR (cf. Exercise 
1.2.14 for the definition of a quotient space), where each element [v] E V 
is an equivalence class [v] = {v + a I a E lR}, and any v E [v] is called a 
representative element. The following result is a special case of Theorem 
6.3.17. 

Lemma 7.4.1 Assume 0 ~ lRd is an open, bounded, connected set with a 
Lipschitz boundary. Then over the space V = HI (O)/lR, the quotient norm 

II[v]llv= inf Ilvlll=infllv+alll 
vE[v] o:EIR 

is equivalent to the HI(O) semi-norm Ivil for any v E [v]. 

It is now easy to see that 

a([u], [v]) = in V'u· V'v dx, u E [u], v E [v] 

defines a bilinear form on V, which is continuous and V-elliptic. Because 
of the condition (7.4.11), 

£([v]) = in fvdx+ 19VdS 
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is a well-defined linear continuous form on V. Hence, we can apply the 
Lax-Milgram lemma to conclude that the problem 

[u] E V, a([u], [v]) = C([v]) \:j [v] E V 

has a unique solution [u]. It is easy to see that any u E [u] is a solution of 
(7.4.10). 

Another approach to studying the Neumann boundary value problem 
(7.4.9) is to add a side condition, such as 

In udx=O. 

Then we introduce the space 

An application of Theorem 6.3.12 shows that over the space V, 1·11 is a norm 
equivalent to the norm 11·111. The bilinear form a(u, v) = In \1u· \1vdx is 
both continuous and V -elliptic. So there is a unique solution to the problem 

u E V, In \1 u . \1 v dx = In f v dx + l g v ds \:j v E V. 

7.4.4 Problems with mixed boundary conditions 

It is also possible to specify different kind of boundary conditions on 
different portions of the boundary. One such example is 

{
-flu +u = f 

u=O 
au/all = g 

in D, 
on r D , 

on r N , 

(7.4.12) 

where r D and r N form a non-overlapping decomposition of the boundary 
aD: r D and rN are relatively open, aD = I'D UrN, and r D n rN = 
0. Assume D is connected. The appropriate space in which to pose this 
problem in weak form is now 

V = Hf,D(D) = {v E Hl(D) I v = 0 on r D }. 

Then the weak problem is again of the form (7.4.7) with 

a(u,v) = k(\1u.\1V+UV)dX 

and 

.€(v) = r fvdx+ r gvds. 
io. irN 

Under suitable assumptions, say f E L2(D) and g E L2(rN ), we can again 
apply the Lax-Milgram lemma to conclude that the weak problem has a 
unique solution. 
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7.4.5 A general linear second-order elliptic boundary value 
problem 

The issue of existence and uniqueness of solutions to the problems just 
discussed may be treated in the more general framework of arbitrary linear 
elliptic PDEs of second order. Let 0 s:;: ffi,d be an open, bounded, connected 
set with a Lipschitz continuous boundary 00. Let 00 = r D UrN with 
r D n r N = 0, r D and r N being open subsets of 00. Consider the boundary 
value problem 

{ 
-OJ (aijOiu ) + bioiU + CU = f in 0, 

U = 0 on r D , 

aijOiU I/j = g on r N . 

(7.4.13) 

Here v = (1/1, ... ,l/d)T is the unit outward normal on r N. 

The given functions aij, bi , C, f, and g are assumed to satisfy the following 
conditions: 

aij, bi , c E LOO(O); 

there exists a constant () > 0 such that 

aij~i~j 2: () 1~12 V ~ = (~i) E ffi,d, a.e. in 0; 

f E L2(0); 

g E L 2(rN ). 

(7.4.14) 

(7.4.15) 

(7.4.16) 

(7.4.17) 

The weak formulation of the problem (7.4.13) is obtained again in the 
usual way by multiplying the differential equation in (7.4.13) by an arbi
trary test function v that vanishes on r D, integrating over 0, performing 
an integration by parts, and applying the specified boundary conditions. 
As a result, we get the weak formulation (7.4.3) with 

v = HfD(O), 

a(u, v) = L (aijOiUOjU + bi (OiU) V + cuv) dx, (7.4.18) 

C(v) = { fvdx+ { gvds. in irN 
We can again apply Lax-Milgram lemma to study the well-posedness of the 
boundary value problem. The space V = HfD (0) is a Hilbert space, with 
the standard H1-norm. The assumptions (7.4.14)-(7.4.17) ensure that the 
bilinear form is bounded on V, and the linear form is bounded on V. What 
remains to be established is the V-ellipticity of the bilinear form. 

Some sufficient conditions for the V-ellipticity of the bilinear form of the 
left hand side of (7.4.18) are discussed in Exercise 7.4.3. 
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Exercise 7.4.1 The boundary value problem 

{ 
- ~u + cu = f in 0, 

u = constant on r, 

l ~~ ds = 19d5 

is called an Adler problem. Derive a weak formulation, and show that the 
weak formulation and the boundary value problem are formally equivalent. 
Assume c > 0, f E L2(0), and g E L2(r). Prove that the weak formulation 
has a unique solution. 

Exercise 7.4.2 A boundary condition can involve both the unknown func
tion and its normal derivative; such a boundary condition is called the 
third boundary condition or Robin boundary condition for second-order 
differential equations. Consider the boundary value problem 

in 0, 
au 
av + au = g on r. 

Derive a weak formulation of the Robin boundary value problem for the 
Poisson equation. Find conditions on the given data for the existence and 
uniqueness of a solution to the weak formulation; prove your assertion. 

Exercise 7.4.3 Assume 0 ~ ]Rd is an open, bounded, connected Lipschitz 
domain. Show that the bilinear form defined in (7.4.18) is V -elliptic with 
V = HfD (0), if (7.4.14)-(7.4.17) hold and one of the following three con
ditions is satisfied, with b = (bI , ... ,bdf and e the ellipticity constant in 
(7.4.15) : 

or 

or 

c::::: Co > 0, Ibl ::; B a.e. in 0, and B2 < 4eco, 

1 
b . v ::::: 0 a.e. on r N, and c - 2 div b ::::: Co > 0 a.e. in 0, 

meas(rD ) > 0, b = 0, and inf c > -e/c, 
n 

where c is the best constant in the Poincare inequality 

This best constant can be computed by solving a linear elliptic eigenvalue 
problem: c = 1/)'1, with '\1 > 0 the smallest eigenvalue of the eigenvalue 
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problem 

{ 
-~u = AU in 0, 

u = 0 on rD, 
au av = 0 on r N . 

A special and important case is that corresponding to bi = 0; in this case 
the bilinear form is symmetric, and V -ellipticity is assured if 

c 2: Co > O. 

Exercise 1.4.4 It is not always necessary to assume 0 to be connected. 
Let 0 ~ ]R.d be open, bounded with a Lipschitz boundary, and let us consider 
the boundary value problem 7.4.13 with r D = 00 and rN = 0 (i.e., a pure 
Dirichlet boundary value problem). Keep the assumptions (7.4.14)-(7.4.16). 
Show that the boundary value problem has a unique solution if one of the 
following three conditions is satisfied: 

or 

or 

c 2: Co > 0, Ihl::; B a.e. in 0, and B2 < 4 () co, 

c - ~ div h 2: Co > 0 a.e. in 0, 

h = 0 and inf c > -() /e 
n 

where e is the best constant in the Poincare inequality 

l v2dx ::; e llV'vl2dx "Iv E HJ(O). 

This best constant can be computed by solving a linear elliptic eigenvalue 
problem: e = 1/A1, with A1 > 0 the smallest eigenvalue of the eigenvalue 
problem 

{ -~u = AU in n, 
u = 0 on r. 

Exercise 1.4.5 The biharmonic equation 

~2u = f in 0 

arises in fluid mechanics as well as thin elastic plate problems. Let us 
consider the biharmonic equation together with the homogeneous Dirichlet 
boundary conditions 

au 
u = av = 0 on r. 

Note that the differential equation is of fourth-order, so boundary condi
tions involving the unknown function and first-order derivatives are treated 
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as Dirichlet (or essential) boundary conditions, while Neumann (or nat
ural) boundary conditions refer to those involving second- and third-order 
derivatives of the unknown function. Give a weak formulation of the homo
geneous Dirichlet boundary value problem for the biharmonic equation and 
demonstrate its unique solvability. 

7.5 A boundary value problem of linearized 
elasticity 

We study a boundary value problem of linearized elasticity in this section. 
The quantities describing the mechanical behavior of the deformation of 
an elastic material are the displacement u, the strain tensor e, and the 
stress tensor a-. A reader with little background on elasticity may simply 
view U as a d-dimensional vector-valued function, and e and a- as d x d 
symmetric matrix-valued functions. Here d is the dimension of the material; 
in applications of the linearized elasticity theory, d ::; 3. 

We consider the problem of the deformation of a linearly elastic body 
occupying a bounded, connected domain Sl ~ IRd. The boundary r of the 
domain is assumed Lipschitz continuous so that the unit outward normal 
v exists almost everywhere on r. We divide the boundary r into two com
plementary parts r u and r g, where r u and r 9 are open, run r 9 = 0 and 
r u =I- 0. The body is subject to the action of a body force of the density f 
and the surface traction of density g on r g . We assume the body is fixed 
along r u. As a result of the applications of the external forces, the body 
experiences some deformation and reaches an equilibrium state. A material 
point x E Sl in the undeformed body will be moved to the location x + U 
after the deformation. The quantity u = u(x) is the displacement of the 
point x. 

Mathematical relations in a mechanical problem can be divided into 
two kinds: one of them consists of material-independent relations, and 
the other material-dependent relations, or constitutive laws. The material
independent relations include the strain-displacement relation, the equation 
of equilibrium, and boundary conditions. The equation of equilibrium takes 
the form 

-diva- = f in Sl. (7.5.1) 

Here diva-is a d-dimensional vector-valued function whose ith component 
equals ~~=1 aij,j· We assume the deformation is small (i.e., both the dis
placement and its gradient are small in size), and use the linearized strain 
tensor 

1 
e(u) = 2 (V'u + (V'uf) in Sl. (7.5.2) 
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The specified boundary conditions take the form 

u = 0 On r u , 

(TV = g On r g . 

(7.5.3) 

(7.5.4) 

Here (TV is the action of the stress tensor (T On the unit outward normal 
v. It can be viewed as a matrix-vector multiplication. The result is a d
dimensional vector-valued function whose ith component is L;1=1 aijVj. 

The above relations are supplemented by a constitutive relation, which 
describes the mechanical response of the material to the external forces. The 
simplest constitutive relation is provided by that of linearized elasticity, 

(T = CI':(u). (7.5.5) 

The elasticity tensor C is of fourth order, and can be viewed as a linear 
mapping from the space of symmetric second-order tensors to itself. With 
respect to the Cartesian coordinate system, the tensor C has the compo
nents Cijkl, 1:::; i,j, k, l :::; d. The expression CI': stands for a second-order 

tensor whose (i,j)th component is L;%,1=1 Cijk1ckl. In component form, the 
constitutive relation (7.5.5) is rewritten as 

d 

aij = L Cijklckl(U), 1:::; i,j :::; d. 
k,l=l 

We assume the elasticity tensor C is bounded 

Cijkl E LOO(rl), 

symmetric 

and pointwise stable 

I': : CI': ~ a 11':12 for all symmetric second-order tensors I': 

(7.5.6) 

(7.5.7) 

(7.5.8) 

with a constant a > O. Here for two second-order tensors (or matrices) (T 

and 1':, we define their inner product by 

d 

(T : I': = L aijCij' 

i,j=l 

In the special case of an isotropic, homogenous linearly elastic material, 
we have 

(7.5.9) 

where A, /.l > 0 are called Lame moduli; then the constitutive relation is 
reduced to 

(7.5.10) 
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Here we use I to denote the unit tensor of the second order (think of it 
as the unit matrix of order d), and tr e is the trace of the tensor (matrix) 
e. The Lame moduli A and JL are related to Young modulus (modulus of 
elasticity) E and Poisson ratio (the contraction ratio) v by 

A _ Ev 
- (l+v)(I-2v)' 

E 
JL= l+v' 

The classical formulation of the boundary value problem for the lin
earized elasticity then consists of the equations (7.5.1)-(7.5.5). We now 
derive the corresponding weak formulation with regard to the unknown 
variable u. We assume that 

(7.5.11) 

Combining the equations (7.5.1) and (7.5.2), we see that the differential 
equation is of second order for u. Keeping in mind the Dirichlet boundary 
condition (7.5.3), we are led to the function space 

V = {v E (Hl(fl))d I v = 0 a.e. on r u}. 

We now multiply the equation (7.5.1) by an arbitrary test function v E V, 
integrate over fl, 

-l div 0' . v dx = if, v dx. 

We transform the left-hand side by integration by parts to obtain 

-l (O'v)· vds + l 0': '\lvdx = if, vdx. 

Upon the use of the boundary conditions, the boundary integral term can 
be written as 

- {(O'v).vds=- ( g·vds. 
ir irg 

Since 0' is symmetric, we have 0' : '\lv = 0' : e(V). Therefore, we obtain the 
relation 

{O':e(v)dx= {f.vdx+ { g·vds. k k kg 
Recalling the constitutive law (7.5.5), we have thus derived the following 
weak formulation for the displacement variable, 

UEV, {(Ce(u)):e(v)dx= {f.vdx+ { g·vds VvEV. in in irg 

(7.5.12) 

We can apply the Lax-Milgram lemma to conclude the existence and 
uniqueness of the problem (7.5.12). 
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Theorem 7.5.1 Assume (7.5.6)-(7.5.8), (7.5.11), and meas (f u) > O. 
Then there is a unique solution to the problem (7.5.12). The problem 
(7.5.12) is equivalent to the minimization problem 

u E V, E(u) = inf{E(v) I v E V}, (7.5.13) 

where the energy functional is defined by 

E(v)=~ f(Ce(v)):e(v)dx- f f·vdx- f g·vds. 
2 in in ir 9 

(7.5.14) 

A proof of this result is left as Exercise 7.5.2. In verifying the V -ellipticity 
of the bilinear form 

a(u, v) = L (Ce(u)) : e(v) dx, 

we need to apply Korn's inequality: There exists a constant c > 0 depending 
only on n such that 

(7.5.15) 

Exercise 7.5.1 In the case of an isotropic, homogeneous linearly elastic 
material (7.5.10), show that the classical formulation of the equilibrium 
equation written in terms of the displacement is 

-J-lLlu - (A + J-l) \7divu = f in n. 
Give a derivation of the weak formulation of the problem: Find u E V such 
that 

a(u, v) = f(v) '<Iv E V, 

where 

V = {v E (Hl(n))d I v = 0 on fu}, 

a(u, v) = L[AdiVUdiVV + 2J-le(u) : e(v)] dx, 

f(v) = f f·vdx+ f g.vds. in irg 

Prove that the weak formulation has a unique solution. 

Exercise 7.5.2 Apply the Lax-Milgram lemma to prove Theorem 7.5.1. 

7.6 Mixed and dual formulations 

This section is intended as a brief introduction to two different weak formu
lations for boundary value problems, namely, the mixed formulation and 
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the dual formulation. We use the model problem 

-~u = f in 0, 

u = 0 on ao 
(7.6.1) 

(7.6.2) 

for a description of the new weak formulations. Assume f E L2(0). We 
have seen that the weak formulation discussed in previous sections is 

UEHJ(O), In''VU."Vvdx = InfVdX \iVEHJ(O). (7.6.3) 

This weak formulation is called the primal formulation, since the unknown 
variable is u. Here the bilinear form is symmetric, so the weak formulation 
(7.6.3) is equivalent to the minimization problem 

U E HJ(O), J(u) = inf J(v) (7.6.4) 
vEHJ(n) 

with 

(7.6.5) 

In the context of a heat conduction problem, u is the temperature and "Vu 
has the physical meaning of the heat flux. In many situations, the heat 
flux is a more important quantity than the temperature variable. It is then 
desirable to develop equivalent weak formulations of the boundary value 
problem (7.6.1)-(7.6.2) that involves p = "Vu as an unknown. For this 
purpose, let q = "Vv. Then noticing that 

~ r l"Vvl2dx = sup r (q. "Vv - ~ IqI2)dx, 
2 in qE(£2(n))d in 2 

we can replace the minimization problem (7.6.4) by 

inf sup L(q, v), 
VEHJ (n) qE(£2 (n))d 

(7.6.6) 

where 

L(q, v) = In (q . "Vv - ~ Iql2 - f v)dx. (7.6.7) 

This is called a saddle point problem as its solution (u, p) E HJ (0) x 
(L2(0))d, if it exists, satisfies the inequalities 

L(q,u) :s L(q,v) :s L(p,v) \iq E (L2(0))d, V E HJ(O). (7.6.8) 

It is left as an exercise to show that the inequalities (7.6.8) are equivalent 
to (u,p) E HJ(O) x (L2(O))d satisfying 

in p. qdx -in q. "Vudx = 0 \iq E (L2(O))d, (7.6.9) 

-In p. "Vvdx = -in fvdx \iv E HJ(O). (7.6.10) 
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Upon an integration by parts, another weak formulation is: Find (u, p) E 
L2(n) x H(div; n) such that 

k P . qdX + k divqudx=O \lqEH(div;n), (7.6.11) 

k divpvdx = - k fvdx \Iv E L2(n). (7.6.12) 

Here 

H(div;n) = {q E (L2(n))d I divq E L2(n)}. 

Formulations (7.6.9)-(7.6.10) and (7.6.11)-(7.6.12) are examples of mixed 
formulations and they fall in the following abstract framework: 

Let V and Q be two Hilbert spaces. Assume a( u, v) is a continuous 
bilinear form on V xV, b( v, q) is a continuous bilinear form on V x Q. 
Given f E V' and 9 E Q', find u E V and p E Q such that 

a(u, v) + b(v,p) = (t, v)v'xv \Iv E V, 

b(u,q) = (g,q)Q'xQ \lq E Q. 

(7.6.13) 

(7.6.14) 

In addition to the need of bringing in quantities of physical importance 
into play in a weak formulation (e.g., p = 'Vu for the model problem) in 
the hope of achieving more accurate numerical approximations for them, 
we frequently arrive at mixed formulation of the type (7.6.13)-(7.6.14) in 
dealing with constraints such as the incompressibility in fluids or in certain 
solids (cf. Exercise 7.6.3). Finite element approximations based on mixed 
formulations are called mixed finite element methods, and they have been 
extensively analyzed and applied in solving mechanical problems. In Chap
ter 9, we only discuss the finite element method based on the primal weak 
formulation. The interested reader can consult [29] for a detailed discus
sion of the mixed formulation (7.6.13)-(7.6.14) and mixed finite element 
methods. 

Back to the model problem, we can eliminate from the mixed formula
tion (7.6.9)-(7.6.10) the variable u and find a problem with p as the only 
unknown. Let us interchange inf and sup in (7.6.6) to get another problem 

We have 

where 

sup inf L(q,v). (7.6.15) 
qE(£2 (O))d VEHJ (0) 

ifqEQf, 

ifq\iQf, 

Qf={qE(L2(n))d I k q·'Vvdx= kfvdX\lVEHJ(n)}. 

The constraint in Qf is the weak form of the relation -divq = f. 
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or 

Thus the problem (7.6.15) is equivalent to 

sup [- ~ llql2dx] 
qEQf 2 n 

inf ~ llql2dx. 
qEQj 2 n 

This is called the dual formulation. The functional 

~ l1ql2dX 
2 n 

(7.6.16) 

is the complementary (or dual) energy, and (7.6.16) is the classical 
complementary energy principle. 

Exercise 7.6.1 Show the equivalence between (7.6.8) and (7.6.9)-(7.6.10). 

Exercise 7.6.2 Show that (7.6.9) and (7.6.10) are the weak formulation 
of the equations 

p = V'u, 

-divp = f. 
Exercise 7.6.3 As an example of a mixed formulation for the treatment 
of a constraint, we consider the following boundary value problem for the 
Stokes equation: Given a force density f, find a velocity u and a pressure 
p such that 

-L\u + V'p = f in D, 

divu = 0 in D, 

u = 0 on aD. 

To uniquely determine p, we impose the condition 

kPdX = O. 

Assume f E (L2 (D))d. Let 

V = (HJ(D))d, 

Q = {q E L2(D) Ii qdx = o}. 
Show that a mixed weak formulation of the boundary value problem is: Find 
u = (Ul' ... ,udf E V and p E Q such that 

d 

L r V' Ui . V'Vi dx - r p div v dx = r f· v dx 't/ v E V, 
i=l in in in 

k qdivudx = 0 't/q E Q. 
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7.7 Generalized Lax-Milgram Lemma 

The following result extends the Lax-Milgram lemma, and is due to Necas 
[122]. 

Theorem 7.7.1 Let U and V be real Hilbert spaces, a : U x V ----t lR a 
bilinear form, and £ E V'. Assume there are constants M > 0 and 0: > 0 
such that 

la(u, v)1 ~ M Ilullullvllv 'Vu E U, v E V; 
a(u,v) 

sup -11-11- 2 0: Ilullu 'V u E U; 
O#vEV V V 

sup a( u, v) > 0 'V v E V, v =1= O. 
uEU 

Then there exists a unique solution u of the problem 

u E U, a( u, v) = £( v) 'V v E V. 

Moreover, 

Ilullu ~ 11£llvi
• 

0: 

(7.7.1) 

(7.7.2) 

(7.7.3) 

(7.7.4) 

(7.7.5) 

Proof. The proof is similar to the second proof of Lax-Milgram lemma, 
and we apply Theorem 7.2.l. 

Again, let A : U ----t V be the linear continuous operator defined by the 
relation 

a(u,v)=(Au,v)v 'VuEU, vEV. 

Using the condition (7.7.1), we have 

IIAullv ~ M Ilullu 'Vu E U. 

Then the problem (7.7.4) can be rewritten as 

u E U, Au=J£, 

where J : V' ----t V is the Riesz isometric operator. 

(7.7.6) 

From the condition (7.7.2) and the definition of A, it follows immediately 
that A is injective; i.e., Au = 0 for some u E U implies u = O. 

To show that the range R(A) is closed, let {un} ~ U be a sequence such 
that {Aun } converges in V, the limit being denoted by v E V. Using the 
condition (7.7.2), we have 

II I 1 (A(um - un), v)v 1 I 
U'Tn - unl u ~ - sup II II ~ -I AUm - Aunllv. 

0: O#vEV V V 0: 

Hence, {un} is a Cauchy sequence in U, and hence has a limit u E U. 
Moreover, by the continuity condition (7.7.1), AUn ----t Au = v in V. Thus, 
the range R(A) is closed. 
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Now if v E R(A).1., then 

(Au,v)v = a(u,v) = 0 Vu E U. 

Applying the condition (7.7.3), we conclude v = O. So R(A).1. = {O}. 
Therefore, the equation (7.7.6) and hence also the problem (7.7.4) has a 

unique solution. 
The estimate (7.7.5) follows easily from another application of the 

condition (7.7.2). • 

Exercise 7.7.1 Show that Theorem 7.7.1 is a generalization of the Lax
Milgram lemma. 

Exercise 7.7.2 As an application of Theorem 7.7.1, we consider the model 
boundary value problem 

-6.u = f in 0, 

u = 0 on a~. 

The "standard" weak formulation of the problem is 

(7.7.7) 

(7.7.8) 

u E HJ(O), r \1u. \1vdx = (j,V)H-l(n)XH1(n) "Iv E HJ(O). (7.7.9) in 0 

This formulation makes sense as long as f E H-l(O) (e.g., if f E L2(0)). 
Performing an integration by part on the bilinear form, we are led to a new 
weak formulation: 

u E L2(0), -k6.UVdX = (j,V)(H2(n))'xH2(n) "Iv E H2(0) n HJ(O). 

(7.7.10) 

This formulation makes sense even when f rJ- H-1(0) as long as f E 
(H2(0))'. One example is the point load 

f(x) = co8(x - xo) 

for some Co E lR and Xo EO. In this case, we interpret (j, V)(H2(n))IXH2(n) 
as cov(xo), which is well-defined if d ~ 3 since H2(0) is embedded in C(O). 

Assume f E (H2(0))' and 0 ~ lRd is smooth or convex. Apply Theorem 
7.7.1 to show that there is a unique "weaker" solution u E L2(0) to the 
problem (7.7.10). In verifying the condition (7.7.2), you need the estimate 
(6.3.9). 

7.8 A nonlinear problem 

A number of physical applications lead to partial differential equations of 
the type (see [172]): 

-div [a(l\1ul) \1uJ = f. 
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In this section, we consider one such nonlinear equation. Specifically, we 
study the boundary value problem 

-div [(1 + lV'uI2)P/2-1V'U] = f in n, 

u = 0 on an, 
(7.8.1) 

(7.8.2) 

where p 2: 2. We use p* to denote the conjugate exponent defined through 
the relation 

1 1 
-+-=l. 
p p* 

When p = 2, (7.8.1)-(7.8.2) reduces to a linear problem: the homoge
neous Dirichlet boundary value problem for the Poisson equation, which 
was studied in Section 7.l. 

Let us first formally derive a weak formulation for the problem (7.8.1)
(7.8.2). For this, we assume the problem has a solution, sufficiently smooth 
so that all the following calculations leading to the weak formulation are 
meaningful. Multiplying the equation (7.8.1) with an arbitrary test function 
v E cO'(n) and integrating the relation over n, we have 

-In div [(1 + lV'u I2 )P/2- 1V'u] vdx = In fvdx. 

Then perform an integration by parts to obtain 

In (1 + lV'uI2)p/2-1V'u. V'vdx = In fvdx. (7.8.3) 

Let us introduce the space 

(7.8.4) 

and define the norm 

(7.8.5) 

It can be verified that II . Ilv defined in (7.8.5) is a norm over the space V, 
which is equivalent to the standard norm II . Ilw1,p(!1) (see Exercise 7.8.1), 
Since p E [2,00), the space V is a reflexive Banach space. The dual space 
of V is 

V' = W-1,p' (n) 

and we assume throughout this section 

f E V'. 

Notice that the dual space V'is pretty large, e.g., LP' (n) <:::; V'. 
It can be shown that the left side of (7.8.3) makes sense as long as 

u, v E V (see Exercise 7.8.2). Additionally, the right side of (7.8.3) is well 
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defined for f E V' and v E V when we interpret the right side of (7.8.3) as 
the duality pair between V* and V. 

Now we are ready to introduce the weak formulation for the boundary 
value problem (7.8.1)-(7.8.2): 

uEV: a(u;u,v)=C(v) \ivEV. (7.8.6) 

Here 

a(w; u, v) = k (1 + lV'wI 2)p/2-1V'U. V'v dx, 

C(v) = kfVdX. 

(7.8.7) 

(7.8.8) 

Related to the weak formulation (7.8.6), we introduce a minimization 
problem 

u E V: E(u) = inf E(v), 
vEV 

where the "energy functional" E(·) is 

E(v) = ~ r (1 + lV'vI2)p/2dx - r fvdx. 
p in in 

We first explore some properties of the energy functional. 

Lemma 7.8.1 The energy functional E(·) is coercive, i.e., 

E(v) -+ 00 as Ilvllv -+ 00. 

Proof. It is easy to see that 

1 
E(v) ~ -llvll~ -llfllv11Ivllv. 

p 

Since p > 1, we have E(v) -+ 00 as Ilvllv -+ 00. 

(7.8.9) 

(7.8.10) 

• 
Lemma 7.8.2 The energy functional E(·) is Frechet differentiable and 

(E'(U), v) = k (1 + lV'uI2)P/2-1V'u· V'vdx - k fvdx, u,v E V. 

Proof. We only need to prove that the functional 

El(V) = ~ r (1 + lV'vI2)p/2dx Pin 
is Frechet differentiable over V and 

(E~(u),v)= !n(1+IV'u I2 )P/2-1V'u.V'VdX, u,vEV. 

For any e, TJ E ]R.d, we define a real function 

¢(t) = ~ (1 + Ie + t(1J - e)1 2)p/2, t E R 
p 

(7.8.11) 

(7.8.12) 
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We have 

¢'(t) = (1 + Ie + t (1] - eW)P/2-1 (e + t (1] - e)) . (1] - e)· 

Hence 

For the second derivative, 

¢//(t) = (p - 2) (1 + Ie + t (1] - eW)P/2-2 [(e + t (1] - e)) . (1] - e)]2 

+ (1 + Ie + t (1] - eW)P/2-1 11] - e1 2 . 

Apply Taylor's theorem, 

¢(1) - ¢(O) = ¢'(O) + ¢//(O) for someO E (0,1); 

i.e., 

It can be verified that for some constant c, 

W' (0) I ~ c (1 + lelP - 2 + 11]lp-2) 11] - e1 2. 

We take 1] = V"v and e = V"u in (7.8.13), and then integrate the relation 
over n to obtain 

El(V) - El(U) - k (1 + lV"uI2)p/2-1V"U. (V"v - V"u) dx = R(u, v) 

with 

IR(u, v)1 ~ c k (1 + lV"ulp- 2 + lV"vIP - 2) 1V"(v - u)1 2dx. 

Using Holder's inequality (Lemma 1.5.4), we have 

IR(u, v)1 ~ c (1 + Ilull~-2/p + Ilvll~-2/P) Ilv - ull~· 

By Definition 4.3.1, we see that El(V) is Frechet differentiable over V and 
we have the formula (7.8.12). • 

Since Frechet differentiability implies continuity, we immediately obtain 
the next property. 

Corollary 7.8.3 The energy functional E(·) is continuous over V. 

Lemma 7.8.4 The energy functional E(·) is strictly convex. 

Proof. We only need to show that E1 (-) defined in (7.8.11) is strictly 
convex. However, this follows immediately from the strict convexity of the 
real-valued function e 1-+ ~ (1 + leI2)p/2 (cf. Exercise 4.3.7). • 



7.8. A nonlinear problem 269 

We can now state the main result concerning the existence and unique
ness for the weak formulation (7.8.6) and the minimization problem 
(7.8.9). 

Theorem 7.8.5 Assume f E V' and p E [2, (0). Then the weak formula
tion (7.8.6) and the minimization problem (7.8.9) are equivalent, and both 
admits a unique solution. 

Proof. Since V is reflexive and E : V ~ lR. is coercive, continuous, and 
strictly convex, by Theorem 3.2.12, we conclude the minimization problem 
(7.8.9) has a unique minimizer u E V. By Theorem 4.3.17, we know that 
the weak formulation (7.8.6) and the minimization problem (7.8.9) are 
equivalent. • 

Exercise 7.8.1 Use Theorem 6.3.13 to show that (7.8.5) defines a norm 
over the space V, which is equivalent to the standard norm II . Ilw1,p(!1)' 
Exercise 7.8.2 Apply Holder's inequality {Lemma 1.5.4} to show that the 
left side of (7.8.3) makes sense for u, v E W1,P(O). 

Exercise 7.8.3 Show that the minimization problem (7.8.9) has a unique 
minimizer for the case p E (1,2). 

Suggestion for Further Readings 

Many books can be consulted on detailed treatment of PDEs, for both 
steady and evolution equations, e.g., EVANS [48], LIONS AND MAGENES 
[109], MCOWEN [116], WLOKA [167]. 



8 
The Galerkin Method and Its Variants 

In this chapter, we briefly discuss some numerical methods for solving 
boundary value problems. These are the Galerkin method and its variants: 
the Petrov-Galerkin method and the generalized Galerkin method. 

8.1 The Galerkin method 

The Galerkin method provides a general framework for approximation of 
operator equations, which includes the finite element method as a special 
case. In this section, we discuss the Galerkin method for a linear operator 
equation in a form directly applicable to the study of the finite element 
method. 

Let V be a Hilbert space, a(·,·) : V X V -+ lR be a bilinear form, and 
I! E V'. We consider the problem 

u E V, a(u,v) = I!(v) Vv E V. (8.1.1) 

Throughout this section, we assume a(·,·) is bounded, 

la(u,v)l::; Mllullvllvllv Vu,v E V, (8.1.2) 

and V-elliptic, 

a(v,v) 2: collvll~ Vv E V. (8.1.3) 

Then according to the Lax-Milgram lemma, the variational problem (8.1.1) 
has a unique solution. 
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In general, it is impossible to find the exact solution of the problem 
(8.1.1) because the space V is infinite dimensional. A natural approach to 
constructing an approximate solution is to solve a finite-dimensional analog 
of the problem (8.1.1). Thus, let VN <:;:; V be an N-dimensional subspace. 
We project the problem (8.1.1) onto VN , 

(8.1.4) 

Under the assumptions that the bilinear form aC,') is bounded and V
elliptic, and £ E V', we can again apply the Lax-Milgram lemma and 
conclude that the problem (8.1.4) has a unique solution UN. 

We can express the problem (8.1.4) in the form of a linear system. Indeed, 
let {¢d~1 be a basis of the finite-dimensional space VN . We write 

N 

UN = L~j¢j 
j=1 

and take v E VN in (8.1.4) each ofthe basis functions ¢i' As a result, (8.1.4) 
is equivalent to a linear system 

A~=b. (8.1.5) 

Here, ~ = (~j) E JRN is the unknown vector, A = (a(¢j,¢i)) E JRNxN is 
called the stiffness matrix, b = (£(¢i)) E JRN is the load vector. So the 
solution of the problem (8.1.4) can be found by solving a linear system. 

The approximate solution UN is, in general, different from the exact so
lution u. To increase the accuracy, it is natural to seek the approximate 
solution UN in a larger subspace VN. Thus, for a sequence of subspaces 
VN1 <:;:; V N2 <:;:; ... <:;:; V, we compute a corresponding sequence of approx
imate solutions UNi E VNi , i = 1,2, .... This solution procedure is called 
the Galerkin method. 

In the special case when the bilinear form a(·,·) is also symmetric, 

a(u,v) = a(v,u) \:Iu,v E V, 

the original problem (8.1.1) is equivalent to a minimization problem (see 
Chapter 3) 

U E V, E(u) = inf E(v), 
vEV 

(8.1.6) 

where the energy functional 

1 
E(v) = "2 a(v, v) - £(v). (8.1.7) 

Now with a finite-dimensional subspace VN <:;:; V chosen, it is equally nat
ural to develop a numerical method by minimizing the energy functional 
over the finite-dimensional space V N , 

(8.1.8) 
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It is easy to verify that the two approximate problems (8.1.4) and (8.1.8) 
are equivalent. The method based on minimizing the energy functional over 
finite dimensional subspaces is called the Ritz method. From the above 
discussion, we see that the Galerkin method is more general than the 
Ritz method, while when both methods are applicable, they are equiva
lent. Because of this, the Galerkin method is also called the Ritz-Galerkin 
method. 

Example 8.1.1 We examine a concrete example of the Galerkin method. 
Consider the boundary value problem 

{ -u" = f in (0,1), 
u(o) = u(l) = 0. (8.1.9) 

The weak formulation of the problem is 

UEV, l1ulvldx= l1fvdx 't/VEV, 

where V = HJ(O, 1). Applying the Lax-Milgram lemma, we see that the 
weak problem has a unique solution. To develop a Galerkin method, we 
need to choose a finite-dimensional subspace of V. Notice that a function 
in V must vanish at both x = ° and x = 1. Thus a natural choice is 

We write 

VN=span{xi(l-x), i=l, ... ,N}. 

N 

UN(X) = L€jx j(l- x); 
j=1 

the coefficients {€j l,fl=l are determined by the Galerkin equations 

101 u~v'dx = 101 
fvdx 't/v E VN. 

Taking v to be each of the basis functions xi(l - x), 1 ::; i ::; N, we derive 
a linear system for the coefficients: 

Ae=h. 

Here e = (6, .. ·, ~N f is the vector of unknowns, h E JRN is a vector 
whose ith component is f01 f(x) xi(l - x) dx. The coefficient matrix is A, 
whose (i,j)-th entry is 

r1 [xj (1 _ x)]'[xi(l _ X)]' dx = (i:- 1).(j + 1) + (i:- 2).(j + 2) 
h z+)+l z+)+3 

(i + 1) (j + 2) + (i + 2) (j + 1) 
i+j+2 

The coefficient matrix is rather ill-conditioned, indicating it is difficult to 
solve the above Galerkin system numerically. The following table shows how 
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rapidly the condition number of the matrix (measured in 2-norm) increases 
with the order N. We conclude that the seemingly natural choice of the 
basis functions {xi(I- x)} is not suitable for solving the problem (8.1.9). 

N Cond(A) 
3 8.92E+02 
4 2.42E+04 
S 6.S6E+OS 
6 1. 79E+07 
7 4.9SE+08 
8 1.39E+I0 
9 3.93E+ll 

10 1.I4E+I3 

Example 8.1.2 Let us consider the problem (8.1.9) again. This time, the 
finite-dimensional subspace is chosen to be 

VN = span {sin(i7rx), i = 1, ... , N}. 

The basis functions are orthogonal with respect to the inner product defined 
by the bilinear form: 

{1 (sinj7rx)'(sini7rx)'dx = ij7r2 {1 cosj7rX cos i7rx dx = ij7r2 
(jij. 

io io 2 

Writing 

N 

UN(X) = L ~j sinj7rx, 
j=l 

we see that the coefficients {~j }f=l are determined by the linear system 

N 1 1 

L~j 1 (sinj7rx)'(sini7rx)'dx= 1 f(x) sini7rxdx, i= I, ... ,N, 
j=l 0 0 

which is a diagonal system and we find the solution immediately: 

~i = ;'2 (1 f(x) sin i7rx dx, i = 1, ... , N. 
7r 2 io 

It is worth noticing that the Galerkin solution can be written in the form 
of a kernel approximation: 
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where the kernel function 

K ( ) = ~ ~ sinj7rx sinj7rt 
N x,t 2 ~ '2 . 

7r j=l J 

From the above two examples, we see that in applying the Galerkin 
method it is very important to choose appropriate basis functions for finite
dimensional subspaces. Before the invention of computers, the Galerkin 
method was applied mainly with the use of global polynomials or global 
trignometric polynomials. For the simple model problem (8.1.9) we see that 
the seemingly natural choice of the polynomial basis functions {xi(1 - x)} 
leads to a severely ill-conditioned linear system. For the same model prob
lem, the trigonometric polynomial basis functions {sin( i7rx)} is ideal in the 
sense that it leads to a diagonal linear system so that its conditioning is 
best possible. We need to be aware, though, that trigonometric polynomial 
basis functions can lead to severely ill-conditioned linear systems in dif
ferent but equally simple model problems. The idea of the finite element 
method (see Chapter 9) is to use basis functions with small supports so 
that, among various advantages of the method, the conditioning of the re
sulting linear system can be moderately maintained (see Exercise 9.3.4 for 
an estimate on the growth of the condition number of stiffness matrices as 
the mesh is refined). 

Now we consider the important issue of convergence and error estimation 
for the Galerkin method. A key result is the following Cea's inequality. 

Proposition 8.1.3 Assume V is a Hilbert space, VN ~ V is a subspace, 
a(·, .) is a bounded, V -elliptic bilinear on V, and e E V'. Let u E V be the 
solution of the problem (8.1.1), and UN E VN be the Galerkin approximation 
defined in (8.1.4). Then there is a constant c such that 

(8.1.10) 

Proof. Subtracting (8.1.4) from (8.1.1) with v E VN, we find an error 
relation 

(8.1.11) 

Using the V-ellipticity of a(·, .), the error relation and the boundedness of 
a(·, .), we have, for any v E VN , 

Thus 

collu - uNII~ ::; a(u - UN, U - UN) 

=a(U-UN,U-V) 

::; M Ilu - UNllvilu - vllv. 
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where we may take c = M/eo. Since v is arbitrary in VN, we have the 
inequality (8.1.10). • 

The inequality (8.1.10) is known as Cea's lemma in the literature. Such 
an inequality was first proved by Cea [32] for the case when the bilinear 
form is symmetric and was extended to the nonsymmetric case in [25]. The 
inequality (8.1.10) states that to estimate the error of the Galerkin solution, 
it suffices to estimate the approximation error infvEvN Ilu - vii· 

In the special case when a(·,·) is symmetric, we may assign a geometrical 
interpretation of the error relation (8.1.11). Indeed, in this special case, 
the bilinear form a(·,·) defines an inner product over the space V and its 
induced norm IIvll a = Ja(v, v), called the energy norm, is equivalent to the 
norm IIvllv. With respect to this new inner product, the Galerkin solution 
error U - UN is orthogonal to the subspace VN, or in other words, the 
Galerkin solution UN is the orthogonal projection of the exact solution u 
to the subspace VN. Also in this special case, Cea's inequality (8.1.10) can 
be replaced by 

i.e., measured in the energy norm, UN is the optimal approximation of u 
from the subspace V N. 

Cea's inequality is a basis for convergence analysis and error estimations. 
As a simple consequence, we have the next convergence result. 

Corollary 8.1.4 We make the assumptions stated in Proposition 8.1.3. 
Assume VN1 ~ VN2 ~ ••• is a sequence of subspaces of V with the property 

(8.1.12) 

Then the Galerkin method converges: 

Ilu - UNi Ilv --+ a as i --+ 00. (8.1.13) 

Proof. By the density assumption (8.1.12), we can find a sequence Vi E 

VNi , i 2:: 1, such that 

Ilu - villv --+ a as i --+ 00. 

Applying Cea's inequality (8.1.10), we have 

Ilu - uN.IIV ~ c lIu - villv. 
Therefore, we have the convergence statement (8.1.13). • 

When the finite-dimensional space VN is constructed from piecewise (im
ages of) polynomials, the Galerkin method leads to a finite element method, 
which will be discussed in some detail in the chapter following. We will see 
in the context of the finite element method that Cea's inequality also serves 
as a basis for error estimates. 



276 8. The Galerkin Method and Its Variants 

Exercise 8.1.1 Show that the discrete problems (8.1.4) and (8.1.8) are 
equivalent. 

Exercise 8.1.2 Show that if the bilinear form a(·, .) is symmetric, then the 
stiffness matrix A is symmetric; if a(·, .) is V -elliptic, then A is positive 
definite. 

8.2 The Petrov-Galerkin method 

The Petrov-Galerkin method for a linear boundary value problem can be 
developed based on the framework of the generalized Lax-Milgram lemma 
presented in Section 6.5. Let U and V be two real Hilbert spaces, a : 
U x V ~ IR a bilinear form, and £ E V'. The problem to be solved is 

u E U, a(u,v) = £(v) Vv E V. (8.2.1) 

From the generalized Lax-Milgram lemma, we know that the problem 
(8.2.1) has a unique solution u E U, ifthe following conditions are satisfied: 
there exist constants M > 0 and a > 0, such that 

la(u,v)1 ~ M Ilullullvllv Vu E U, v E V; 

a(u, v) 
sup -11-11- ~ a Ilullu VuE U; 

O#vEV V v 

sup a(u, v) > 0 Vv E V, v =I- O. 
uEU 

(8.2.2) 

(8.2.3) 

(8.2.4) 

Now let UN ~ U and VN ~ V be finite-dimensional subspaces of U and 
V with dim(U N) = dim(VN) = N. Then a Petrov-Galerkin method to solve 
the problem (8.2.1) is given by 

UN E UN, a(uN,vN) = £(VN) VVN E VN . (8.2.5) 

Well-posedness and error analysis for the method (8.2.5) are discussed 
in the next result (see [19]). 

Theorem 8.2.1 We keep the above assumptions on the spaces U, V, UN 
and VN, and the forms a(·,·) and £() Assume further that there exists a 
constant aN> 0, such that 

a(UN,vN) 
sup II II ~ aN IluNllu VUN E UN. 

O#vNEVN VN v 
(8.2.6) 

Then the discrete problem (8.2.5) has a unique solution UN, and we have 
the error estimate 

(8.2.7) 

Proof. From the generalized Lax-Milgram lemma, we conclude immedi
ately that under the stated assumptions, the problem (8.2.5) has a unique 
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solution UN. Subtracting (8.2.5) from (8.2.1) with v = VN E VN, we obtain 
the error relation 

Now for any WN E VN, we write 

IIU - uNllu :::; Ilu - wNliu + IluN - wNllu. 

Using the condition (8.2.6), we have 

OW IluN - wNllu:::; sup 
O#vNEVN 

a(UN - WN,VN) 

IlvNllv 
Using the error relation (8.2.8), we then obtain 

a(u - WN, VN) 
aN IluN - wNllu:::; sup 

O#vNEVN IlvNllv 
The right-hand side can be bounded by M Ilu - wNllu. Therefore, 

M 
IluN - wNllu :::; -Ilu - wNllu· 

aN 

(8.2.8) 

(8.2.9) 

This inequality and (8.2.9) imply the estimate (8.2.7). • 
As in Corollary 8.1.4, we have a convergence result based on the estimate 

(8.2.7). 

Corollary 8.2.2 We make the assumptions stated in Theorem 8.2.1. 
Furthermore, we assume that there is a constant ao > 0 such that 

(8.2.10) 

Assume the sequence of subspaces U Nl ~ U N2 ~ ... ~ U has the property 

(8.2.11) 

Then the Petrov-Galerkin method (8.2.5) converges: 

Ilu - UNi Ilu --t 0 as i --t 00. 

We remark that to achieve convergence of the method, we can allow aN 
to approach 0 under certain rule, as long as 

max{l, aj\/} inf Ilu - wNllu --t 0 
WNEUN 

as is seen from the estimate (8.2.7). Nevertheless, the condition (8.2.10) is 
crucial in obtaining optimal order error estimates. This condition is usually 
written as 

(8.2.12) 
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or equivalently, 

. f a(uN,vN) 
m sup II II II > aD V N. 

Ot'-uNEUN Ot'-vNEVN UN U VNllv -
(8.2.13) 

In the literature, this condition is called the inf-sup condition or Babuska
Brezzi condition. This condition states that the two finite-dimensional 
spaces must be compatible in order to yield convergent numerical solutions. 
The condition is most important in the context of the study of mixed finite 
element methods (cf. [29]). 

8.3 Generalized Galerkin method 

In the Galerkin method discussed in Section 7.1, the finite-dimensional 
space V N is assumed to be a subspace of V. The resulting numerical method 
is called an internal approximation method. For certain problems, we will 
need to relax this assumption and to allow the variational "crime" VN g; V. 
This, for instance, is the case for non-conforming method (see Example 
9.1.3 for an example of a non-conforming finite element method). There are 
situations where considerations of other variational "crimes" are needed. 
Two such situations are when a general curved domain is approximated by 
a polygonal domain then functions are integrated over a slightly different 
domain, and when numerical quadratures are used to compute the inte
grals defining the bilinear form and the linear form. These considerations 
lead to the following framework of a generalized Galerkin method for the 
approximate solution of the problem (8.1.1) 

(8.3.1) 

Here, VN is a finite-dimensional space, but it is no longer assumed to be 
a subspace of V; the bilinear form aN (-, .) and the linear form £ NO are 
suitable approximations of a(·,·) and £N(·). 

We have the following result related to the approximation method (8.3.1). 

Theorem 8.3.1 Assume a discretization-dependent norm II· liN, the ap
proximation bilinear form aN(-, .), and the linear form £NO are defined on 
the space 

V+VN={wlw=v+vN, vEV, vNEVN}. 

Assume there exist constants M, aD, Co > 0, independent of N, such that 

laN(w,vN)I:::; MllwllNllvNllN Vw E V + VN, VVN E VN, 

aN(vN,vN)::::: aollvNII~ VVN E VN, 

I£N(vN)1 :::; collvNllN VVN E VN· 
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Then the problem (8.3.1) has a unique solution UN E VN ) and we have the 
error estimate 

Ilu - uNllN S (1 + M) inf Ilu - wNllN ao wNEVN 

1 laN(u,vN)-CN(vN)1 + - sup . 
ao vNEVN IlvNllN 

(8.3.2) 

Proof. The unique solvability of the problem (8.3.1) follows from an 
application of the Lax-Milgram lemma. Let us derive the error estimate 
(8.3.2). For any WN E VN, we write 

Using the assumptions on the approximate bilinear form and the definition 
of the approximate solution UN, we have 

aollwN - uNllJv 
S aN(wN - UN,WN - UN) 

= aN(wN - U,WN - UN) + aN(u,wN - UN) - CN(WN - UN) 

S M IlwN - ullNllwN - uNllN + laN(u, WN - UN) - CN(WN - UN )1· 

Thus 

II II Mil II laN(u,wN-UN)-CN(wN-uN)1 
ao WN - UN N S wN - U N + II II . WN -UN N 

We replace WN - UN by VN and take the supremum of the second term of 
the right-hand side with respect to VN E VN to obtain (8.3.2). • 

The estimate (8.3.2) is a Strang-type estimate for the effect of the vari
ational "crimes" on the numerical solution. We notice that in the bound 
of the estimate (8.3.2), the first term is on the approximation property of 
the solution u by functions from the finite-dimensional space VN , while the 
second term describes the extent to which the exact solution U satisifes the 
approximate problem. 

Example 8.3.2 In Subsection 9.1.3, we use a "non-conforming finite 
element method" to solve the fourth-order elliptic boundary value problem 

{ 
U(4) = f in (0,1), 
u(O) = u'(O) = u(l) = u'(I) = o. 

Here f E L2(0,1) is given. The weak formulation is the problem (8.1.1) 
with the choice 

v = H6(0, 1), 

a(u,v) = 101 
u"v"dx, 

C(v) = 101 
fvdx. 
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Let 0 = Xo < Xl < ... < XN = 1 be a partition of the domain [0,1], and 
denote Ii = [Xi-I, Xi] for 1 ~ i ~ N, and h = maxl~i~N(Xi - Xi-I) for 
the meshsize. We choose the finite-dimensional space VN to be the finite 
element space 

Vh = {Vh E c(l) I vhlIi E P2(Ii ), 1 ~ i ~ N, 

Vh(X) = v~(x) = 0 at X = 0, 1}. 

Notice that Vh ~ V. The corresponding non-conforming finite element 
method is (8.3.1) with 

N 

aN(uh, Vh) == ah(uh, Vh) = L j u~(x) v~(x) dx, 
i=l Ii 

CN(Vh) == Ch(Vh) = C(Vh). 

We use the norm 

Then all the assumptions of Theorem 8.3.1 are satisfied with M = 0:0 = 1, 
and so we have the estimate 

Ilu-Uhllh~2 inf Ilu-Whllh+ sup lah(U'~h)IIC(Vh)l. 
whEVh vhEVh Vh h 

It is then possible to find an order error estimate, which will not be done 
here; an interested reader can consult [35, 36J. 

Exercise 8.3.1 Show that in the case of a conforming method (i.e., VN ~ 
V. aN(-,·) == a(·,·) and CN (-) == C(·)), the error estimate (8.3.2) reduces to 
Cea's inequality (8.1.10). 

Suggestion for Further Readings 

Based on any weak formulation, we can develop a particular Galerkin
type numerical method. Mixed formulations are the basis for mixed 
Galerkin finite element methods. We refer the reader to [29] for an extensive 
treatment of the mixed methods. 

Many numerical methods exist for solving differential equations. In this 
text, we do not touch upon some other popular methods,- e.g., the col
location method, the spectral method, the finite volume method, etc., and 
various combinations of these methods such as the spectral collocation 
method. The well-written book [132] can be consulted for discussions of 
many of the existing methods for numerical solution of partial differential 
equations and for a rather comprehensive list of related references. 



9 
Finite Element Analysis 

The finite element method is the most popular numerical method for solving 
elliptic boundary value problems. In this chapter, we introduce the concept 
of the finite element method, the finite element interpolation theory and 
its application in order error estimates of finite element solutions of elliptic 
boundary value problems. The boundary value problems considered in this 
chapter are linear. 

Detailed mathematical analysis of the finite element method can be found 
in numerous monographs and textbooks, e.g., [19, 27, 28, 35, 36, 84, 126, 
153]. 

From the discussion in the previous chapter, we see that the Galerkin 
method for a linear boundary value problem reduces to the solution of 
a linear system. In solving the linear system, properties of the coefficient 
matrix A play an essential role. For example, if the condition number of 
A is too big, then from a practical perspective, it is impossible to find 
directly an accurate solution of the system (see [11]). Another important 
issue is the sparsity of the matrix A. The matrix A is said to be sparse, 
if most of its entries are zero; otherwise the matrix is said to be dense. 
Sparseness of the matrix can be utilized for two purposes. First, the stiffness 
matrix is less costly to form (observing that the computation of each entry 
of the matrix involves a domain integration and sometimes a boundary 
integration as well). Second, if the coefficient matrix is sparse, then the 
linear system can usually be solved more efficiently (often using an iterative 
method to solve the linear system). We have seen from Example 8.1.1 
that the Galerkin method usually produces a dense stiffness matrix. In 
order to get a sparse matrix, we have to be careful in choosing the finite-
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dimensional approximation spaces and their basis functions. More precisely, 
the requirements are that, firstly, the support of a basis function should be 
as small as possible, and secondly, the number of basis functions whose 
supports intersect with the interior of the support of an arbitrary basis 
function should be as small as possible. This consideration gives rise to 
the idea of the finite element method, where we use piecewise (images of) 
smooth functions (usually polynomials) for approximations. 

Loosely speaking, the finite element method is a Galerkin method with 
the use of piecewise (images of) polynomials. 

For a linear elliptic boundary value problem defined on a Lipschitz 
domain fl, the weak formulation is of the form 

U E V, a(u, v) = £(v) 'Iv E V, (9.0.1) 

where V is a Sobolev space on fl, a(·,·) : V X V --+ lR is a bilinear form, 
and £ E V'. For a second-order differential equation problem, V = Hl(fl) if 
the given boundary condition is natural (Le., if the condition involves first 
order derivatives), and V = HJ(fl) if the homogeneous Dirichlet boundary 
condition is specified over the whole boundary. As discussed in Chapter 7, 
a problem with a non-homogeneous Dirichlet boundary condition on a part 
of the boundary, r D ~ afl, can be reduced to one with the homogeneous 
Dirichlet boundary condition on r D after a change of dependent variables. 
In this case, then, the space V equals HfD (fl). The form a(-,·) is assumed to 
be bilinear, continuous, and V-elliptic, while £ is a given linear continuous 
form on V. 

When the subspace V N consists of piecewise polynomials (or more pre
cisely, piecewise images of polynomials) associated with a partition (or 
mesh) of the domain fl, the Galerkin method discussed in Section 8.1 
becomes the celebrated finite element method. Convergence of the finite 
element method may be achieved by progressively refining the mesh, or by 
increasing the polynomial degree, or by doing both simultaneously. Then we 
get the h-version, p-version, or h-p-version of the finite element method. It 
is customary to use h as the parameter for the meshsize and p as the param
eter for the polynomial degree. Efficient selection among the three versions 
of the method depends on the a priori knowledge on the regularity of the 
exact solution of the problem. Roughly speaking, over a region where the 
solution is smooth, high-degree polynomials with large elements are more 
efficient, while in a region where the solution has singularities, low-order 
elements together with a locally refined mesh should be used. Here, we will 
focus on the h-version finite element method. Detailed discussion of the 
p-version method can be found in the reference [155]. Conventionally, for 
the h-version finite element method, we write Vh instead of VN to denote 
the finite element space. Thus, with a finite element space Vh chosen, the 
finite element method is 

(9.0.2) 



9.1. One-dimensional examples 283 

All the discussions made on the Galerkin method in Section 8.1 are valid 
for the finite element method. In particular, we still have Cea's inequality, 
and the problem of estimating the finite element solution error is reduced 
to one of estimating the approximation error 

Ilu-Uhllv::; cllu-Ihullv, 

where Ihu is a finite element interpolant of u. We will study in some detail 
affine families of finite elements and derive some order error estimates for 
finite element interpolants. 

9.1 One-dimensional examples 

To have some idea of the finite element method, in this section we examine 
some examples on solving one-dimensional boundary value problems. These 
examples exhibit various aspects of the finite element method in the simple 
context of one-dimensional problems. 

9.1.1 Linear elements for a second-order problem 

Let us consider a finite element method to solve the boundary value 
problem 

{ -ull+U=f in (0,1), 
u(O) = 0, u'(l) = b, 

where f E £2(0,1) and b E IR are given. Let 

V = H(o(O, 1) = {v E H1(O, 1) I v(O) = O}, 

a subspace of H1(0, 1). The weak formulation of the problem is 

uEV, 11
(u'v'+UV)dX= 11 fvdx+bv(l) VvEV. 

(9.1.1) 

(9.1.2) 

Applying the Lax-Milgram lemma, we see that the problem (9.1.2) has a 
unique solution. 

Let us develop a finite element method for the problem. For a natural 
number N, we partition the domain I = [0,1] into N parts: 0 = Xo < Xl < 
... < XN = 1. The points Xi, 0 ::; i ::; N, are called the nodes, and the sub
intervals Ii = [Xi-I, Xi], 1 ::; i ::; N, are called the elements. In this example, 
we have a Dirichlet condition at the node Xo. Denote hi = Xi - Xi-I, and 
h = max1~i~N hi' The value h is called the meshsize or mesh parameter. 
We use piecewise linear functions for the approximation; i.e., we choose 

Vh = {Vh E V I vhlli E P1(Ii), 1::; i::; N}. 

From the discussion in Chapter 6, we know that for a piecewisely smooth 
function Vh, Vh E HI (1) if and only if Vh E C (1). Thus a more transparent 
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<l>N 

o Xi 

Figure 9.1. Piecewise linear basis functions 

yet equivalent definition of the finite element space is 

Vh = {Vh E C(1) I vhlli E PI(Ii ), 1::; i ::; N, Vh(O) = O}. 

For the basis functions, we introduce hat functions associated with the 
nodes Xl, ... , X N. For i = 1, ... , N - 1, let 

and for i = N, 

{
(x - Xi-l)/hi , Xi-I::; X ::; Xi, 

¢i(X) = (Xi+! - X)/hHI , Xi ::; X ::; Xi+!, 
0, otherwise, 

¢ (x) = {(X - XN-I)/hN, XN-I ~ X ::; XN, 
N 0, otherwIse. 

These functions are continuous and piecewise linear (d. Figure 9.1). It is 
easy to see they are linearly independent. The first-order weak derivatives 
of the basis functions are piecewise constants. Indeed, for i = 1, ... ,N - 1, 

{ 
l/hi' Xi-I::; X ::; Xi, 

¢~(x) = -l/hHb Xi::; X ::; XHI, 

0, otherwise, 

and for i = N, 

¢' (x) = {l/hN' XN-I ~ X ::; XN, 
N 0, otherwIse. 

Notice that the weak derivatives are defined only almost everywhere. 
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Then we see that the finite element space is 

Vh = span {<Pi I 1 :::; i :::; N}; 

i.e., any function in Vh is a linear combination of the hat functions {<Pi}~I' 
The corresponding finite element method is 

uhEVh, 11(U~V~+UhVh)dX= 11!VhdX+bVh(1) \fvhEVh, 

(9.1.3) 

which admits a unique solution by another application of the Lax-Milgram 
lemma. Writing 

N 

Uh = L Uj<Pj, 
j=1 

we see that the finite element method (9.1.3) is equivalent to the following 
linear system for the unknowns Ul, ... , UN, 

N 1 1 

L Uj 1 (<p~<pj + <Pi<Pj) dx = 1 ! <Pi dx + b<pi(l), 1:::; i :::; N. (9.1.4) 
j=1 0 0 

Let us find the coefficient matrix of the system (9.1.4) in the case of a 
uniform partition, i.e., hI = hN = h. The following formulas are 
useful for this purpose. 

{I , , 1 
io <Pi<Pi-ldx =-h' 2:::;i:::;N, 

{1( ')2 2 io <Pi dx = h' 1:::; i :::; N - 1, 

11 <Pi<Pi-ldx =~, 2:::; i :::; N, 

{I 2h io (<Pi)2dx = 3' 1:::; i :::; N - 1, 

{I ( , )2 1 io <PN dx = h' 

l\<PN )2dx = ~. 
We see that in matrix/vector notation, in the case of a uniform partition, 
the finite element system (9.1.4) can be written as 

Au=b, 

where 
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is the unknown vector, 

2h 2 h 1 
3+';: 6-';: 
h 1 2h 2 h 1 

A= 

6-';: 3+';: 6 h 

h 1 

6 h 

2h 2 h 1 
-+----
3 h 6 h 
h 1 h 1 --- -+-
6 h 3 h 

is the stiffness matrix, and 

is the load vector. The matrix A is sparse, owing to the fact that the sup
ports of the basis functions are small. The finite element system can be 
solved more efficiently with a sparse coefficient matrix. One distinguished 
feature of the finite element method is that the basis functions are con
structed in such a way that their supports are as small as possible, so that 
the corresponding stiffness matrix is as sparse as possible. 

9.1.2 High-order elements and the condensation technique 

We still consider the finite element method for solving the boundary value 
problem (9.1.1). This time we use piecewise quadratic functions. So the 
finite element space is 

Equivalently, 

Let us introduce a basis for the space Vh. We denote the mid-points of the 
subintervals by Xi-l/2 = (Xi-l + xi)/2, 1 :::; i :::; N. Associated with each 
node Xi, 1 :::; i :::; N - 1, we define 

{ 
2 (x - Xi-I) (X - Xi-I/2)/hr, X E [Xi-I,Xi], 

(/Ji(x) = 2 (XHI - x) (XHI/2 - X)/h;+l' X E [Xi,Xi+l], 
0, otherwise. 

Associated with x N, we define 
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We also need basis functions associated with the mid-points Xi-l/2, 1 < 
i:::; N, 

1/J. () = {4 (Xi - X) (X - xi-d/h;, X E [Xi-I, Xi], 
,-1/2 X 0, otherwise. 

We notice that a mid-point basis function is non-zero only in one element. 
Now the finite element space can be represented as 

and we write 

N N 

Uh = L UjePj + L Uj-l/21/Jj-l/2. 
j=l j=l 

The finite element system 

{ a(Uh,ePi) = .e(ePi), 1:::; i:::; N, 
a(uh,1/Ji-l/2) = .e(1/Ji-l/2), 1:::; i :::; N 

can be written as, in the matrix/vector notation, 

Mll U + M12U = b l , 

M2l U + D22U = b2. 

(9.1.5) 

(9.1.6) 

Here, U = (Ul,"" UN)T, U = (Ul/2,"" UN_l/2)T, Mll = (a(ePj, ePi))NXN 
is a tridiagonal matrix, M12 = (a(1/Jj-l/2, ePi))NxN is a matrix with two 
diagonals, M2l = M0" and D22 = (a(1/Jj-l/2,1/Ji-l/2))NxN is a diagonal 
matrix with positive diagonal elements. We can eliminate u from the system 
(9.1.5)-(9.1.6) easily (both theoretically and practically). From (9.1.6), we 
have 

u = D22l(b2 - M2lU), 

This relation is substituted into (9.1.5), 

Mu=b, (9.1.7) 

where M = Mll - M12D2l M2l is a tridiagonal matrix, b = b l -
M12D2lb2. It can be shown that M is positive definite. 

As a result we see that for the finite element solution with quadratic 
elements, we only need to solve a tridiagonal system of order N, just as 
in the case of using linear elements in Subsection 9.1.1. The procedure of 
eliminating u from (9.1.5)-(9.1.6) to form a smaller system (9.1.7) is called 
condensation. The key for the success of the condensation technique is that 
the supports of some basis functions are limited to a single element. 

This condensation technique is especially useful in using high-order 
elements to solve higher-dimensional problems. 
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9.1.3 Reference element technique, non-conforming method 

Here we introduce the reference element technique in a natural way. At 
the same time, we will comment on the use of the non-conforming finite 
element method. 

Consider a clamped beam, initially occupying the region [0,1]' which is 
subject to the action of a transversal force of density f. Denote u as the 
deflection of the beam. Then the boundary value problem is 

{ 
u(4) = f in (0,1), 
u(o) = u'(O) = u(l) = u'(l) = 0. 

(9.1.8) 

The weak formulation of the problem is 

UEV, l1u"v"dX= l1fvdX VvEV, (9.1.9) 

where V = HJ(O, 1). If we choose the finite element space Vh to be a 
subspace of V, then any function in Vh must be C1 continuous. Suppose 
Vh consists of piecewise polynomials of degree less than or equal to p. The 
requirement that a finite element function be C1 is equivalent to the C1 

continuity of the function across the interior nodal points {xd ~11, which 
places 2 (N -1) constraints. Additionally, the Dirichlet boundary conditions 
impose 4 constraints. Hence, 

dim (Vh) = (p + 1) N - 2 (N - 1) - 4 = (p - 1) N - 2. 

Now it is evident that the polynomial degree p must be at least 2. However, 
with p = 2, we cannot construct basis functions with small supports. Thus 
we should choose p to be at least 3. For p = 3, our finite element space is 
taken to be 

1 -
Vh = {Vh E C (I) I vhlI; E P3(Ii), 1:S i:S N, 

Vh(X) = v~(x) = ° at x = 0, I}. 

It is then possible to construct basis functions with small supports using in
terpolation conditions of the function and its first derivative at the interior 
nodes {xd~11. More precisely, associated with each interior node Xi, there 
are two basis functions <Pi and 'l/Ji satisfying the interpolation conditions 

<Pi(Xj) = 8ij , <p~(Xj) = 0, 

'l/Ji(Xj) = 0, 'l/J~(Xj) = 8ij . 

A more plausible approach to constructing the basis functions is to use the 
reference element technique. To this end, let us choose 10 = [0,1] as the 
reference element. Then the mapping 
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is a bijection between 10 and 1;. Over the reference element 10 , we construct 
cubic functions <I>o, <I>1, wo, and WI satisfying the interpolation conditions 

<I>0(0) = 1, <I>0(1) = 0, <I>~(O) = 0, <I>~(1) = 0, 

<I> 1 (0) = 0, <I> 1 (1) = 1, <I>~ (0) = 0, <I>~ (1) = 0, 

Wo(O) = 0, Wo(l) = 0, W~(O) = 1, W~(l) = 0, 

W1(0) =0, W1(1) =0, W~(O)=O, W~(l)=l. 

It is not difficult to find these functions, 

<I>o(~) = (1 + 2~) (1- ~)2, 

<I> 1 (0 = (3 - 2~) e, 
Wo(~) = ~ (1 - 0 2 , 

W1(~) = -(1- ~)e. 

These functions, defined on the reference element, are called shape func
tions. With the shape functions, it is an easy matter to construct the basis 
functions with the aid of the mapping functions {Fdi:l1. We have 

and 

{ 
<I> 1 (Fi- 1 (x)), x Eli, 

¢i(X) = <I> 0 (Fi+\ (x)), x E Ii+1' 
0, otherwise, 

{ 
hi WI (Fi- 1 (x)), x E h 

'l/Ji(X) = hi+l WO(Fi+\ (x)), x E Ii+1' 
0, otherwise. 

Once the basis functions are available, it is a routine work to form the 
finite element system. We emphasize that the computations of the stiffness 
matrix and the load are done on the reference element. For example, by 
definition, 

using the mapping function Fi and the definition of the basis functions, we 
have 

ai-l,i = 1 (<I>0)"hi 2(<I>d'hi 2 hidf. 
10 

= ;316(2~ -1)6(1- 2~)d~ 
t 10 

12 
- h3 · 

t 

For higher-dimensional problems, the use of the reference element 
technique is essential for both theoretical error analysis and practical imple-
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mentation of the finite element method. The computations of the stiffness 
matrix and the load vector involve a large number of integrals that usually 
cannot be computed analytically. With the reference element technique, 
all the integrals are done on a single region (the reference element), and 
therefore only numerical quadratures on the reference element are needed. 
Later, we will see how the reference element technique is used to derive 
error estimates for the finite element interpolations. 

The discussion of the selection of the finite element space Vh also alerts 
us that locally high-degree polynomials are needed in order to have C 1 

continuity for a piecewise polynomial. The polynomial degrees are even 
higher for C1 elements in higher-dimensional problems. An impact of this 
is that the basis functions are more difficult to construct, and less efficient 
to use. An alternative approach overcoming this difficulty is to use non
conforming elements. For the sample problem (9.1.8), we may try to use 
continuous piecewise polynomials to approximate the space H6(O, 1). As 
an example, we take 

Vh = {Vh E C(l) I vhlli E P2(Ii ), 1::::; i::::; N, 

Vh(X) = v~(x) = ° at x = 0, I}. 

Notice that Vh cz. V. The finite element method is then defined as 

It is still possible to discuss the convergence of the non-conforming finite 
element solution. Some preliminary discussion of this topic was made in 
Example 8.3.2. See [35] for some detail. 

In this chapter, we only discuss the finite element method for solving 
second-order boundary value problems, and so we will focus on conforming 
finite element methods. 

Exercise 9.1.1 In Subsection 9.1.1, we computed the stiffness matrix for 
the case of a uniform partition. Find the stiffness matrix when the partition 
is non-uniform. 

Exercise 9.1.2 Use the fact that the coefficient matrix of the system 
(9.1.5) and (9.1.6) is symmetric, positive definite to show that the coefficient 
matrix of the system (9.1. 7) is symmetric, positive definite. 

Exercise 9.1.3 Show that in solving (9.1.8) with a conforming finite ele
ment method with piecewise polynomials of degree less than or equal to 2, 
it is impossible to construct basis functions with small supports. 
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9.2 Basics of the finite element method 

We have seen from the one-dimensional examples in the preceding section 
that there are some typical steps in a finite element solution of a boundary 
value problem. First we need a weak formulation of the boundary value 
problem; this topic was discussed in Chapter 7. Then we need a partition (or 
triangulation) of the domain into sub domains called elements. Associated 
with the partition, we define a finite element space. Further, we choose 
basis functions for the finite element space. The basis functions should 
have small supports so that the resulting stiffness matrix is sparse. With 
the basis functions defined, the finite element system can be formed. The 
reference element technique is used from time to time in this process. Once 
the finite element system is formed, we then need to solve the system; see 
some discussions in Section 4.2. More details can be found in ATKINSON 
[11, Chap. 8], GOLUB AND VAN LOAN [61], and STEWART [152]. 

9.2.1 Triangulation 

A triangulation or a mesh is a partition Th = {K} of the domain n into a 
finite number of subsets K, called elements, with the following properties: 

1. n = UKEThK; 

o 

2. each K is closed with a nonempty interior K and a Lipschitz 
continuous boundary; 

o 0 

3. for distinct K 1 , K2 E 7/.., Kl n K2 = 0. 

From now on, we restrict our discussion to two-dimensional problems; 
most of the discussion can be extended to higher-dimensional problems 
straightforwardly. We will assume the domain n is a polygon so that it 
can be partitioned into straight-sided triangles and quadrilaterals. When 
n is a general domain with a curved boundary, it cannot be partitioned 
into straight-sided triangles and quadrilaterals, and usually curved-sided 
elements need to be used. The reader is referred to [35, 36] for some de
tailed discussion on the use of the finite element method in this case. We 
will emphasize the use of the reference element technique to estimate the 
error; for this reason, we need a particular structure on the finite elements, 
namely, we will consider only affine families of finite elements. In general, 
bilinear functions are needed for a bijective mapping between a four-sided 
reference element and a general quadrilateral. So a further restriction is we 
will mostly use triangular elements, for any triangle is affine equivalent to 
a fixed triangle (the reference triangle). 

For a triangulation of a polygon into triangles (and quadrilaterals), we 
usually impose one more condition, called the regularity condition. 
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X2 

.,43(0, V3) X2 

or l~ 
Xl Xl 

.,41(-1,0) .,42(1,0) 1 

Figure 9.2. Reference triangular elements in R2 

1 

or 

-1 1 

-1 

Figure 9.3. Reference rectangular elements in R2 

4. For distinct K I , K2 E 4., KI n K2 is either empty, or a 
common vertex, or a common side of K I and K 2. 

For a triangulation of a three-dimensional domain into tetrahedral, hex
ahedral, or pentahedral elements, the regularity condition requires that the 
intersection of two distinct elements is either empty, or a common vertex, 
or a common face of the two elements. 

For convenience in practical implementation as well as in theoretical 
analysis, it is assumed that there exist a finite number of fixed Lipschitz 
domains, ambiguously represented by one symbol K, such that for each 
element K, there is a smooth mapping function FK with K = FK(K). 

Example 9.2.1 We will use finite elements ovedwo-dimensional domains 
as examples. The reference element can be taken to be either an equilateral 
or right isosceles triangle for triangular elements, and squares with side 
length 1 or 2 for quadrilateral elements. Correspondingly, the mapping func
tion FK is linear if K is a triangle, and bilinear if K is a quadrilateral. The 
triangular and rectangular reference elements are shown in Figures 9.2 and 
9.3 respectively. We will use the equilateral triangle and the square [-1,1]2 
as the reference elements. • 

For an arbitrary element K, we denote 

hK = diam(K) = max{[[x - y[[ [ x,y E K} 
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and 

P K = diameter of the largest sphere S K inscribed in K. 

When dealing with the reference element K we denote the corresponding 
quantities by hand p. The quantity hK describes the size of K, while the 
ratio hK / PK is an indication whether the element is flat. 

9.2.2 Polynomial spaces on the reference elements 

Function spaces over a general element will be constructed from those on 
the reference element. Thus we will first introduce a polynomial space X on 
K. Although it is possible to choose any finite-dimensional function space 
as X, the overwhelming choice for X for practical use is a polynomial space. 

Example 9.2.2 For definiteness, we choose the equilateral triangle K to be 
the reference triangle with the vertices A1 (-1,0), A2 (1,0), and A3 (0,/3). 
We introduce three functions, 

These functions are linear and satisfy the relations 

'xi(Aj) = Dij. 

They are called the barycentric coordinates associated with the triangle K. 
It is convenient to use the barycentric coordinates to represent polynomials. 
For example, any linear function v E PI (K) is uniquely determined by its 
values at the vertices {Ai H= 1 and we have the representation 

3 

v(X) = L v(A) 'xi(X), 
i=1 

In this case, the vertices {Ai}f=1 are called the nodes, the function val
ues {V(Ai)}f=1 are called the parameters (used to determine the linear 
function), and {'xiH=1 are the basis functions on K, called the shape 
functions. 

A quadratic function has six coefficients and we need six interpolation 
conditions to determine it. For this, we introduce the side mid-points, 
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Then any quadratic function v E P2 (K) is uniquely determined by its values 
at the vertices {Ai }t=1 and the side mid-points {Aij h::;i<j 9. Indeed we 
have the representation formula 

3 

v(x) = L V(Ai) ~i (x) (2 ~i (x) - 1) + L 4 V(Aij) ~i (x) ~j (x) 
i=l 

for v E P2(K). This formula is derived from the observations that 
(1) jor each k, 1 :S k :S 3, ~k(X) (2 ~k(X) -1) is a quadratic junction, takes 
on the value 1 at Ak , and the value 0 at the other vertices and the side 
mid-points; 
(2) for 1 :S i < j :S 3, 4 ~i (x) ~j (x) is a quadratic junction, takes on the 
value 1 at Aij , and the value 0 at the other side mid-points and the vertices. 

In this case, the vertices and the side mid-points are called the nodes, the 
junction values at the nodes are called the parameters (used to determine 
the quadratic junction). 

In the above example, the parameters are function values at the nodes. 
The corresponding finite elements to be constructed later are called La
grange finite elements. Lagrange finite elements are the natural choice in 
solving second-order boundary value problems, where weak formulations 
only need the use of weak derivatives of the first order, and hence only 
the continuity of finite element functions across interelement boundaries 
is requires, as we will see later. It is also possible to use other types of 
parameters to determine polynomials. For example, we may choose some 
parameters to be derivatives of the function at some nodes; in this case, 
we will get Hermite finite elements. We can construct Hermite finite el
ements that are globally continuously differentiable; such Hermite finite 
elements can be used to solve fourth-order boundary value problems, as 
was discussed in Example 9.1.3 in the context of a one-dimensional prob
lem. For some applications, it may be advantageous to use average values 
of the function along the sides. Different selections of the parameters lead 
to different basis functions, and thus lead to different finite element system. 
Here we will focus on the discussion of Lagrange finite elements. The dis
cussion of the above example can be extended to the case of higher degree 
polynomials and to domains of any (finite) dimension. A reader interested 
in a more complete discussion of general finite elements can consult the 
references [35, 36]. 

In general, let X be a polynomial space over k, dimX = I. We choose a 
set of nodal points {Xd{=l in k, such that any function v E X is uniquely 
determined by its values at the nodes {Xi}{=l' and we have the following 
formula 

I 

v(x) = L V(Xi) ¢i(X). 
i=l 
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The functions {¢i}[=l form a basis for the space X with the property 

¢i(Xj) = Oij' 

9.2.3 Affine-equivalent finite elements 

We will then define function spaces over a general element. The domain 
0, being polygonal, is partitioned into straight-sided triangles and quadri
laterals. We will only consider affine-equivalent families of finite elements. 
In other words, there exists one or several reference elements, K, such 
that each element K is the image of K under an invertible affine mapping 
FK : K --> K of the form 

(9.2.1) 

The mapping FK is a bijection between K and K, TK is an invertible 2 x 2 
matrix and b K is a translation vector. 

Over each element K, we define a finite-dimensional function space X K 

by the formula 

X x, F-1 - {I 'F-1 ' X' } K= 0 K = V v=vo K' vE . (9.2.2) 

An immediate consequence of this definition is that if X is a polynomial 
space of certain degree, then X K is a polynomial space of the same degree. 
In the future, for any function v defined On K, we will use v to denote the 
corresponding function defined On K through v = v 0 F K. Conversely, for 
any function v On K, we let v be the function On K defined by v = VO Fi{l. 
Thus we have the relation 

v(x) = v(x) 't:/x E K, x E K, with x = FK(X), 

Using the nodal points Xi, 1 :::; i :::; I, of K, we introduce the nodal points 
xf, 1:::; i :::; I, of K defined by 

(9.2.3) 

Recall that {¢i}[=l are the basis functions of the space X associated with 
the nodal points {Xi}[=l with the property that 

¢i(Xj) = Oij' 

We define 
K ' -1 ¢i = ¢i 0 F K' i = 1, ... ,1. 

Then the functions {¢f}[=l have the property that 

¢f(xf) = Oij' 

Hence, {¢f}[=l form a set of local polynomial basis functions on K. 
We nOW present a result On the affine transformation (9.2.1), which will be 

used in estimating finite element interpolation errors. The matrix norm is 
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the spectral norm, i.e., the operator matrix norm induced by the Euclidean 
vector norm. 

Lemma 9.2.3 For the affine map FK k -+ K defined by (9.2.1), we 
have the estimates 

Proof. By definition, 

Let us rewrite it in the equivalent form 

IITKII = p-1 sup {IITKZIII Ilzll = P} 

by taking z = ,ox/llxll. Now for any z with Ilzll =,0, pick up any two vectors 
x and y that lie on the largest sphere S of diameter ,0, which is inscribed 
in k, such that z = x - y. Then 

IITKII = p-1 sup {IITK(x - y)111 x,y E S} 
= p-1 sup {II(TKX + bK ) - (TKY + bK)111 x,y E S} 
~ p-1 sup {llx - ylll x,y E K} 

~ hK/,o. 
The second inequality follows from the first one by interchanging the roles 
played by K and k. • 

9.2.4 Finite element spaces 

A global finite element function Vh is defined piecewise by the formula 

vhlK E X K 'V K E 7h. 

A natural question is whether such finite element functions can be used to 
solve a boundary value problem. For a linear second-order elliptic boundary 
value problem, the space V is a subspace of H1(n). Thus we need to check 
whether Vh E H1 (0,) holds. Since the restriction of Vh on each element K is a 
smooth function, a necessary and sufficient condition for Vh E H1 (0,) is Vh E 
C(O) (d. Chapter 6). We then define a finite element space corresponding 
to the triangulation 7h, 

Xh = {Vh E C(O) I vhlK E X K VK E Th}. 

We observe that if X consists of polynomials, then a function from the 
space Xh is a piecewise image of polynomials. In our special case of an affine 
family of finite elements, FK is an affine mapping, and vhlK is a polynomial. 
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For more general mapping functions FK (e.g., bilinear mapping functions 
used for quadrilateral elements), vhlK is in general not a polynomial. 

Then for a second-order boundary value problem with Neumann bound
ary condition, we use V h = Xh as the finite element space; and for 
a second-order boundary value problem with the homogeneous Dirichlet 
condition, the finite element space is chosen to be 

Vh = {Vh E Xh I Vh = 0 on r}, 

which is a subspace of HJ(!1). 
We remark that the condition Vh E C(fi) is guaranteed if Vh is continuous 

across any interelement boundary; this requirement is satisfied if for any 
element K and any of its side ,,(, the restriction of vhlK on"( is completely 
determined by its values at the nodes on "( (d. Example 9.2.4 below). 

For an affine family of finite elements, the mesh is completely described 
by the reference element k and the family of affine mappings {FK IKE 
Th }. The finite element space X h is completely described by the space X 
on k and the family of affine mappings. 

Example 9.2.4 Let !1 s;:; ]R2 be a polygon, and let T,. be a partition of 
!1 into triangles. For a general triangle K E T,., we let aj = (alj, a2j f, 
1 :::; j :::; 3, denote its three vertices. We define the barycentric coordinates 
Aj (x), 1 :::; j :::; 3, associated with the vertices {aj }]=l to be the affine 
functions satisfying the relations 

Then by the uniqueness of linear interpolation, we have 

3 

x = L:::.xi(X) ai· 
i=l 

Also, since L:~=l Ai(aj) = 1 for 1:::; j :::; 3, we have 

3 

LAi(X) = l. 
i=l 

(9.2.4) 

(9.2.5) 

(9.2.6) 

The equations (9.2.5) and (9.2.6) constitute three equations for the three 
unknowns {Ai}T=I' 

(9.2.7) 

Since the triangle K is non-degenerate (i.e., the interior of K is non
empty), the system (9.2.7) has a nonsingular coefficient matrix and 
hence uniquely determines the barycentric coordinates {Ai} r= I. From the 
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uniqueness of the polynomial interpolation, it is easy to see that 
A -1 

Ai = Ai 0 F K' 1:::; i :::; 3. 

Here {\}f=l are the barycentric coordinates on K. 
Now we define a linear element space, 

Xh = {Vh E Hl(n) I vhlK is linear, K E Th}. 

The space can be equivalently defined as 

X h = {Vh E C(O) I vhlK is linear, K E 'Jh}. 

On each element K, vhlK is a linear function. If we use the function values 
at the vertices as the defining parameters, then we have the expression 

3 

vhlK = L vh(ai) Ai, K E Th. (9.2.8) 
i=l 

The local finite element function Vh I K can be obtained from a linear function 
defined on K. For this, we let 

3 

V(X) = L Vh(ai) '\i(X). 
i=l 

Then it is easily seen that vhlK = v 0 Fi(l. 
The piecewise linear function Vh defined by (9.2.8) is globally continuous. 

To see this we only need to prove the continuity of Vh across'Y = Kl n K 2, 
the common side of two neighboring elements Kl and K 2. Let us denote 
VI = vhlK1 and V2 = vhiK2 , and consider the difference w = VI - V2. On 
'Y, w is J, linear function of one variable (the tangential variable along 'Y), 
and vanishes at the two end points of 'Y. Hence, W = 0, i.e. VI = V2 along 
'Y. 

Summarizing, if we use the function values at the vertices to define the 
function on each element K, then X h is an affine-equivalent finite element 
space consisting of continuous piecewise linear functions. In this case, the 
vertices are the nodes of the finite element space, the nodal function values 
are called the parameters. On each element, we have the representation 
formula (9.2.8). 

9.2.5 Interpolation 

We first introduce an interpolation operator fI for continuous functions on 
k. Recall that {Xi}!=l are the nodal points while {¢i}!=l are the associated 
basis functions of the polynomial space X in the sense that ¢i (Xj) = bij is 
valid. We define 

I 

fI: C(K) --t X, fIv = L V(Xi)¢i. (9.2.9) 
i=l 
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Evidently, ITv E X is uniquely determined by the interpolation conditions 

ITV(Xi) = V(Xi), i = 1, ... ,I. 

On any element K, we define similarly the interpolation operator IlK by 

I 

IlK: C(K) -> X K , IlKv = L v (xf) ¢f. (9.2.10) 
i=l 

We see that IlKv E X K is uniquely determined by the interpolation 
conditions 

IlKV(xf) = v(xf), i = 1, ... ,I. 

The following result explores the relation between the two interpolation 
operators. The result is of fundamental importance in error analysis of finite 
element interpolation. 

Theorem 9.2.5 For the two interpolation operators IT and IlK introduced 
above, we have IT(v) = (IlKV) 0 F"KI, i.e., ITv = IlKv. 

Proof. From the definition (9.2.10), we have 

I I 

IlKV = L v(xf)¢f = L v(xi)¢f· 
i=l i=l 

Since ¢f 0 F"KI = ¢i' we obtain 

I 

(IlK v) 0 F"KI = L V(Xi)¢i = ITv. 
i=l 

• 
Example 9.2.6 Let us consider a planar polygonal domain n partitioned 
into triangles {K}. For a generic element K, again use aI, a2, and a3 to 
denote its vertices. Then with linear elements, for a continuous function v 
defined on K, its linear interpolant is 

3 

IlKv(x) = L v(ai) Ai(X), x E K. 
i=l 

For the function v = v 0 P"K I defined on the reference element K, its linear 
interpolant is 

3 

ITv(x) = L v(ai) ~i(X), x E k. 
i=l 

Here, ai = F"KI(ai), 1 ::; i ::; 3, are the vertices of K. Since v(ai) = v(ai) 
by definition and Ai(X) = ~i(X) for x = FK(x), obviously the relation 

Irv = IlKv holds. 
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By using the mid-points of the sides, we can give a similar discussion of 
quadratic elements. 

Exercise 9.2.1 Over the reference triangle k, define a set of nodes and 
parameters for cubic functions. Represent a cubic function in terms of the 
parameters. 

Exercise 9.2.2 Assume n is the union of some rectangles whose sides 
parallel the coordinate axes. We partition n into rectangular elements with 
sides parallel to the coordinate axes. In this case, the reference element is 
a square k, say, the square centered at the origin with sides of length 2, as 
shown in Figure 9.3. The polynomial space over k is usually taken to be 

Qk,l(k) = {v(x) = L L aijxlx~: aij E JR., x E k} 
i<;,k j<;'l 

for non-negative integers k and l. For k = l = 1, we get the bilinear func
tions. Define a set of nodes and parameters over Ql,l (K). Represent a 
bilinear function in terms of the parameters. 

9.3 Error estimates of finite element interpolations 

In this section, we present some estimates for the finite element interpo
lation error, which will be used in the next section to bound the error of 
the finite element solution for a linear elliptic boundary value problem, 
through the application of Cea's inequality. The interpolation error esti
mates are derived through the use of the reference element technique; i.e., 
error estimates are first derived on the reference element, which are then 
translated to a general finite element. The results discussed in this section 
can be extended to the case of a general d-dimensional domain. Definitions 
of triangulation and finite elements in d-dimensional case are similar to 
those for the two-dimensional case, cf., e.g., [35, 36]. 

9.3.1 Interpolation error estimates on the reference element 

We first derive interpolation error estimates over the reference element. 

Theorem 9.3.1 Let k and m be non-negative integers with k > 0, k + 1 ~ 
m, and Pk(K) s:::; X. Let IT be the operators defined in (9.2.9). Then there 
exists a constant c such that 

(9.3.1) 
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Proof. Notice that k > 0 implies Hk+l(K) <....t C(K), so v E Hk+l(K) 
is continuous and ITv is well-defined. From 

I 

IIITvllm,k ::; L IV(Xi)llI¢illm,k ::; c IIvllc(k) ::; c IIvllk+1,k, 
i=l 

we see that IT is a bounded operator from Hk+l(K) to Hm(K). By the 
assumption on the space X, we have 

(9.3.2) 

Using (9.3.2), we then have, for all v E Hk+1(K) and all p E Pk(K), 

Iv - ITvlm,k ::; IIv - ITvllm,k = IIv - ITv + p - ITpllm,k 

::; II (v + p) - IT(v + p)lIm,k 

::; IIv + pllm,k + IIIT(v + P)lIm,k 
::; c IIv + pllk+l,k' 

Since p E Pk(K) is arbitrary, we have 

Iv - ITvlm k ::; c inf. IIv + pllk+l k' 
, pEPdK) , 

By an application of Corollary 6.3.18, we get the estimate (9.3.1). • 
In Theorem 9.3.1, the assumption k > 0 is made to warrant the conti

nuity of an Hk+l(K) function. In the d-dimensional case, this assumption 
is replaced by k + 1 > d/2. The property (9.3.2) is called a polynomial 
invariance property of the finite element interpolation operator. 

9.3.2 Local interpolation error estimates 

We now consider the finite element interpolation error over each element 
K. As in Theorem 9.3.1, we assume k > 0; this assumption ensures the 
property Hk+l(K) <....t C(K), and so for v E Hk+l(K), pointwise values 
v(x) are meaningful. Let the projection operator IlK : Hk+l(K) --+ X K c:;;; 

Hm(K) be defined by (9.2.10). 
To translate the result of Theorem 9.3.1 from the reference element K 

to the element K, we need to discuss the relations between Sobolev norms 
over the reference element and a general element. 

Theorem 9.3.2 Assume x = TKx+ b K is a bijection from K to K. Then 
v E H m (K) if and only if v E H m (K). Furthermore, for some constant c 
independent of K and K, the estimates 

(9.3.3) 
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and 

(9.3.4) 

hold. 

Proof. We only need to prove the inequality (9.3.3); the inequality (9.3.4) 
follows from (9.3.3) by interchanging the roles played by x and x. Recall 
the multi-index notation: for 0: = (0:1, 0:2), 

81al 
D~ = 8Aa18Aa2' 

Xl x 2 

By a change of variables, we have 

Ivl~ k = 2: [ (D~v(x))2 dx 
, lal=m K 

= 2: L (D~v(FK1(x)))21 det T K I- 1 dx. 
lal=m 

Since the mapping function is affine, for any multi-index 0: with lad = m, 
we have 

D~v = 2: ca ,(3(TK) Dev, 
1(3I=m 

where each ca ,(3 (T K) is a product of m entries of the matrix T K. Thus 

L ID~v(FK1(X))12:s; C IITKI12m L ID~v(x)12, 
lal=m lal=m 

and so, 

Ivl 2 k:S; c 2: r (D~v(x))21ITKI12m(det TK )-1 dx 
m, JK 

lal=m 

= cIITK I1 2m(detTK)-1Ivl;",K, 

from which the inequality (9.3.3) follows. • 
We now combine the preceding theorems to obtain an estimate for the 

interpolation error in the semi-norm Iv - IIKvlm,K' 

Theorem 9.3.3 Let k and m be non-negative integers with k > 0, k + 1 2 
m, and Pk(K) ~ X. Let IIK be the operators defined in (9.2.10). Then 
there is a constant c depending only on K and IT such that 

hk+1 

Iv - IIKvlm,K :S c ~ Ivlk+1,K V v E H k+1(K). (9.3.5) 
PK 

Proof. From Theorem 9.2.5 we have v - ITv = (v - IIKV) 0 FK. 
Consequently, using (9.3.4) we obtain 

Iv - IIKvlm,K :S c IITi/ Ilml det TK11/21v - ITvlm,k' 



9.3. Error estimates of finite element interpolations 303 

Using the estimate (9.3.1), we have 

Iv - IIKvlm,K ::; c IIT}/ Ilml det TKII/2Ivlk+l,k' 

The inequality (9.3.3) with m = k + 1 is 

Ivlk+l,k ::; c IITKIIk+11 det TKI-I/2Ivlk+I,K. 

So from (9.3.6), we obtain 

Iv - IIKVlm,K ::; c IITI/llmIITKllk+llvlk+I,K. 

(9.3.6) 

The estimate (9.3.5) now follows from an application of Lemma 9.2.3. • 
The error estimate (9.3.5) is proved through the use of the reference ele

ment k. The proof method can be termed the reference element technique. 
We notice that in the proof we only use the polynomial invariance property 
(9.3.2) of the finite element interpolation on the reference element, and we 
do not need to use a corresponding polynomial invariance property on the 
real finite element. This feature is important when we analyze finite element 
spaces that are not based on affine-equivalent elements. For example, sup
pose the domain is partitioned into quadrilateral elements {K 1 K E 4,}. 
Then a reference element can be taken to be the unit square K = [0,1]2. 
For each element K, the mapping function FK is bilinear, and maps each 
vertex of the reference element k to a corresponding vertex of K. The first 
degree finite element space for approximating V = HI (f!) is 

where 

is the space of bilinear functions. We see that for Vh E Vh, on each element 
K, vhlK is not a polynomial (as a function of the variable x), but rather 
the image of a polynomial on the reference element. Obviously, we do not 
have the polynomial invariance property for the interpolation operator IIK , 

nevertheless (9.3.2) is still valid. For such a finite element space, the proof 
of Theorem 9.3.3 still goes through. 

The error bound in (9.3.5) depends on two parameters hK and PK. It 
will be convenient to use the parameter hK only in an interpolation error 
bound. For this purpose we introduce the notion of a regular family of finite 
elements. For a triangulation Th , we denote 

h = max hK, 
KETh 

(9.3.7) 

often called the mesh parameter. The quantity h is a measure of how refined 
the mesh is. The smaller h is, the finer the mesh. 
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Definition 9.3.4 A family 7h = {K} of finite element partitions is said 
to be regular if 
(a) there exists a constant a such that h K / P K ::; a for all elements K; 
(b) the mesh parameter h approaches zero. 

A necessary and sufficient condition for the fulfillment of the condition 
(a) in Definition 9.3.4 is that the minimal angles of all the elements are 
bounded below away from 0; a proof of this result is left as an exercise (cf. 
Exercise 9.3.2). 

In the case of a regular family of affine finite elements, we can deduce 
the following error estimate from Theorem 9.3.3. 

Corollary 9.3.5 We keep the assumptions stated in Theorem 9.3.3. Fur
thermore, assume {K IKE Th} is a regular family of finite elements. Then 
there is a constant c such that 

Ilv - IIKvllm,K ::; ch~+l-mlvlk+l,K Vv E Hk+l(K), V K E Th . (9.3.8) 

Example 9.3.6 Let K be a triangle in a regular family of affine finite 
elements. We take the three vertices of K to be the nodal points. The local 
function space X K is Pl(K). Assume v E H 2 (K). Applying the estimate 
(9.3.8) with k = 1, we have 

IIv - IIKvllm,K ::; ch;"-mlv I2,K Vv E H2(K). (9.3.9) 

This estimate holds for m = 0, 1. 

9.3.3 Global interpolation error estimates 

We now estimate the finite element interpolation error of a continuous 
function over the entire domain O. For a function v E C(O), we construct 
its global interpolant IIhv in the finite element space X h by the formula 

IIhvlK = IIKv V K E 7h. 

Let {xd ~\ ~ n be the set of the nodes collected from the nodes of all the 
elements K E 7h. We have the representation formula 

Nh 

IIhv = L V(Xi)cPi (9.3.10) 
i=l 

for the global finite element interpolant. Here cPi, i = 1, ... , N h, are the 
global basis functions that span X h. The basis function cPi is associated 
with the node xi~i.e., cPi is a piecewise polynomial of degree less than or 
equal to k, and cPi(Xj) = 8ij . If the node Xi is a vertex xf of the element 
K, then cPilK = cPr If Xi is not a node of K, then cPilK = 0. Thus the 
functions cPi are constructed from local basis functions cPf. 

Example 9.3.7 We examine an example of linear elements. Assume 0 ~ 
~2 is a polygonal domain, which is triangulated into triangles K, K E 
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Th. Denote {Xi}~'it the set of the interior nodes, i.e., the vertices of the 
triangulation that lie in 0; and {Xi}~Nint+l' the set of the boundary nodes, 
i.e., the vertices of the triangulation that lie on ao. From each vertex Xi, 

denote Ki the patch of the elements K that contain Xi as a vertex. The 
basis function <Pi associated with the node Xi is a continuous function on 
0, which is linear on each K and is non-zero only on Ki . The corresponding 
piecewise linear function space is then 

Suppose we need to solve a linear elliptic boundary value problem with Neu
mann boundary condition. Then the function space is V = Hl(O), and we 
choose the linear element space to be Vh = X h . Now suppose the boundary 
condition is homogeneous Dirichlet. Then the function space is V = HJ (0), 
while the linear element space is 

In other words, we only use those basis functions associated with the interior 
nodes, so that again the finite element space is a subspace of the space for 
the boundary value problem. In case of a mixed boundary value problem, 
where we have a homogeneous Dirichlet boundary condition on part of the 
boundary r 1 and a Neumann boundary condition on the other part of the 
boundary r 2, then the triangulation should be compatible with the splitting 
an = r 1 U r 2; i. e., if an element K has one side on the boundary, then 
that side must belong entirely to either r 1 or r 2. The corresponding linear 
element space is then constructed from the basis functions associated with 
the interior nodes together with those boundary nodes located on r 1 . 

In the context of the finite element approximation of a linear second-order 
elliptic boundary value problem, Cea's inequality holds: 

Then 

and we need to find an estimate of the interpolation error Ilu - Ihulkn. 

Theorem 9.3.8 Assume that all the conditions of Corollary 9.3.5 hold. 
Then there exists a constant c independent of h such that 
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Proof. Since the finite element interpolant IIh u is defined piecewisely by 
IIhulK = IIKu, we can apply Corollary 9.3.5 with m = 0 and 1 to find 

Ilu - IIhull;',1l = L Ilu - IIKull;',K 
KETh 

< "" h2(k+l-m) 1 12 _ L.. c K U k+l,K 

KETh 

< c h2(k+l-m) lul2 
- k+l,Il' 

Taking the square root of the above relation, we obtain the error estimates 
(9.3.11). • 

We make a remark on finite element interpolation of possibly discon
tinuous functions. The finite element interpolation error analysis discussed 
above assumes that the function to be interpolated is continuous, so that 
it is meaningful to talk about its finite element interpolation (9.3.10). In 
the case of a general Sobolev function v, not necessarily continuous, we can 
define IIhv by local L2 projections in such a way that the interpolation 
error estimates stated in Theorem 9.3.8 are still valid. For detail, see [37]. 
We will use the same symbol IIhv to denote the "regular" finite element 
interpolant (9.3.10) when v is continuous, and in case v is discontinuous, 
IIhv is defined through local L2 projections. In either case, we have the 
error estimates (9.3.11). 

Exercise 9.3.1 Let Th be a regular partition of the domain 0, and K any 
element obtained from the reference element K through the affine mapping 
(9.2.1). Show that there exists a constant c independent of K and h, such 
that 

Exercise 9.3.2 Show that a necessary and sufficient condition for require
ment (a) in Definition 9.3.4 is that the minimal angles of all the elements 
are bounded below from O. 

Exercise 9.3.3 A family of triangulations Ph} is said to be quasiuniform 
if each triangulation Th is regular, and there is a constant Co > 0 such that 

(Hence, all the elements in Th are of comparable size.) 
Suppose {Th} is a family of uniform triangulations of the domain 0 ~ 

1R2 , {Xh} a corresponding family of affine-equivalent finite elements. De
note Nh = dimXh, and denote the nodes (of the basis functions) by Xi, 

1 :::; i :::; Nh. Show that there are constants Cl, C2 > 0 independent of h such 
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that 
Nh 

cIilvlli2(n) ::; h2 L IV(Xi)12 ::; c21Ivlli2(n) '<Iv E X h. 
i=l 

Exercise 9.3.4 In this exercise, we employ the technique of the refer
ence element to estimate the condition number of the stiffness matrix. 
The boundary value problem considered is a symmetric elliptic second-order 
problem 

u E V, a(u,v) = £(v) '<Iv E V, 

where V ~ Hl(fl) is a Hilbert space, a(·,·) : V x V --t lR is bilinear, 
symmetric, continuous, and V -elliptic, £ E V'. Let Vh ~ V be an affine 
family of finite elements of piecewiese polynomials of degree less than or 
equal to r. The finite element solution Uh E Vh is defined by 

UhEVh, a(uh,vh)=£(Vh) '<IvhEVh. 

Let { ¢i} be a basis of the space Vh. If we express the finite element solution 
in terms of the basis, Uh = L:i ~i¢i, then the unknown coefficients are 
determined from a linear system 

A~=b, 

where the stiffness matrix A has the entries a( ¢j, ¢i). Then A is a sym
metric positive definite matrix. Let us find an upper bound for the spectral 
condition number 

We assume the finite element spaces {Vh} are constructed based on a family 
of quasiuniform triangulations {'Ih}. 
(1) Show that there exist constants Cl, C2 > 0, such that 

clh21'1712::; Ilvhl16::; c2h21'1712 '<Ivh E Vh, Vh = L'T/i¢i. 

(2) Show that there exists a constant C3 > 0 such that 

IIV'VhI16::; C3 h- 2 11 vh116 '<Ivh E Vh· 

This result is an example of an inverse inequality for finite element func
tions. 
(3) Show that Cond2(A) = O(h-2). 
(Hint: A is symmetric, positive definite, so IIAI12 = sup{(A'17, '17)fi'1712}.) 

In the general d-dimensional case, it can be shown that these results are 
valid with the h2 terms in (1) being replaced by h d; in particular, we notice 
that the result (3) does not depend on the dimension of the domain fl. 

Exercise 9.3.5 As an example of the application of the reference element 
technique in forming the stiffness matrix and the load vector, let us consider 
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the computation of the integral I = JK V(Xl' X2) dx, where K is a triangle 
with vertices ai = (ai, a~), 1 :S i :S 3. Let Ko be the unit triangle, 

Ko = {x I X1,X2 20, Xl +X2:S I}. 

Show that the mapping 

<PK : x f---t a1 + xl(a2 - a1) + x2(a3 - a1) 

is a bijection from Ko to K, and 

( vex) dx = I(ai - aD (a~ - a~) - (a~ - a~) (a~ - aDI ( V(<pK(X)) dx. 
~ k 

The significance of this result is that we can use quadrature formulas on 
the (fixed) reference element to compute integrals over finite elements. 

9.4 Convergence and error estimates 

As an example, we consider the convergence and error estimates for finite 
element approximations of a linear second-order elliptic problem over a 
polygonal domain. The function space V is a subspace of H1(n); e.g., 
V = HJ(n) if the homogeneous Dirichlet condition is specified over the 
whole boundary, while V = HI (0,) if a Neumann condition is specified 
over the boundary. Let the weak formulation of the problem be 

U E V, a( u, v) = C( v) V v E V. (9.4.1) 

We assume all the assumptions required by the Lax-Milgram lemma; then 
the problem (9.3.11) has a unique solution u. Let Vh ~ V be a finite element 
space. Then the discrete problem 

uhEVh, a(uh,vh)=C(Vh) VVhEVh (9.4.2) 

also has a unique solution Uh E Vh and Cea's inequality holds: 

(9.4.3) 

This inequality is a basis for convergence and error analysis. 

Theorem 9.4.1 We keep the assumptions mentioned above. Let {Vh} ~ V 
be a regular family of affine-equivalent finite element spaces of piecewise 
polynomials of degree less than or equal to k. Then the finite element method 
converges, 

IIU - uhllv ---+ ° as h ---+ O. 

Assume U E Hk+1(n) for some integer k > 0. Then there exists a constant 
c such that the following error estimate holds 

Ilu - uhlh,n :S chk lulk+1,n. (9.4.4) 
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Proof. We take Vh = llhU in Cea's inequality (9.4.3), 

lIu - uhlll,n ~ c Ilu - llhulkn. 
Using the estimate (9.3.11) with m = 1, we obtain the error estimate 
(9.4.4). 

The convergence of the finite element solution under the basic solution 
regularity u E V follows from the facts that smooth functions are dense 
in the space V and for a smooth function, its finite element interpolants 
converge (with a convergence rate k). • 

Example 9.4.2 Consider the problem 

-D.u = f in 0, 
u = 0 on r. 

The corresponding variational formulation is; Find u E HJ(O) such that 

l \lu· \lvdx = l fvdx '<tv E HJ(O), 

and this problem has a unique solution. Similarly, the discrete problem of 
finding Uh E Vh such that 

l \luh' \lvh dx = l fVh dx '<tVh E Vh 

has a unique solution. Here Vh is a finite element subspace of HJ(O), 
consisting of piecewise polynomials of degree less than or equal to k, corre
sponding to a regular triangulation of the domain O. If u E Hk+2 (0), then 
the error is estimated by 

lIu - uhllt.n ~ chk llullk+2,n. 
We should notice that in error estimation for finite element solutions, 

we need to assume certain degree of solution regularity. However, such a 
regularity condition is not always satisfied (see Exercise 9.4.3). When the 
solution exhibits singularities, there are two popular approaches to recover 
the optimal convergence order corresponding to a smooth solution. One 
approach is by means of singular elements: i.e., some singular functions 
are included in the finite element space. The advantage of this approach is 
its efficiency, while the weakness is that the form of the singular functions 
must be known a priori. The second approach is by using mesh refinement 
around the singularities. This approach does not need the knowledge on 
the forms of the singular functions, and is more popular in practical use. 

Exercise 9.4.1 Let us use linear elements to solve the boundary value 
problem: 

{ -u" = f in (0,1), 
u(O) = u(l) = 0, 
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where f E L2(0, 1). Divide the domain I = [0,1] with the nodes 0 = Xo < 
Xl < ... < XN = 1, and denote the elements Ii = [Xi-I,Xi], 1 ::; i ::; N. 
Then the finite element space is 

Vh = {Vh E HJ(O, 1) I vhlli E PI (Ii), 1::; i::; N}. 

Let Uh E Vh denote the corresponding finite element solution of the bound
ary value problem. Prove that Uh(Xi) = U(Xi), 0::; i ::; N; in other words, 
the linear finite element solution for the boundary value problem is infinitely 
accurate at the nodes. 
Hint: Show that the finite element interpolant of U is the finite element 
solution. 

Exercise 9.4.2 Show that in ]R2, in terms of the polar coordinates 

Xl = r cosO, X2 = r sinO, 

the Laplacian operator takes the form 

fP 18182 
.6. = 8r2 + ;: 8r + r2 802; 

and in ]R3, in terms of the spherical coordinates 

Xl = r cosO sincp, X2 = r sinO sincp, X3 = r coscp, 

the Laplacian operator takes the form 

82 281[182 882 ] 
L\ = 8r2 + ;: 8r + r2 sin2 1> 8()2 + cot cp 81> + 81>2 . 

Exercise 9.4.3 Show that U = r2/3 sin(2 0/3) is the solution of the 
boundary value problem 

{ 
-.6.u = 0 in 0, 

u = 0 on r l , 

U = sin e:) on r 2 , 

where 0 = {(r,O) I 0 < r < 1,0 < 0 < 37r/2} is an L-shape domain, its 
boundary consisting of two legs about the comer, r l = {(r,O) I 0 ::; r ::; 
1,0 = 0 or 37r/2}, and a circular curve, r 2 = {(r,O) I r = 1,0::; 0::; 
37r/2}. Verify that u E HI(O), but U ~ H2(O). 

Exercise 9.4.4 In Exercise 7.5.1, we studied the weak formulation of an 
elasticity problem for an isotropic, homogeneous linearly elastic material. 
Let d = 2 and assume 0 is a polygonal domain. Introduce a regular family of 
finite element partitions T,. = {K} in such a way that each K is a triangle 
and if K n r -I- 0, then either K n r ~ r u or K n r ~ r g. Let Vh ~ V 
be the corresponding finite element subspace of continuous piecewise linear 
functions. Give the formulation of the finite element method and show that 
there is a unique finite element solution Uh E Vh. 
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Assume U E (H2(O))2. Derive error estimates for U - Uh and 0' - O'h, 
where 

O'h = >. tre( Uh) I + 2 JL e( Uh) 

is a discrete stress field. 

Exercise 9.4.5 Consider a finite element approximation of the nonlinear 
elliptic boundary value problem studied in Section 7.B. Let us use all the 
notation introduced there. Let Vh be a finite element space consisting of 
continuous, piecewise polynomials of certain degree such that the functions 
vanish on the boundary. Then from Example 6.2.7, Vh ~ V. Show that the 
finite element method 

Uh E Vh : a(uh;uh,Vh) = £(Vh) 'VVh E Vh 

has a unique solution. Also show that Uh is the unique minimizer of the 
energy functional E(·) over the finite element space Vh. 

Error estimate for the finite element solution defined above can be derived 
following that in [35, Section 5.3], where finite element approximation of 
the homogeneous Dirichlet problem for the nonlinear differential equation 

-div (IVuI P- 2Vu) = f 

is considered. However, the error estimate is not of optimal order. The 
optimal order error estimate for the linear element solution is derived in 
[20]. 

Suggestion for Further Readings 

Standard references on mathematical analysis of the finite element 
method include BABUSKA AND AZIZ [19], BRENNER AND SCOTT [28], 
BRAESS [27], CIARLET [35, 36], JOHNSON [84], ODEN AND REDDY [126]' 
and STRANG AND FIX [153]. 

Detailed discussion of the p-version finite element method can be found 
in SZAB6 AND BABUSKA [155]. Mathematical theory of the p-version and 
h-p-version finite element methods with applications in solid and fluid 
mechanics can be found in SCHWAB [146]. 

For the theory of mixed and hybrid finite element methods, see BREZZI 
AND FORTIN [29] and ROBERTS AND THOMAS [139]. 

For the numerical solution of Navier-Stokes equations by the finite 
element method, see GIRAULT AND RAVIART [57]. 

Theory of the finite element method for solving parabolic problems can 
be found in THOMEE [157] and more recently [159]. 

Singularities of solutions to boundary value problems on non-smooth do
mains are analyzed in detail in GRISVARD [64]. See also KOZLOV, MAZ'YA 
AND ROSSMANN [97]. To improve the convergence rate of the finite ele
ment method when the solution exhibits singularities, one can employ the 
so-called singular element method where the finite element space contains 



312 9. Finite Element Analysis 

the singular functions, or the mesh refinement method where the mesh is 
locally refined around the singular region of the solution. One can find a 
discussion of the singular element method in STRANG AND FIX [153], and 
the mesh refinement method in SZABO AND BABUSKA [155]. 



10 
Elliptic Variational Inequalities and 
Their Numerical Approximations 

Variational inequalities form an important family of nonlinear problems. 
Some of the more complex physical processes are described by variational 
inequalities. Several comprehensive monographs can be consulted for the 
theory and numerical solution of variational inequalities, e.g., [45, 54, 58, 
59, 95, 96, 128]. We study standard elliptic variational inequalities (EVIs) 
in this chapter. We give a brief introduction to some well-known results on 
the existence, uniqueness and stability of solutions to elliptic variational 
inequalities. We also discuss numerical approximations of EVIs and their 
error analysis. 

10.1 Introductory examples 

We first recall the general framework used in the Lax-Milgram lemma. Let 
V be a real Hilbert space, a(·,·) : V x V ----* IR a continuous, V-elliptic 
bilinear form, and lEV'. Then there is a unique solution of the problem 

u E V, a(u,v) = lev) Vv E V. 

In the special case where a(·,·) is symmetric, 

a(u, v) = a(v,u) Vu,v E V, 

we can introduce an energy functional 

1 
E(v) = "2 a(v, v) - lev), 

(10.1.1) 

(10.1.2) 

(10.1.3) 
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and it is easy to verify that the weak formulation (10.1.1) is equivalent to 
the minimization problem 

uE V, E(u) = inf E(v). 
vEV 

(10.1.4) 

We observe that the minimization problem (10.1.4) is a linear problem, 
owing to the assumptions that E(.) is a quadratic functional, and the set 
over which the infimum is sought is a linear space. The problem (10.1.4) be
comes nonlinear if either the energy functional J(v) is no longer quadratic, 
or the energy functional is minimized over a general set instead of a lin
ear space. Indeed, if a quadratic energy functional of the form (10.1.3) 
is minimized over a closed convex subset of V, then we obtain an ellip
tic variational inequality of the first kind. When the energy functional is 
the summation of a quadratic functional of the form (10.1.3) and a non
negative non-differentiable term, then the minimization problem (10.1.4) 
is equivalent to an elliptic variational inequality of the second kind. 

We remark that not every inequality problem is derived from a mini
mization principle. The feature of a variational inequality arising from a 
quadratic minimization problem is that the bilinear form of the inequality 
is symmetric. 

Now let us examine two concrete examples. 

Example 10.1.1 (THE OBSTACLE PROBLEM) In an obstacle problem, we 
need to determine the equilibrium position of an elastic membrane which 
(1) passes through a closed curve r, the boundary of a planar domain 0; 
(2) lies above an obstacle of height 'l/J; and (3) is subject to the action of a 
vertical force of density T f, here T is the elastic tension of the membrane, 
and f is a given function. 

The unknown of interest for this problem is the vertical displacement u 
of the membrane. Since the membrane is fixed along the boundary r, we 
have the boundary condition u = 0 on r. To make the problem meaningful, 
we assume the obstacle function satisfies the condition 'l/J ::; 0 on r. In 
the following, we assume'l/J E Hl(O) and f E H-l(O). Thus the set of 
admissible displacements is 

K = {v E HJ(O) I v 2: 7jJ a.e. in O}. 

The principle of minimal energy from mechanics asserts that the displace
ment u is a minimizer of the total energy, 

u E K : E(u) = inf{E(v) I v E K}, (10.1.5) 

where the energy functional is defined as 

E(v) = k (~I\7VI2 - fV) dx. 

The set K is non-empty, because the function max{O,'l/J} belongs to K. It 
is easy to verify that the set K is closed and convex, the energy functional 
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E( ... ) is strictly convex, coercive, and continuous on K. Hence from the 
theory presented in Section 3.2, the minimization problem (10.1.5) has a 
unique solution u E K. An argument similar to the proof of Lemma 3.3.1 
shows that the solution is also characterized by the variational inequality 
(see Exercise 10.1.1): 

u E K, In 'Vu· 'V(v - u) dx ? In f(v - u) dx v v E K. (10.1.6) 

It is possible to derive the corresponding boundary value problem for the 
variational inequality (10.1.6). For this, we assume f E C(O), 'IjJ E C(O), 
and the solution u of (10.1.6) satisfies u E C2(0) n C(O). An integration 
by parts in (10.1.6) yields 

In (-~u - f) (v - u) dx ? 0 Vv E K. (10.1.7) 

We take v = u + ¢ in (10.1.7), with ¢ E CO'(O) and ¢ ? 0, to obtain 

v ¢ E Cgo(O), ¢? o. 

We see then that u must satisfy the differential inequality 

-~u - f ? 0 in O. 

Now suppose for some Xo E 0, u(xo) > 'IjJ(xo). Then there exist a neigh
borhood U(xo) s;;: 0 of Xo and a number 8 > 0 such that u(x) > 'IjJ(x) + 8 
for x E U(xo). In (10.1.7) we choose v = u±8¢ with any ¢ E CO'(U(xo)) 
satisfying 11¢lloo :":: 1 and obtain the relation 

v ¢ E CO'(U(xo)), 11¢lloo ~ 1. 

Therefore, 

v ¢ E Cgo(U(xo)), 11¢lloo :":: 1 

and then 

In (-~u - f) ¢dx = 0 V ¢ E Cgo(U(xo)). 

Hence, if u(xo) > 'IjJ(xo) and Xo E 0, then 

(-~u - f)(xo) = O. 

Summarizing, if the solution of the problem (10.1.6) has the smoothness 
u E C2 (0) n C(D) , then the following relations hold 

u-'ljJ?O, -~u-f?O, (u-'ljJ)(-~u-f)=O inO. (10.1.8) 
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Consequently, the domain 0 is decomposed into two parts. On the first part, 
denoted by 0 1, we have 

u > 'IjJ and - Llu - f = 0 in 0 1 , 

and the membrane has no contact with the obstacle. On the second part, 
denoted by O2, we have 

u = 'IjJ and - Llu - f > 0 in O2 , 

and there is contact between the membrane and the obstacle. Notice that 
the region of contact, {x EO: u(x) = 'IjJ(x)}, is an unknown a priori. 

Next, let us show that if u E C2 (0) n C(n), u = 0 on r, satisfies the 
relations (10.1.8), then u must be a solution of the variational inequality 
(10.1.6). First we have 

k (-Llu - J) (v - 'IjJ)dx? 0 "Iv E K. 

Since 

k (-Llu - J) (u - 'IjJ) dx = 0, 

we obtain 

k(-LlU-f)(V-U)dX?,O VvEK. 

Integrating by parts, we get 

k \1u· \1(v - u) dx ?k J(v - u) dx "Iv E K. 

Thus, u is a solution of the variational inequality (10.1.6). 
In this example, we obtain a variational inequality from minimizing a 

quadratic energy functional over a convex set. 

Example 10.1.2 (A FRICTIONAL CONTACT PROBLEM) Consider a fric
tional contact problem between a linearly elastic body occupying a bounded 
connected domain n and a rigid foundation. The boundary r is assumed 
to be Lipschitz continuous and is partitioned into three non-overlapping re
gions r u, r g' and r c. The body is fixed along r u, and is subject to the 
action of a body force of the density f and the surface traction of density 
g on r g. Over r c, the body is in frictional contact with a rigid foundation 
(Figure 10.1). The body is assumed to be in equilibrium. 

We begin with the specification of the differential equations and boundary 
conditions. We use the notations introduced in Section 7.5. First we have 
the equilibrium equation 

- div (J" = f in 0, (10.1.9) 
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Figure 10.1. A body in frictional contact with a rigid foundation 

where U = (aij )dXd is the stress variable, U = u T . The material is assumed 
to be linearly elastic with the constitutive relation 

U = Ce in n, 

where e = e(u) = (cij(U))dXd is the linearized strain tensor 

1 
e(u) = "2 (V'u + (V'uf), 

(10.1.10) 

(10.1.11) 

while C is the elasticity tensor, satisfying the assumptions (7.5.6) -(7.5.8); 
i. e., C is bounded, symmetric, and pointwise stable. 

The boundary conditions on r u and r 9 are 

U = 0 on r u , 

uv = g on r g' 

(10.1.12) 

(10.1.13) 

To describe the boundary condition on r c, we need some more notations. 
Given a vector field u on the boundary r, we define its normal displacement 
to be Ul/ = U·V and its tangential displacement by the formula Ut = U-Ul/V' 
Then we have the decomposition for the displacement: 

U=Ul/V+Ut· 

Similarly, given a stress tensor on the boundary, we have the stress vector 
UV. We define the normal stress by al/ = (uv)· v and the tangential stress 
vector by u t = uv - a l/V' In this way, we have the decomposition for the 
stress vector, 

On r c, we impose a simplified frictional contact condition (cf. (95, p. 272j): 

al/= -G, 
!Ut! ~ J-LFG and 
!Ut! < J-LFG =} Ut = 0, 

(10.1.14) 

!Ut! = J-LFG =} Ut = -AUt for some A 2': O. 
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Here, G > 0 and the friction coefficient /LF > 0 are prescribed functions, 
G,/LF E LOO(rc). It is easy to derive from the last two relations of (10.1.14) 
that 

(10.1.15) 

The mechanical problem for the frictional contact consists of the relations 
(10.1.9)-(10.1.14). Let us derive the corresponding weak formulation. The 
function space for this problem is chosen to be 

We assume the function U is sufficiently smooth so that all the calculations 
next are valid. We multiply the differential equation (10.1.9) by v - u with 
an arbitrary v E V, 

-l divO'· (v - u) dx = l f· (v - u) dx. 

Performing an integration by parts, using the boundary conditions (10.1.12) 
and (10.1.13) and the constitutive relation (10.1.10), we obtain 

-l divO'· (v - u) dx 

= - h O'V . (v - u) ds + In 0' : e(V - u) dx 

= - r g. (v - u) ds - r O'V' (v - u) ds + r Ce(U) : e(V - u) dx. Jr g Jre In 
With the normal and tangential components decompositions of O'V and v-u 
on r g , we have 

- r O'V' (v - u) ds 
Jre 

= - r (a"v{vv - uv) + O't . (Vt - Ut)) ds Jre 
= r G (vv - uv) ds + r (-O't' Vt - /LFG IUtl) ds Jre Jre 
~ r G (vv - uv) ds + r /LFG (IVtl-lutl) ds, Jre Jre 

where, the boundary condition (10.1.14) (and its consequence (10.1.15)) is 
used. 
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Summarizing, the variational inequality of the problem is to find the 
displacement field u E V such that 

( Ce(U) : e(V - u) dx + { J-lpG IVtl ds - { J-lpG IUtl ds 
~ he he 

2 ff.(v-u)dx+ { g·(v-u)ds- ( G(vv-uv)ds VvEV. in irg ire 
(10.1.16) 

We assume that f E [L2(D)]d, g E [L2(rg)]d. Then each term in the 
variational inequality (10.1.16) makes sense. 

The corresponding minimization problem is 

uE V, 

where the energy functional 

E(u) = inf{E(v) I v E V}, 

E(v) = ~ i Ce(V): e(v)dx - if. vdx 

(10.1.17) 

(10.1.18) 

This energy functional is non-differentiable. The non-differentiable term 
takes the frictional effect into account. The equivalence between the vari
ational inequality (10.1.16) and the minimization problem (10.1.17) is left 
as Exercise 10.1.2. 

Exercise 10.1.1 Show that u is a solution of the constraint minimization 
problem (10.1.5) if and only if it satisfies the variational inequality (10.1.6). 

Exercise 10.1.2 Prove that the variational inequality (10.1.16) and the 
minimization problem (10.1.17) are mutually equivalent. 

10.2 Elliptic variational inequalities of the first 
kind 

The obstacle problem (Example 10.1.1), is a representative example of 
a class of inequality problems known as elliptic variational inequalities 
(EV/s) of the first kind. In the general framework of EVIs of the first 
kind, though, the bilinear form does not need to be symmetric (and hence 
there may exist no equivalent minimization principle). 

The abstract form of EVIs of the first kind can be described as the follow
ing. Let V be a real Hilbert space with inner product (.,.) and associated 
norm II . II· Let a : V x V --+ lR be a continuous, V -elliptic bilinear form on 
V, and K a subset of V. Given a linear functional £ : V --+ lR, it is required 
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to find u E K satisfying 

a(u,v-u) "2f(v-u) "Iv E K. (10.2.1) 

Variational inequalities of the first kind may be characterized by the fact 
that they are posed on convex subsets. When the set K is in fact a subspace 
of V, the variational inequality becomes a variational equation (cf. Exercise 
10.2.2). 

We have the following result for the unique solvability of the variational 
inequality (10.2.1). 

Theorem 10.2.1 Let V be a real Hilbert space, a: V x V -+ lR a contin
uous, V -elliptic bilinear form, f : V -+ lR a bounded linear functional, and 
K ~ V a non-empty, closed, and convex set. Then the EVI of the first kind 
(10.2.1) has a unique solution u E K. 

Proof. A general principle is that it is easier to work with equations 
than inequalities. So we rewrite the inequality (10.2.1) in the form of an 
equivalent fixed-point problem. To do this, we first apply the Riesz rep
resentation theorem (cf. Theorem 2.5.7 of Chapter 2) to claim that there 
exists a unique member LEV such that IILII = Ilfll and 

f(v) = (L, v) "Iv E V. 

For any fixed u E V, the mapping v f--+ a( u, v) defines a linear, continuous 
form on V. Thus applying the Riesz representation theorem again, we have 
a mapping A : V -+ V such that 

a(u,v) = (Au, v) "Iv E V. 

Since a(·,·) is bilinear and continuous, it is easy to verify that A is linear 
and bounded, with 

IIAII ::; M. 

For any {} > 0, the problem (10.2.1) is therefore equivalent to one of finding 
u E K such that 

((u-{}(Au-L))-u,v-u) ::;0 "Iv E K. (10.2.2) 

If PK denotes the orthogonal projection onto K, then (10.2.2) may be 
written in the form 

u = PK (u - {} (Au - L)). (10.2.3) 

We show that by choosing () > 0 sufficiently small, the operator defined by 
the right hand side of (10.2.3) is a contraction. Indeed, for any VI, V2 E V, 
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we have 

IJPK (VI - () (AVI - L)) - PK (V2 - () (AV2 - L)) 112 
S II (VI - () (AVI - L)) - (V2 - () (AV2 - L)) 112 
= II(VI - V2) - ()A(VI - v2)11 2 
= IlvI - v211 2 - 2 () a( VI - V2, VI - V2) + ()21IA( VI - V2) 112 
s (1- 2()a + ()2M2) IlvI - v2112. 

Here a > 0 is the V-ellipticity constant for the bilinear form a(·, .). 
Thus if we choose () E (0,2 al M2), then PK is a contraction and, by the 

Banach fixed-point theorem (cf. Theorem 4.1.3 in Chapter 4), the problem 
(10.2.2), and consequently the problem (10.2.1), has a unique solution .• 

Theorem 10.2.1 is a generalization of Lax-Milgram lemma for the well
posedness of a linear elliptic boundary value problem (cf. Exercise 10.2.3). 

We also remark that in the case when the bilinear form is symmetric, the 
variational inequality (10.2.1) is equivalent to the constrained minimization 
problem 

inf {~a(v, v) - f(V)} . 
vEK 2 

This problem has a unique solution, following the general results discussed 
in Chapter 3. Indeed in this case we have a useful characterization of the 
solution of the variational inequality (10.2.1). 

Proposition 10.2.2 Let the assumptions of Theorem 10.2.1 hold. Ad
ditionally assume a(·,·) is symmetric. Then the solution u E K of the 
variational inequality (10.2.1) is the unique best approximation in K of 
wE V, in the sense of the inner product defined by a(·)·) : 

Ilw - ulla = inf Ilw - vila. 
vEK 

Here w E V is the unique solution of the linear elliptic boundary value 
problem 

wE V, a(w,v) = f(v) \Iv E V. 

Proof. We have, for any V E K, 

a(u,v - u);::: f(v - u) = a(w,v - u); 

i.e., 

a(w-u,v-u)SO \lvEV. 

Hence, u E K is the projection of w with respect to the inner product a(·, .) 
onto K. • 

Proposition 10.2.2 suggests a possible approach to solve the variational 
inequality (10.2.1). In the first step, we solve a corresponding linear bound
ary value problem to get a solution w. In the second step, we compute the 
projection of w onto K, in the inner product a(·, .). 
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Example 10.2.3 The obstacle problem (10.1.6) is clearly an elliptic vari
ational inequality of the first kind. All the conditions stated in Theorem 
10.2.1 are satisfied, and hence the obstacle problem (10.1.6) has a unique 
solution. 

Exercise 10.2.1 A subset K ~ V is said to be a cone in V if for any 
v E K and any a > 0, we have a v E K. Show that if K is a closed 
convex cone of V, then the variational inequality (10.2.1) is equivalent to 
the relations 

a(u,v) ;::: £(v) \;/v E K, 

a(u, u) = £(u). 

Exercise 10.2.2 Show that if K is a subspace of V, then the variational 
inequality (10.2.1) reduces to a variational equation. 

Exercise 10.2.3 Show that Theorem 10.2.1 is a generalization of the Lax
Milgram lemma. 

Exercise 10.2.4 As another example of EVI of the first kind, we consider 
the elasto-plastic torsion problem. Let 0 ~ ]R2 be a bounded domain with a 
Lipschitz continuous boundary a~. Let 

V = HJ(O), 

a(u, v) = k V'u· V'v dx, 

£(v) = k fvdx, 

K = {v E V IIV'vl :::; 1 a.e. in O}. 

Then the problem is 

uEK, a(u,v-u);:::£(v-u) \;/v E K. 

Use Theorem 10.2.1 to show that the elasto-plastic torsion problem has a 
unique solution. 

In general one cannot expect high regularity for the solution of a vari
ational inequality. It can be shown that if 0 is convex or smooth and 
f E LP(O), 1 < p < 00, then the solution of the elasto-plastic torsion 
problem u E W 2,P(0). The following exact solution shows that u (j. H3(0) 
even if 0 and f are smooth ([58, Chap. 2]). 

Consider the special situation where 0 is the circle centered at 0 with the 
radius R, and the external force density f = Co > ° is a constant. Denote 
r = IIx1l2. Verify that if Co :::; 2/ R, then the solution is given by 
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while if Co > 2/ R, then 

u(x) = { (co/4) [R2 - r2 - (R - 2/cO)2], 
R-r, 

if 0 :S r :S 2/co, 
if 2/co :S r :S R. 

Exercise 10.2.5 A simplified version of the well-known Signorini problem 
can be described as an EVI of the first kind with the following data: 

V = Hl(D), 

K = {v E V I v 2: 0 a.e. on r}, 

a(u, v) = k e\lu· V'v + uv) dx, 

£(v) = kfvdX+ h9VdS, 

where for simplicity, we assume f E L2(D), g E L 2(f). Show that the 
corresponding variational inequality problem 

uEK, a(u,v-u)2:£(v-u) 'Vv E K 

has a unique solution u. Show that formally, u solves the boundary value 
problem 

-~u+u = f a.e. in D, 

a.e. on f. 

10.3 Approximation of EVls of the first kind 

For convenience, we recall the general framework for elliptic variational 
inequalities of the first kind. Let V be a real Hilbert space, K ~ V be 
non-empty, convex, and closed. Assume a(·,·) is a V-elliptic and bounded 
bilinear form on V, £ a continuous linear functional on V. Then according 
to Theorem 10.2.1, the following elliptic variational inequality of the first 
kind 

UEK, a(u,v-u)2:£(v-u) 'Vv E K (10.3.1) 

has a unique solution. 
A general framework for numerical solution of the variational inequality 

(10.3.1) can be described as follows. Let Vh ~ V be a finite element space, 
and let Kh ~ Vh be non-empty, convex, and closed. Then the finite element 
approximation of the problem (10.3.1) is 

(10.3.2) 

Another application of Theorem 10.2.1 shows that the discrete problem 
(10.3.2) has a unique solution under the stated assumptions on the given 
data. 
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A general convergence result of the finite element method can be found 
in [58] (cf. Exercise 10.3.1). Here we derive an error estimate for the finite 
element solution Uh. We follow [49] and first give an abstract error analysis. 

Theorem 10.3.1 There is a constant c > 0 independent of hand u, such 
that 

+ inf la(u,v-uh) -£(v-uh)I!}. 
vEK 

(10.3.3) 

Proof. From (10.3.1) and (10.3.2), we find that 

a(u,u)::; a(u,v) - £(v - u) "Iv E K, 

a( Uh, Uh) ::; a( Uh, Vh) - £( Vh - Uh) V Vh E Kh. 

Using these relations, together with the V-ellipticity and boundedness of 
the bilinear form a(·, .), we have for any v E K and Vh E Kh, 

0: Ilu - uhl1 2 ::; a(u - Uh, U - Uh) 

= a(u, u) + a(uh' Uh) - a(u, Uh) - a(uh' u) 

::; a(u, v - Uh) - £(v - Uh) + a(u, Vh - u) - £(Vh - u) 

+a(uh-u,Vh- U) 

::; a(u, v - Uh) - £(v - Uh) + a(u, Vh - u) - £(Vh - u) 

1 2 2 + 20: Ilu - uhll + c Ilvh - ull . 

Thus the inequality (10.3.3) holds. • 
The inequality (10.3.3) is a generalization of Cea's lemma to the finite 

element approximation of elliptic variational inequalities of the first kind. 
It is easy to see that the inequality (10.3.3) reduces to Cea's lemma in the 
case of finite element approximation of a variational equation problem. 

Remark 10.3.2 In the case Kh ~ K, we have the so-called internal ap
proximation of the elliptic variational inequality of the first kind. Since now 
Uh E K, the second term on the right-hand side of (10.3.3) vanishes, and 
the error inequality (10.3.3) reduces to 

Ilu - Uhl! ::; c inf [Ilu - vhll + la(u, Vh - u) - £(Vh - u)ll/2] . 
vhEKh 

Example 10.3.3 Let us apply the inequality (10.3.3) to derive an order 
error estimate for the approximation of the obstacle problem. Such an es
timate was first proved in !49j. We assume u, 'ljJ E H2(0,) and 0. is a 
polygon, and use linear elements on a regular mesh of triangles for the 
approximation. Then the discrete admissible set is 

Kh = {Vh E HJ(O,) I Vh is piecewise linear, 

Vh(X) 2: 'ljJ(x) for any node x}. 
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We see that any function in Kh is a continuous piecewise linear function, 
vanishing on the boundary and dominating the obstacle function at the 
interior nodes of the mesh. In general, Kh g; K. For the obstacle problem, 
for any U E H2(D) and v E HJ(D) we have 

a(u,v)-£(v) = !nC'VU''VV-fV)dX= !n(-f:l.U-f)VdX. 

Thus from the inequality (10.3.3), we have the following error estimate 

Ilu - uhlil ~ C { inf [Ilu - vhlil + II - f:l.u - fll~/21Iu - vhll~/2] 
vhEKh 

+11- f:l.u - fll~/2 inf Ilv - Uhll~/2} (10.3.4) 
vEK 

Let IIhu be the piecewise linear interpolant of u. It is not difficult to 
verify that Ihu E K h. Then 

inf [Ilu - vhlh + 11- f:l.u - fll~/21Iu - vhll~/2] 
vhEKh 

:<::: Ilu - Ihuill + 11- f:l.u - fll~/21Iu - Ihull~/2 

:<::: c [lul2 + 11- f:l.u - fll~/2Iul~/2] h. 

To evaluate the term infVEK Ilv - uhllo, we define 

u~ = max{ Uh, 'l/J}. 

Since Uh, 'l/J E HI (D), we have u~ E HI (D). By the definition, certainly 
u~ 2 'l/J. Finally, since'l/J :<::: 0 on f, we have u~ = 0 on f. Hence, u~ E K. 
Let 

D* = {x E D I Uh(X) < 'l/J(x)}. 

Then over D\D*, u~ = Uh, and so 

Let IIh'l/J be the piecewise linear interpolant of'l/J. Since at any node, Uh 2 
'l/J = IIh'l/J, we have Uh 2 IIh'l/J in D. Therefore, over D*, 

Thus, 

r IUh - 'l/J1 2dx:<::: r I'l/J - IIh'l/J1 2dx:<::: r I'l/J - IIh'l/J1 2dx :<::: c 1'l/JI~h4, 
In- In* ln 

and then 
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From the inequality (10.3.4), we finally get the optimal order error 
estimate 

Ilu - UhIIHl(!1) :::; ch 

for some constant c > 0 depending only on lul2' Ilfllo and 1~12' 

Exercise 10.3.1 Here we consider the convergence of the scheme (10.3.2). 
We first introduce a definition on the closeness between the sets K and K h. 
We say the sets Kh converge to K and write Kh -+ K if (a) Kh is a non
empty closed convex set in V; (b) for any v E K, there exist Vh E Kh such 
that Vh -+ v in V; and (c) ifuh E Kh and Uh ----' u, then u E K. 

Show the convergence of the scheme (10.3.2) via the following steps, 
assuming {h} is a sequence of mesh parameters converging to O. 

First, prove the boundedness of the sequence {Uh} in V. 
Second, since V is reflexive, there is a subsequence {Uh'} converging 

weakly to w. Use the weak 1. s. c. of a(·, .) to conclude that w is the solution 
U of the problem (10.3.1). 

Finally, prove a( Uh - U, Uh - u) -+ 0 as h -+ O. 

Exercise 10.3.2 The elasto-plastic torsion problem was introduced in Ex
ercise 10.2.4. Let us consider its one-dimensional analogue and a linear 
finite element approximation. Let the domain be the unit interval [0, 1], and 
tlh be a partition of the interval with the meshsize h. Then the admissi
ble set Kh consists of the continuous piecewise linear functions, vanishing 
at the ends, and the magnitude of the first derivative being bounded by 
1. Show that under suitable solution regularity assumptions, there is an 
optimal order error estimate Ilu - uhlh :::; ch. 

lOA Elliptic variational inequalities of the second 
kind 

The frictional contact problem (10.1.16) is an example of an elliptic varia
tional inequality (EV!) of the second kind. To give the general framework 
for this class of problems, in addition to the bilinear form a(·, .) and the 
linear functional £, we introduce a proper, convex and lower semicontinuous 
(l.s.c.) functional j : V -+ i: == lR u {±oo }. The functional j is not assumed 
to be differentiable. Then the problem of finding U E V that satisfies 

a(u, v - u) + j(v) - j(u) ~ £(v - u) 't/v E V (10.4.1) 

is referred to as an EVI of the second kind. We observe that we have an 
inequality owing to the presence of the nondifferentiable term j (. ). 

Theorem 10.4.1 Let V be a real Hilbert space, a: V x V -+ lR a contin
uous, V -elliptic bilinear form, £ : V -+ lR a bounded linear functional, and 
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j : V --> iR a proper, convex, and l.s.c. functional on V. Then the EVI of 
the second kind (1004.1) has a unique solution. 

Proof. The uniqueness part is easy to prove. Since j is proper, j (vo) < 00 

for some Vo E V. Thus a solution U of (1004.1) satisfies 

j(u) ~ a(u, Vo - u) + j(vo) - £(vo - u) < 00, 

that is, j(u) is a real number. Now let Ul and U2 denote two solutions of 
the problem (1004.1); then 

a(ul' U2 - ud + j(U2) - j(Ul) 2 £(U2 - Ul), 

a(u2' Ul - U2) + j(ud - j(U2) 2 £(Ul - U2). 

Adding the two inequalities, we get 

-a(ul - U2,Ul - U2) 20 

which implies, by the V-ellipticity of a, that Ul = U2. 
The part on the existence is more involved. First consider the case in 

which a(·,·) is symmetric; under this additional assumption, the variational 
inequality (1004.1) is equivalent to the minimization problem 

U E V, E(u) = inf{E(v) I v E V}, (10.4.2) 

where 
1 . 

E(v) = 2a(v, v) + J(v) - £(v). 

Since j(.) is proper, convex, and l.s.c., it is bounded below by a bounded 
affine functional, 

Vv E V 

where £j is a continuous linear form on V and Co E IR (see Lemma 10.4.2 
below). Thus by the stated assumptions on a, j and £, we see that J is 
proper, convex, and l.s.c., and has the property that 

E(v) --> 00 as Ilvll --> 00. 

We see that the problem (1004.2), and hence the problem (1004.1), has a 
solution. 

Consider next the general case without the symmetry assumption. Again 
we will convert the problem into an equivalent fixed-point problem. For any 
e > 0, the problem (1004.1) is equivalent to 

U E V, (u, v - u) + e j (v) - e j (u) 

2 (u, v - u) - e a( u, v - u) + e £( v - u) V v E V. 

Now for any u E V, consider the problem 

wE V, (w, v - w) + e j(v) - e j(w) 

2 (u,v - w) - ea(u,v - w) + e£(v - w) Vv E V. 
(10.4.3) 
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From the previous discussion this problem has a unique solution, which is 
denoted by w = Pou. Obviously a fixed point of the mapping Po is a solution 
of the problem (10.4.1). We will see that for sufficiently small () > 0, Po is a 
contraction and hence has a unique fixed-point by the Banach fixed-point 
theorem (Theorem 4.1.3). 

For any UI, U2 E V, let WI = POUI and W2 = POU2. Then we have 

(WI, W2 - WI) + () j(W2) - () j(WI) 

~ (UI,W2 - wI) - ()a(uI,w2 - wI) + ()e(W2 - wI), 

( W2, WI - W2) + () j (wI) - () j ( W2 ) 

~ (U2,WI - W2) - ()a(U2,WI - W2) + ()e(WI - W2). 

Adding the two inequalities and simplifying, we get 

IlwI-W2112:s (UI-U2,WI-W2) -()a(ul-u2,WI-W2) 

= ((I -()A)(UI-U2),WI-W2), 

where the operator A is defined by the relation a( u, v) = (Au, v) for any 
u, v E V. Hence 

Now for any U E V, 

II(I - 0 A)u112 = Ilu - () Aul1 2 

= IIul12 - 2 () a( u, u) + ()211Au11 2 

:S (1- 200! + 02 M2) Ilu11 2 . 

Here M and O! are the continuity and V-ellipticity constants ofthe bilinear 
form a(·,·). Therefore, again, for () E (0,20!/M2 ), the mapping Po is a 
contraction on the Hilbert space V. • 

Lemma 10.4.2 Let V be a normed space. Assume j : V ---> ~ is proper, 
convex and l.s.c. Then there exists a continuous linear functional ej E V' 
and Co E ~ such that 

j(v) ~ ej(v) + Co Vv E V. 

Proof. Since j : V ---> ~ is proper, there exists Vo E V with j(vo) E~. 
Pick up a real number ao < j ( vo). Consider the set 

J = {(v, a) E V x ~ 1 j(v) :S a}. 

This set is called the epigraph of j in the literature on convex analysis. 
From assumption that j is convex, it is easy to verify that J is closed in 
V x ~. Since j is l.s.c., it is readily seen that J is closed in V x~. Thus the 
sets {( Vo, ao)} and J are disjoint, {( Vo, ao)} is a convex compact set, and J 
is a closed convex set. By Theorem 3.2.7, we can strictly separate the sets 
{( Vo, ao)} and J: There exists a non-zero continuous linear functional e on 
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V and 0: E ]R such that 

£(vo)+o:ao <£(v)+o:a \I(v,a) E J. 

Taking v = Vo and a = j(vo) in (10.4.4), we obtain 

0: (j(vo) - ao) > O. 

(10.4.4) 

Thus 0: > O. Divide the inequality (10.4.4) by 0: and let a = j (v) to obtain 

-1 1 
j(v) > - £(v) + ao + - £(vo). 

0: 0: 

Hence the result follows with £j(v) = -£(v)jo: and Co = ao + £(vo)jo:. _ 

Example 10.4.3 With the identification 

V = {v E (Hl(n))d I v = 0 a.e. on fu}, 

a(u, v) = 10 CijklUi,jVk,1 dx, 

j(v) = r /lpG IVtl ds, ire 
£(V) = r f·vdx+ r g·vds- r GVl/ds, in irg ire 

we see that the frictional contact problem (10.1.16) is an elliptic variational 
inequality of the second kind. It is easy to verify that the conditions stated in 
Theorem 10.4.1 are satisfied, and hence the problem has a unique solution. 

Exercise 10.4.1 In addition to the conditions stated in Theorem 10.4.1, 
assume j : V -t R Show that u is the solution of the variational inequality 
(10.4.1) if and only if it satisfies the two relations: 

a(u,v) + j(v) 2: £(v) \Iv E V, 

a(u, u) + j(u) = £(u). 

Exercise 10.4.2 The problem of the flow of a viscous plastic fluid in a 
pipe can be formulated as an EVI of the second kind. Let 0, S;; ]R2 be a 
bounded domain with a Lipschitz boundary an. Define 

V = HJ(n), 

a(u,v)=/l 10 V'u·V'vdx, 

£(v) = 10 fvdx, 

j(v) = 9 10 lV'vl dx, 

where /l > 0 and 9 > 0 are two parameters. Then the problem is 

UEV, a(u,v-u)+j(v)-j(u)2:£(v-u) \lvEV. 
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Show that the problem has a unique solution. 
Like for the elasto-plastic torsion problem presented in Exercise 10.2.4, 

it is possible to find the exact solution with special data ([58, Chap. 2j). 
Assume 0 is the circle centered at the origin with radius Rand f = Co > O. 
Then if 9 2: coR/2, the solution is u(x) = 0; while if 9 ::; coR/2, the solution 
is given by 

{ 
R - R' [Co ] -- -(R+R')-2g , 

u(x) = 2/1 2 
R2~r [C;(R+r)-2g], 

if 0::; r ::; R', 

if R' ::; r ::; R, 

where R' = 2 9 / co. Verify this result. 

Exercise 10.4.3 In this exercise, we consider a simplified version of the 
friction problem in linear elasticity. Let 0 be a bounded planar domain with 
a Lipschitz boundary r. The simplified friction problem is an EVI of the 
second kind with the data 

V = Hi(O), 

a(u,v) = inCV'u.\lV+UV)dX, 

lev) = in fvdx, 

j(v) = 9 i Ivlds, 9 > O. 

For simplicity, we assume f E L2(Q). Show that the problem has a unique 
solution, which is also the unique minimizer of the functional 

1 . 
E(v) = "2 a(v, v) + J(v) - lev) 

over the space V. Also show that the variational inequality is formally 
equivalent to the boundary value problem: 

{ 18~lu+u = £u in 0, 
av ::; g, u av + 9 lui = 0 on r. 

The boundary conditions can be expressed as 

I ~~ I ::; 9 

and 

I ~~ I < 9 ~ u = 0, 

au av = 9 ~ u ::; 0, 

au av = -g ~ u 2: o. 
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10.5 Approximation of EVls of the second kind 

As in the preceding section, let V be a real Hilbert space, a(·,·) a V-elliptic, 
bounded bilinear form, £ a continuous linear functional on V. Also let j (. ) 
be a proper, convex, and l.s.c. functional on V. Under these assumptions, 
by Theorem 10.4.1, there exists a unique solution of the elliptic variational 
inequality 

uEV, a(u,v-u)+j(v)-j(u);:::£(v-u) YvEV. (10.5.1) 

Let Vh ~ V be a finite element space. Then the finite element 
approximation of the problem (10.5.1) is 

Uh E Vh, a(uh,vh - Uh) + j(Vh) - j(Uh) ;::: £(Vh - Uh) YVh E Vh· 
(10.5.2) 

Assuming additionally that j (.) is proper also on Vh, as is always the case 
in applications, we can use Theorem 10.4.1 to conclude that the discrete 
problem (10.5.2) has a unique solution Uh and j(Uh) E ~. We will now 
derive an abstract error estimate for U - Uh. 

Theorem 10.5.1 There is a constant c > 0 independent of hand u, such 
that 

Ilu-Uhll:Sc inf {llu-Vhll 
vhEVh 

+ la(u, Vh - u) + j(Vh) - j(u) - £(Vh - UW/2}. (10.5.3) 

Proof. We let v = Uh in (10.5.1) and add the resulting inequality to the 
inequality (10.3.1) to obtain an error relation 

a(u,uh - u) + a(uh,vh - Uh) + j(Vh) - j(u) ;::: £(Vh - u) YVh E Vh. 

Using this error relation, together with the V-ellipticity and boundedness 
of the bilinear form, we have for any Vh E Vh, 

Q Ilu - uhl1 2 
:S a(u - Uh, U - Uh) 

= -a(u, Uh - u) - a(uh' Vh - Uh) + a(uh - U, Vh - u) + a(u, Vh - u) 

:S a(u - Uh, U - Vh) + a(u, Vh - u) + j(Vh) - j(u) - £(Vh - u) 

:S M Ilu - uhllilu - vhll + a(u, Vh - u) + j(Vh) - j(u) - £(Vh - u) 

:S ~ Q lIu - uhl1 2 + c Ilu - vhl1 2 + a(u, Vh - u) 

+ j(Vh) - j(u) - £(Vh - u), 

from which it is easy to see that (10.5.3) holds. • 
We observe that Theorem 10.5.1 is a generalization of Cea's lemma to 

the finite element approximation of elliptic variational inequalities of the 
second kind. The inequality (10.5.3) is the basis for order error estimates 
of finite element solutions of various application problems. 
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Let us apply the inequality (10.5.3) to derive an error estimate for some 
finite element solution of a model problem. Let 0 ~ 1R2 be an open bounded 
set, with a Lipschitz domain 80,. We take 

v = Hl(O), 

a(u,v) = kC'\lU'\lV+UV)dX, 

€(v) = kfVdX, 

j(v) = 9 ( Ivl ds. 
Jan 

Here f E L2(0) and 9 > 0 are given. This problem is a simplified version of 
the friction problem in elasticity (cf. [45]). We choose this model problem 
for its simplicity while at the same time it contains the main feature of an 
elliptic variational inequality of the second kind. Applying Theorem 10.4.1, 
we see that the corresponding variational inequality problem 

uEV, a(u,v-u)+j(v)-j(u)2€(v-u) \lvEV (10.5.4) 

has a unique solution. Given a finite element space Vh, let Uh denote the 
corresponding finite element solution defined in (10.5.2). To simplify the 
exposition, we will assume below that 0 is a polygonal domain, and write 
80, = U~~lfi' where each fi is a line segment. For an error estimation, we 
have the following result. 

Theorem 10.5.2 Assume, for the model problem, u E H 2 (n), and for 
each i, Ulri E H 2(f i ). Let Vh be a piecewise linear finite element space 
constructed from a regular partition of the domain O. Let Uh E Vh be the 
finite element solution defined by (10.5.2). Then we have the optimal order 
error estimate 

Proof. We apply the result of Theorem 10.5.1. 

a(u, Vh - u) + j(Vh) - j(u) - €(Vh - u) 

= Ian [~~ (Vh - u) + g (IVhl-luJ)] ds 

+ k(-flU+U-f)(Vh-U)dX 

< (II ~~ t2(an) + gJmeas (80,)) Ilvh - ull£2(an) 

+ 11- flu + u - fll£2(n)ll vh - ull£2(n). 

(10.5.5) 
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Using (10.5.3), we get 

Ilu - uhIIHl(f1) 

:::; c(u) inf {llvh - uIIHl(f1) + Ilvh - ull~~af1) + Ilvh - ull~~f1)}' 
vhEVh 

Then the error estimate (10.5.5) follows from an application of the theory 
of finite element interpolation error estimates discussed in Chapter 9. • 

Let us return to the general case. A major issue in solving the discrete 
system (10.5.2) is the treatment of the non-differentiable term. In practice, 
several approaches can be used, e.g., regularization technique, method of 
Lagrangian multipliers, method of numerical integration. We will briefly 
describe the regularization technique and the method of Lagrangian mul
tipliers, and provides a detailed discussion of error analysis for the method 
of numerical integration. 

10.5.1 Regularization technique 

The basic idea of the regularization method is to approximate the non
differentiable term j(.) by a family of differentiable ones jE:(-)' where c > 0 
is a small regularization parameter. Convergence of the method is obtained 
when c -+ o. Our presentation of the method is given on the continuous 
level; the extension of the method to the discrete level is straightforward. 
For the approximate solution of the variational inequality (10.5.1), we 
introduce the regularized problem 

u",EV: a(u""v-u",)+j",(v)-j",(u",)2C(v-u",) VvEV. (10.5.6) 

Since j",O is differentiable, the variational inequality (10.5.6) is actually a 
nonlinear equation: 

u'" E V: a(u""v) + (j~(u",),v) = C(v) Vv E V. (10.5.7) 

Many possible regularization functions can be used for this purpose. For 
example, in the case of the simplified friction problem mentioned earlier in 
this section, 

j(v) = 9 r Ivl ds. 
Jaf1 

We approximate this functional by 

j",(v) = 9 r ¢"'(v) ds; 
Jaf1 

here, ¢",(t) is differentiable with respect to t and approximates It I as c -+ O. 
We may choose 

{
t-C/2 ift2c, 

¢",(t) = t2 /(2c) if It I :::; c, 
-t - c/2 if t :::; -c, 
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or 

or 

or 

or 

Figure 10.2. Regularization function 

{
t ift:2::e, 

¢c(t) = (t2/e + e)/2 if It I :S e, 
-t if t < -e - , 

t c+1 

¢c(t) = e + 1 

and the list can expand without limit. Figure 10.2 shows graphs of the 
functions ¢(t) = It I and ¢c(t) = vt2 + e2 . 

A general convergence result for the regularization method can be found 
in [59, 58]. The regularization method has been widely used in solv
ing variational inequalities involving non-differentiable terms, see, e.g., 
[95, 134]. 

It is not difficult to derive a priori error estimates of the form 

Ilu - ucllv :S ccf3 
for some exponent f3 > 0 (cf. the references mentioned above). The major 
problem associated with the regularization method is that the conditioning 
of a regularized problem deteriorates as e ----t O. Thus, there is a tradeoff 
in the selection of the regularization parameter. Theoretically, to get more 
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accurate approximations, we need to use smaller E. Yet, if E is too small, 
the numerical solution of the regularized problem cannot be computed ac
curately. It is highly desirable to have a posteriori error estimates that 
can give us computable error bounds once we have solutions of regularized 
problems. We can use the a posteriori error estimates in devising a stop
ping criterion in actual computations: If the estimated error is within the 
given error tolerance, we accept the solution of the regularized problem as 
the exact solution; and if the estimated error is large, then we need to use 
a smaller value for the regularization parameter E. An adaptive algorithm 
can be developed based on the a posteriori error analysis. A posteriori error 
estimates of the form 

where the error bound can be easily computed once the regularization 
solution u'" is known, have been derived in several papers, see, e.g., 
[69, 71, 73, 80]. 

10.5.2 Method of Lagrangian multipliers 

Again, here our presentation of the method is given on the continuous level. 
We take the simplified friction problem as an example. Let 

A = {J-l E LOO(an) I IJ-l(x) I ::; 1 a.e. on an}. 
Following [58], we have the following result. 

Theorem 10.5.3 The simplified friction problem (10.5.4) is equivalent to 
the problem of finding U E V and), E A such that 

r (V'uV'v+uv)dx+g r ),vds = r fvdx \Iv E V, 
in hn k 

), u = lui a.e. on an. 
), is called a Lagrangian multiplier. 

(10.5.8) 

(10.5.9) 

Proof. Let u be the solution of the variational inequality (10.5.4). Then 
from Exercise 10.4.1 we have 

a(u, u) + j(u) = C(u) (10.5.10) 

and 

a(u, v) + j(v) 2: C(v) Vv E V. 

The latter relation implies 

IC(v) - a(u,v)1 ::; j(v) Vv E V. (10.5.11) 

Denote L( v) = C( v) - a( u, v). Then the value of L( v) depends on the trace 
vir only and LO is a linear continuous functional on H 1 / 2 (r). Moreover, 
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we obtain from (10.5.11) the estimate 

IL(v)1 ::; 9 Ilvll£1(r) 'Vv E H 1/ 2 (r). 

Since Hl/2(r) is a subspace of L1(r), applying the Hahn-Banach theorem 
(Theorem 2.5.2) we can extend the functional L to £ E (Ll(r))' such that 

11£11 = IILII ::; g. 

Since (Ll(r))' = LOO(r), we have the existence of a A E A such that 

£(v) = 9 l Avds 'Vv E Ll(r). 

Therefore, 

£(v) - a(u, v) = L(v) = £(v) = 9 l Avds 'Vv E V; 

i.e., (10.5.8) holds. 
Taking v = u in (10.5.8) we obtain 

a(u,u) + 9 lAuds = £(u). 

This relation and (10.5.10) together imply 

l (lui - AU) ds = O. 

Since IAI ::; 1 a.e. on r, we must have (10.5.9). 
Conversely, suppose we have u E V and A E A satisfying (10.5.8) and 

(10.5.9). Then using (10.5.8) with v replaced by v - u, we obtain 

a(u,v-u)+g l Avds-g l Auds=£(v-u). 

Noticing that 

9 l Auds=g llulds=j(u), 

9 l A v ds ::; 9 II v I ds = j ( v), 

we see that u solves the inequality (10.5.4). • 
It is then possible to develop an iterative solution procedure for the 

inequality problem. Let p > 0 be a parameter. 

INITIALIZATION. Choose Ao E A (e.g. Ao = 0). 
ITERATION. For n = 0,1, ... , find Un E V as the solution of the 
boundary value problem 

a(un, v) = £(v) - 9 l Anvds 'Vv E V, 
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and update the Lagrangian multiplier 

Here PA is a projection operator to A defined as 

PA(p) = sup( -1, inf(l, p)) \:f p E LOO(f). 

It can be shown that there exists a Po > 0 such that if p E (0, Po), then 
the iterative method converges: 

Un -+ U in V, An -+ A in A. 

An interested reader can consult [58, 69] for detailed discussion of 
the method of Lagrangian multipliers and convergence argument of the 
iterative method in the context of solving certain other variational 
inequalities. 

10.5.3 Method of numerical integration 

We follow [70] to analyze an approach by approximating j(Vh) with jh(Vh), 
obtained through numerical integrations. Then the numerical method is 

Uh E Vh, a(uh,vh - Uh) + jh(Vh) - jh(Uh) 2: £(Vh - Uh) \:fvh E Vh. 
(10.5.12) 

For convergence analysis, there is a rather general result, proved in [58, 59]. 

Theorem 10.5.4 Assume {Vhh ~ V is a family of finite-dimensional 
subspaces, such that for a dense subset U of V, one can define mappings 
rh : U -+ Vh with limh->O rhV = v in V, for any v E U. Assume jh 
is convex, l.s.c., and uniformly proper in h, and if Vh ~ v in V, then 
liminfh->ojh(vh) 2: j(v). Finally, assume limh->ojh(rhv) = j(v) for any 
v E U .. Then for the solution of (10.5.12), we have the convergence 

lim Ilu - uhll = O. 
h->O 

In the above theorem, the functional family {jhh is said to be uniformly 
proper in h, if there exist £0 E V* and Co E lR such that 

In our application, j(.) is non-negative, as is jh(·) (to be introduced be
low), so the family {jhh is trivially uniformly proper. Notice that Theorem 
10.5.4 gives some general assumptions under which one can assert the con
vergence of the finite element solutions. However, Theorem 10.5.4 does not 
provide information on the convergence order of the approximations. To 
derive error estimates we need an inequality of the form (10.5.3). 
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Theorem 10.5.5 Assume 

j(Vh) :s jh(Vh) VVh E Vh· 

Let Uh be defined by (10.5.12). Then 

Ilu-Uhll:sc inf {llu-Vhll 
vhEVh 

(10.5.13) 

+ la(u, Vh - u) + jh(Vh) - j(u) - f(Vh - uW/2}. (10.5.14) 

Proof. Choosing v = Uh in (10.5.1) and adding the resulting inequality 
to (10.5.12), we obtain 

a(u, Uh - u) + a(uh, Vh - Uh) + j(Uh) - jh(Uh) + jh(Vh) - j(u) 
~ £(Vh - u) VVh E Vh. 

Using the assumption (10.5.13) for Vh = Uh, we then have 

a(u,uh -u) +a(uh,vh -Uh) + jh(Vh) - j(u) ~ £(Vh -u) VVh E Vh. 

The rest of the argument is similar to that in the proof of Theorem 10.5.4 
and is hence omitted. • 

Let us now comment on the assumption (10.5.13). In some applications, 
the functional j(.) is of the form j(v) = I(g Ivl) with I an integration 
operator, integrating over part or the whole domain or the boundary, g ~ 0 
is a given non-negative function. One method to construct practically useful 
approximate functionals jh is through numerical integrations, jh (Vh) = 
h (g Iv hi)· Let {4>d i be the set offunctions chosen from a basis of the space 
Vh, which defines the functions Vh over the integration region. Assume the 
basis functions {<Pih are non-negative. Writing 

on the integration region, 

we define 

(10.5.15) 

Obviously the functional jh(') constructed in this way enjoys the property 
(10.5.13). We will see next in the analysis for solving the model problem 
that certain polynomial invariance property is preserved through a con
struction of the form (10.5.15). A polynomial invariance property is useful 
in deriving error estimates. 

Let us again consider the model problem (10.5.4). Assume we use linear 
elements to construct the finite element space Vh . Denote {Pi} the set 
of the nodes of the triangulation which lie on the boundary, numbered 
consecutively. Let {<Pi} be the canonical basis functions of the space Vh, 
corresponding to the nodes {Pd. Obviously we have the non-negativity 
property for the basis functions, <Pi ~ O. Thus according to the formula 
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(10.5.15), we define 

(10.5.16) 

Here we use PiPi+l to denote the line segment between Pi and Pi+l, and 
PiPi+l for its length. 

Assume u E H2(0,). Applying Theorem 10.5.5, we have the following 
bound for the finite element solution error: 

Ilu - uhIIHl(l1) :S C {Ilu - IhuIIHl(l1) 
+ la( u, IIhu - u) + jh(IIhu) - j( u) - C(IIhu - U)ll/2} 

(10.5.17) 

where IIhu E Vh is the piecewise linear interpolant of the solution u. Let 
us first estimate the difference jh(IIhu) - j(u). We have 

jh(IIhU) - j(u) = g ~ { ~ IPiPi+ll (lu(Pi)1 + IU(Pi+l)l) - hiPi+l lui dS} . 

(10.5.18) 

Now if UIPiPi+l keeps the same sign, then 

1- f 
21PiPi+11 (lu(Pi)1 + lu(Pi+1)1) - }PiPi+l lui ds 

= I~ !Pi Pi+ 1 I (u(Pi) +u(Pi+1)) - h;Pi+l Udsl 

= IhiPi+
1 
(u - IIhu) dsl 

:s f __ lu - IIhul ds. 
}P;Pi+l 

Assume UIPiPi+l changes its sign. It is easy to see that 

if ul PiPi+l E w1,oo (PiPi+1)' which is guaranteed by ulri E H 2(fi ), i = 
1, ... ,io, an assumption made in Theorem 9.3.2. Thus, 
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Therefore, if the exact solution u changes its sign only finitely many times 
on an, then from (10.5.18) we find that 

io 

Ijh(Ihu) - j(u)1 s:; ch2 L Ilullwl,OO(r i ) + c Ilu - Ihu ll£1(80)' 
i=l 

Using (10.5.17), we then get 

Ilu - Uh IIHl(O) s:; C {Ilu - IIhUIIHl(O) + II ~ull Ilu - IIhu ll£2(80) 
uV £2(80) 

(~ )1/2 1/2 
+ h ~ Ilullwl,OO(ri) + Ilu - IIhUII£1(80) 

i=l 

+ 11- flu + u - fll£2(o)llu - IIhull£2(O)}' 

In conclusion, if u E H 2 (n), Ulri E W1,OO(fi ) for i = 1, ... , iQ, and 
if Ul80 changes its sign only finitely many times, then we have the error 
estimate 

lIu-uhllHl(O) S:;c(u)h; 

i.e., the approximation of j by jh does not cause a degradation in the 
convergence order of the finite element method. 

If quadratic elements are used, one can construct basis functions by using 
nodal shape functions and side modes (cf. [155]). Then the basis functions 
are non-negative, and an error analysis similar to the above one can be 
done. 

Exercise 10.5.1 Extend some of the discussions in this section for the 
numerical analysis of the variational inequalities studied in Example 10.4.3 
and Exercise 10.4.2. 

Suggestion for Further Readings 

Interest in variational inequalities originates in mechanical problems. An 
early reference is FICHERA [51]. The first rigorous comprehensive mathe
matical treatment seems to be LIONS AND STAMPACCHIA [110]. DUVAUT 
AND LIONS [45] formulated and studied many problems in mechanics and 
physics in the framework of variational inequalities. More recent references 
include FRIEDMAN [54] (mathematical analysis of various variational in
equalities in mechanics); GLOWINSKI [58] and GLOWINSKI, LIONS, AND 
TREMOLIERES [59] (numerical analysis and solution algorithms), HAN AND 
REDDY [72] (mathematical and numerical analysis of variational inequali
ties arising in hardening plasticity); HASLINGER, HLAVACEK, AND NECAS 
[75] and HLAVACEK, HASLINGER, NECAS AND LovisEK [78] (numerical 
solution of variational inequalities in mechanics); KIKUCHI AND ODEN [95] 
(numerical analysis of various contact problems in elasticity); KINDER
LEHRER AND STAMPACCHIA [96] (a mathematical introduction to the 
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theory of variational inequalities); and PANAGIOTOPOULOS [128] (theory 
and numerical approximations of variational inequalities in mechanics). In 
numerically solving higher-order variational inequalities, non-conforming 
finite element methods offer a great advantage. Rigorous error analysis for 
some non-conforming finite element methods in solving an EVI of the first 
kind arising in unilateral problem can be found in [162]. This is a research 
topic worth thorough investigation. 



11 
Numerical Solution of Fredholm 
Integral Equations of the Second Kind 

Linear integral equations of the second kind, 

AU(X) - L k(x, y) u(y) dy = f(x), xED (11.0.1) 

were introduced in Chapter 2, and we note that they occur in a wide vari
ety of physical applications. An important class of such equations are the 
boundary integral equations, about which more is said in Chapter 12. In the 
integral of 11.0.1, D is a closed, and often bounded, integration region. The 
integral operator is often a compact operator on C(D) or L2(D), although 
not always. For the case that the integral operator is compact, a general 
solvability theory is given in Subsection 2.8.4 of Chapter 2. A more general 
introduction to the theory of such equations is given in Kress [100J. 

In this chapter, we look at the two most important classes of numerical 
methods for these equations: projection methods and Nystrom methods. In 
Section 11.1, we introduce collocation and Galerkin methods, beginning 
with explicit definitions and followed by an abstract framework for the 
analysis of all projection methods. Illustrative examples are given in Section 
11.2, and the iterated projection method is defined, analyzed, and illustrated 
in Section 11.3. The Nystrom method is introduced and discussed in Section 
11.4, and it is extended to the use of product integration in Section 11.5. 
We conclude the chapter in 11.6 by introducing and analyzing projection 
methods for solving some fixed point problems for nonlinear operators. 

In this chapter, we use notation that is popular in the literature on the 
numerical solution of integral equations. For example, the spatial variable 
is denoted by x, not x, in the multi-dimensional case. 
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11.1 Projection methods: General theory 

With all projection methods, we consider solving (11.0.1) within the frame
work of some complete function space V, usually C(D) or L 2 (D). We choose 
a sequence of finite-dimensional approximating subspaces Vn <;;; V, n ~ 1, 
with Vn having dimension lin. Let Vn have a basis { ¢l, ... , ¢K}' with Ii == lin 
for notational simplicity (which is done at various points throughout the 
chapter). We seek a function Un E Vn, which can be written as 

Kn 
Un(X) = L Cj¢j(X), xED. (11.1.1) 

j=l 

This is substituted into (11.0.1), and the coefficients {Cl' ... ,cK } are deter
mined by forcing the equation to be almost exact in some sense. For later 
use, introduce 

rn(X) = >,un(x) - L k(x, y)un(y) dy - f(x) 

= t,Cj { >'¢j(x) - L k(x, Y)¢j(Y) dY} - f(x), (11.1.2) 

for xED. This is called the residual in the approximation of the equation 
when using U ~ Un. As usual, we write (11.0.1) in operator notation as 

(>. - K) U = f. (11.1.3) 

Then the residual can be written as 

rn = (>. - K)un - f. 

The coefficients {Cl,"" cK } are chosen by forcing r n (x) to be approxi
mately zero in some sense. The hope, and expectation, is that the resulting 
function un(x) will be a good approximation of the true solution u(x). 

11.1.1 Collocation methods 

Pick distinct node points Xl,'" ,XK E D, and require 

i = 1, ... ,lin' (11.1.4) 

This leads to determining {Cl' ... , cK } as the solution of the linear system 

i = 1, ... ,Ii. (11.1.5) 

An immediate question is whether this system has a solution and whether it 
is unique. If so, does Un converge to u? Note also that the linear system con
tains integrals that must usually be evaluated numerically, a point we return 
to later. We should have written the node points as {Xl,n,' .. ,xK,n}; but 
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for notational simplicity, the explicit dependence on n has been suppressed, 
to be understood only implicitly. 

The function space framework for collocation methods is often C(D), 
which is what we use here. It is possible to use extensions of C(D). For 
example, we can use LOO(D), making use of the ideas of Example 2.5.3 
from Section 2.5 to extend the idea of point evaluation of a continuous 
function to elements of LOO(D). Such extensions of C(D) are needed when 
the approximating functions Un are not required to be continuous. 

As a part of writing (11.1.5) in a more abstract form, we introduce a pro
jection operator Pn that maps V = C(D) onto Vn . Given U E C(D), define 
Pnu to be that element of Vn that interpolates U at the nodes {Xl, ... , x,J. 
This means writing 

"'n 
Pnu(x) = L ctj</>j(X) 

j=l 

with the coefficients {ctj} determined by solving the linear system 

"'n L ctj</>j(Xi) = U(Xi), i = 1, ... , "'n· 
j=l 

This linear system has a unique solution if 

(11.1.6) 

Henceforth in this chapter, we assume this is true whenever the collocation 
method is being discussed. By a simple argument, this condition also im
plies that the functions {</>1 ... , </>"'} are a linearly independent set over D. 
In the case of polynomial interpolation for functions of one variable and 
monomials {I, X, ... , xn} as the basis functions, the determinant in (11.1.6) 
is referred to as the Vandermonde determinant. 

To see more clearly that Pn is linear, and to give a more explicit formula, 
we introduce a new set of basis functions. For each i, 1 :S i :S "'n, let £i E Vn 
be that element that satisfies the interpolation conditions 

j = 1, ... , "'n. (11.1.7) 

By (11.1.6), there is a unique such £i; and the set {£ 1, ... , £",} is a new basis 
for Vn . With polynomial interpolation, such functions £i are called Lagrange 
basis functions; and we use this name with all types of approximating 
subspaces Vn . With this new basis, we can write 

"'n 
Pnu(x) = L u(Xj)£j(x), xED. 

j=l 
(11.1.8) 
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Recall (3.1.1)-(3.1.3) in Chapter 3. Clearly, Pn is linear and finite rank. In 
addition, as an operator on C(D) to C(D), 

(11.1.9) 

Example 11.1.1 Let Vn = span{l,x, ... ,xn}. Recall the Lagrange inter
polatory projection operator of Example 3.5.5 in Section 3.5 of Chapter 
3: 

n 

i=O 

with the Lagrange basis functions 

£i(X) = IT (X - Xj ) , 
j=O Xi - Xj 
j-f-i 

(11.1.10) 

i = 0,1, ... ,no 

This is Lagrange's form of the interpolation polynomial. In Section 3.6.2 
of Chapter 3, we denoted this projection operator by Ln. 

Returning to (11.1.8), we note that 

Png = 0 if and only if g(Xj) = 0, j = 1, ... , "'n. 

The condition (11.1.5) can now be rewritten as 

Pnrn = 0 

or equivalently, 

Pn(A - K)un = Pnf, Un E Vn . 

We return to this below. 

11.1.2 Galerkin methods 

(11.1.11) 

(11.1.12) 

Let V = L2(D) or some other Hilbert function space, and let (.,.) denote 
the inner product for V. Require rn to satisfy 

(11.1.13) 

The left side is the Fourier coefficient of r n associated with <Pi. If 
{ <Pl, ... ,<P"J consists of the leading members of an orthonormal family 
II> == {<Pili>1 which spans V, then (11.1.13) requires the leading terms to 
be zero in the Fourier expansion of r n with respect to 11>. 

To find Un, apply (11.1.13) to (11.0.1) written as (A - K) U = f. This 
yields the linear system 

f(,n 

L Cj P(<pj, <Pi) - (K<pj, <Pi)} = (j, <Pi), i = 1, ... , "'n· 
j=1 

(11.1.14) 
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This is Galerkin's method for obtaining an approximate solution to (11.0.1) 
or (11.1.3). Does the system have a solution? If so, is it unique? Does the 
resulting sequence of approximate solutions Un converge to U in V? Does 
the sequence converge in C(D); i.e., does Un converge uniformly to u? Note 
also that the above formulation contains double integrals (K ¢>j, ¢>i). These 
must often be computed numerically; and later, we return to a consideration 
of this. 

As a part of writing (11.1.14) in a more abstract form, we recall the 
orthogonal projection operator Pn of Proposition 3.5.9 of Section 3.5 in 
Chapter 3, which maps V onto Vn . Recall that 

Png = 0 if and only if (g, ¢>i) = 0, 

With Pn , we can rewrite (11.1.13) as 

or equivalently, 

Note the similarity to (11.1.12). 

i = 1, ... ,"'n. (11.1.15) 

(11.1.16) 

There is a variant on Galerkin's method, known as the Petrov-Galerkin 
method (cf. Section 8.2). With it, we still choose Un E Vn; but now we 
require 

with Wn another finite-dimensional subspace, also of dimension "'n. This 
method is not considered further in this chapter; but it is an important 
method when looking at the numerical solution of boundary integral equa
tions. Another theoretical approach to Galerkin's method is to set it within 
a "variational framework," which is done in Chapter 9 and leads to finite 
element methods. 

11.1.3 A general theoretical framework 

Let V be a Banach space, and let {Vn I n ~ I} be a sequence of finite 
dimensional subspaces, say, of dimensions "'n, with "'n ----> 00 as n ----> 00. 

Let Pn : V ----> Vn be a bounded projection operator. This means that Pn is 
a bounded linear operator with 

Note that this implies P; = Pn , and thus 

(11.1.17) 
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Recall the earlier discussion of projection operators from Section 3.5 in 
Chapter 3. We already have examples of Pn in the interpolatory projec
tion operator and the orthogonal projection operator introduced above in 
defining the collocation and Galerkin methods, respectively. 

Motivated by (11.1.12) and (11.1.16), we approximate the equation 
(11.1.3), (>. - K)u = I, by attempting to solve the problem 

(11.1.18) 

This is the form in which the method is implemented, as it leads directly to 
equivalent finite linear systems such as (11.1.5) and (11.1.14). For the error 
analysis, however, we write (11.1.18) in an equivalent but more convenient 
form. 

If Un is a solution of (11.1.18), then by using Pnun = Un, the equation 
can be written as 

(11.1.19) 

To see that a solution of this is also a solution of (11.1.18), note that if 
(11.1.19) has a solution Un E V, then 

1 
Un = ":\ [PnI + PnKun] E Vn· 

(>. - PnK)un = Pn(>' - K)un, 

and this shows that (11.1.19) implies (11.1.18). 
For the error analysis, we compare (11.1.19) with the original equation 

(>. - K)u = I of (11.1.3), since both equations are defined on the original 
space V. The theoretical analysis is based on the approximation of >.-PnK 
by>.-K: 

>. - PnK = (>. - K) + (K - PnK) 

= (>. - K)[J + (>. - K)-l(K - PnK)]. (11.1.20) 

We use this in the following theorem. 

Theorem 11.1.2 Assume K : V ----> V is bounded, with V a Banach space; 

and assume >. - K : V 1-=.1 V. Further assume 
onto 

11K - PnKl1 ----> 0 as n ----> 00. (11.1.21) 

Then for all sufficiently large n, say, n 2 N, the operator (>. - Pn K)-l 
exists as a bounded operator from V to V . Moreover, it is uniformly 
bounded: 

sup 11(>. - Pn K)-lll < 00. 
n2N 

(11.1.22) 
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For the solutions Un (n sufficiently large) and u of (11.1.19) and (11.1.3), 
respectively, we have 

(11.1.23) 

and the two-sided error estimate 

IIA ~~nKllllu - Pnull ::; Ilu - unll ::; IAIII(A - PnK)-lllllu - Pnull· 

(11.1.24) 

This leads to a conclusion that Ilu - Un II converges to zero at exactly the 
same speed as Ilu - Pnull· 

Proof. (a) Pick N such that 

1 
EN == !~~ 11K - PnKl1 < II(A _ K)-lll (11.1.25) 

Then the inverse [I + (A - K)-l(K - PnK)J-1 exists and is uniformly 
bounded by the geometric series theorem (cf. Theorem 2.3.1 in Chapter 2), 
and 

1 
Ii[! + (A - K)-l(K - PnK)t111 ::; 1- EN II(A _ K)-lll' 

Using (11.1.20), (A - PnK)-l exists, 

(A - PnK)-l = [I + (A - K)-l(K - PnK)t1(A - K)-l, 

-1 II (A - K)-lll _ 
II(A - Pn K ) II::; 1 _ EN II(A _ K)-lll = M. (11.1.26) 

This shows (11.1.22). 

(b) For the error formula (11.1.23), apply Pn to the equation (A-K)u = f, 
and then rearrange to obtain 

(A - PnK)u = Pnf + A(u - Pnu). 

Subtract (A - PnK)un = Pnf to get 

(A - PnK)(u - un) = A(U - Pnu). 

Then 

u - Un = A(A - PnK)-l(u - Pnu), 

which is (11.1.23). Taking norms and using (11.1.26), 

Ilu - unll ::; IAI M Ilu - Pnull· 

Thus if Pnu --+ u, then Un --+ U as n --+ 00. 

(11.1.27) 

(11.1.28) 

(c) The upper bound in (11.1.24) follows directly from (11.1.23), as we have 
just seen. The lower bound follows by taking bounds in (11.1.27), obtaining 

IAlllu - Pnull ::; IIA - PnKliliu - unll· 
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This is equivalent to the lower bound in (11.1.24). 
To obtain a lower bound that is uniform in n, note that for n ;::: N, 

11,\ - PnKl1 ::; 11,\ - KII + 11K - PnKl1 

::; 11,\ - KII + EN· 

The lower bound in (11.1.24) can now be replaced by 

1,\1 
11,\ - KII + EN Ilu - Pnull ::; Ilu - unll· 

Combining this and (11.1.28), we have 

(11.1.29) 

This shows that Un converges to u if and only if Pnu converges to u. More
over, if convergence does occur, then Ilu - Pnull and Ilu - Un II tend to zero 
with exactly the same speed. • 

We note that in order for the theorem to be true, it is necessary only that 
(11.1.25) be valid, not the stronger assumption of (11.1.21). Nonetheless, 
the theorem is applied usually by proving (11.1.21). Therefore, to apply 
the above theorem we need to know whether 11K - PnKl1 ---+ 0 as n ---+ 00. 

The following two lemmas address this question. 

Lemma 11.1.3 Let V, W be Banach spaces, and let An : V ---+ W, n;::: 1, 
be a sequence of bounded linear operators. Assume {An u} converges for all 
u E V. Then the convergence is uniform on compact subsets of V. 

Proof. By the principle of uniform boundedness (cf. Theorem 2.4.4 in 
Chapter 2), the operators An are uniformly bounded: 

M == sup IIAnll < 00. 
n?:l 

The functions An are also equicontinuous: 

IIAnu - Anfll ~ M Ilu - fll . 
Let S be a compact subset of V. Then {An} is a uniformly bounded 

and equicontinous family of functions on the compact set S; and it is then 
a standard result of analysis (a straightforward generalization of Ascoli's 
Theorem 1.6.3 in the setting of Banach spaces) that {An u} is uniformly 
convergent for u E S. • 

Lemma 11.1.4 Let V be a Banach space, and let {Pn } be a family of 
bounded projections on V with 

Pnu ---+ u as n ---+ 00, u E V. (11.1.30) 

If K : V ---+ V is compact, then 

11K - PnKl1 ---+ 0 as n ---+ 00. 
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Proof. From the definition of operator norm, 

11K - PnKl1 = sup IIKu - PnKuli = sup liz - Pnzll, 
lIull::;1 zEK(U) 

with K(U) = {Ku Illull :S I}. The set K(U) is compact. Therefore, by the 
preceding Lemma 11.1.3 and the assumption (11.1.30), 

sup liz - Pnzll ---+ 0 as n ---+ 00. 
zEK(U) 

This proves the lemma. • 
This last lemma includes most cases of interest, but not all. There are 

situations where Pnu ---+ U for most u E V, but not all u. In such cases, it is 
necessary to show directly that 11K - PnKl1 ---+ 0, if it is true. In such cases, 
of course, we see from (11.1.24) that Un ---+ U if and only if Pnu ---+ Ui and 
thus the method is not convergent for some solutions u. This would occur, 
for example, if Vn is the set of polynomials of degree :S n and V = C [a, b]. 

Exercise 11.1.1 Prove the result stated in the last sentence of the proof 
of Lemma 11.1.3. 

Exercise 11.1.2 Prove that the upper bound in (11.1.24) can be replaced 
by 

with "In ---+ 0 as n ---+ 00. 

Exercise 11.1.3 In Theorem 11.1.2, write 

u - u = e(1) + e(2) 
n n n' (11.1.31) 

with 

e~1) = ,X(,x - K)-1(U - Pnu) 

and e}?) defined implicitly by this and (11.1.31). Show that under the 
assumptions of Theorem 11.1.2, 

Ile~2)11 :S 8nlle~1)11 

with Dn ---+ 0 as n ---+ 00. 

1-1 Exercise 11.1.4 Let V and W be Banach spaces, let A : V --+ W be 
onto 

bounded, and let B : V ---+ W be compact. Consider solving the equation 
(A + B)u = f with the assumption that 

(A + B) v = 0 ~ v = o. 
Let Vn be an approximating finite-dimensional subspace of V, and further 
assume Vn is a subspace of W. Let Pn : V ---+ Vn be a bounded projection 
for which 

Pn V ---+ v as n ---+ 00, 
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for all v E V. Assume further that 

PnA = APn. 

Consider the numerical approximation 

Pn (A + B) Un = Pnf, 

Develop a stability and convergence analysis for this numerical method. 
Hint: Consider the equation (I + A-I B) u = A-I f. 

11.2 Examples 

Most projection methods are based on the ways in which we approximate 
functions, and there are two main approaches . 

• Decompose the approximation region D into elements AI"'" Am; 
and then approximate a function U E C(D) by a low-degree poly
nomial over each of the elements Ai. These projection methods are 
often referred to as piecewise polynomial methods or finite element 
methods; and when D is the boundary of a region, such methods are 
often called boundary element methods . 

• Approximate U E C(D) by using a family of functions which 
are defined globally over all of D; for example, use polynomials, 
trigonometric polynomials, or spherical polynomials. Often, these 
approximating functions are also infinitely differentiable. Sometimes 
these types of projection methods are referred to as spectral methods, 
especially when trigonometric polynomials are used. 

We illustrate each of these, relying on approximation results introduced 
earlier in Chapter 3. 

11.2.1 Piecewise linear collocation 

We consider the numerical solution of the integral equation 

AU(X) -lb k(x, y)u(y) dy = f(x), a ::; x ::; b, (11.2.1) 

using piecewise linear approximating functions. Recall the definition of 
piecewise linear interpolation given in Subsection 3.1.3, including the piece
wise linear interpolatory projection operator of (3.1.7). For convenience, we 
repeat those results here. Let D = [a, b] and n 2: 1, and define h = (b-a)/n, 

Xj = a+ jh, j = 0,1, ... ,no 

The subspace Vn is the set of all functions that are continuous and piecewise 
linear on [a, b], with breakpoints {xo, ... , xn }. Its dimension is n + 1. 
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Introduce the Lagrange basis functions for continuous piecewise linear 
interpolation: 

(11.2.2) 

with the obvious adjustment of the definition for Co(x) and Cn(x). The 
projection operator is defined by 

n 

PnU(X) = L U(Xi)Ci(X). (11.2.3) 
i=O 

For convergence of Pnu, recall from (3.1.8) and (3.1.9) that 

{ 
w(u, h), U E C[a, b], 

Ilu - Pnull oo ~ ~2 Ilu"lloo' u E C2 [a, b]. 
(11.2.4) 

This shows that Pnu -+ U for all u E C[a, b]; and for u E C2 [a, b], the 
convergence order is 2. For any compact operator K : C[a, b] -+ C[a, b], 
Lemma 11.1.4 implies 11K - PnKII -+ 0 as n -+ 00. Therefore the results 
of Theorem 11.1.2 can be applied directly to the numerical solution of the 
integral equation (A - K)u = f. For sufficiently large n, say, n ~ N, the 
equation (A - PnK)un = Pnf has a unique solution Un for each f E C[a, b]. 
Assuming u E C2[a, b], (11.1.24) implies 

Ilu - unll oo ~ IAI M ~2 Ilu"lloo' (11.2.5) 

with M a uniform bound on (A - PnK)-l for n ~ N. 
The linear system (11.1.5) takes the simpler form 

i = 0, ... ,no 

(11.2.6) 

The integrals can be simplified. For j = 1, ... ,n - 1, 

(11.2.7) 

The integrals for j = 0 and j = n are modified straightforwardly. These 
integrals must usually be calculated numerically; and we want to use a 
quadrature method that retains the order of convergence in (11.2.5) at a 
minimum cost in calculation time. 
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n E~l) Ratio E~2) Ratio 
5.25E - 3 2.32E - 2 

24 1.31E - 3 4.01 7.91E - 3 2.93 
8 3.27E - 4 4.01 2.75E - 3 2.88 

16 8.18E - 5 4.00 9.65E - 4 2.85 
32 2.04E - 5 4.00 3.40E - 4 2.84 
64 5.l1E - 6 4.00 1.20E - 4 2.83 

128 1.28E - 6 4.00 4.24E - 5 2.83 

Table 11.1. Example of piecewise linear collocation for solving (11.2.8) 

Example 11.2.1 Consider the integral equation 

AU (x) _fob eXYu(y) dy = f(x), o ::; x ::; b. (11.2.8) 

The equation parameters are b = 1, A = 5 . We use the two unknowns 

(11.2.9) 

and define f (x) accordingly. The results of the use of piecewise linear col
location are given in Table 11.1. The errors given in the table are the 
maximum errors on the collocation node points, 

E(k) = max lu(k)(x.) - u(k)(x·)I. 
n 0::; i::; n 'n' 

The column labeled Ratio is the ratio of the successive values of E~k) as n 
is doubled. 

The function u(2) (x) is not continuously differentiable on [0, b], and we 
have no reason to expect a rate of convergence of O(h2). Empirically, 

the errors E~2) appear to be O(h1. 5 ). From (11.1.24), Theorem 11.1.2, we 

know that Ilu(2) - u~2) 1100 converges to zero at exactly the same speed as 
Ilu(2) - Pnu(2) 1100, and it can be shown that the latter is only O(hO. 5 ). This 
apparent contradiction between the empirical and theoretical rates is due to 
un(t) being superconvergent at the collocation node points: for the numerical 

solution U~2) , 

E(2) 
lim n = O. 

n-->oo Ilu(2) - U~2) 1100 

This is examined in much greater detail in the following Section 11.3. 
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11.2.2 Trigonometric polynomial collocation 

We solve the integral equation 

r27r 
AU(X) - io k(x, y)u(y) dy = I(x), o ::; x ::; 27r, (11.2.10) 

in which the kernel function is assumed to be continuous and 27r-periodic 
in both y and x: 

k(x + 27r, y) == k(x, y + 27r) == k(x, y). 

Let V = Cp (27r), space of all 27r-periodic and continuous functions on lR.. 
We consider the solution of (11.2.10) for I E Cp (27r), which then implies 
U E Cp (27r). 

Since the solution u(x) is 27r-periodic, we approximate it with trigono
metric polynomials; and we use the general framework for trigonometric 
polynomial interpolation of Section 3.6.2 from Chapter 3. Let Vn denote 
the trigonometric polynomials of degree at most n; and recall Vn has di
mension "'n = 2n + 1. Let {<h (x), ... , ¢K(X)} denote a basis for Vn , either 
{eikx I k = 0, ±1, ... ,±n} or 

{I, sin x, cos x, ... ,sin nx, cos nx}. (11.2.11) 

The interpolatory projection of Cp (27r) onto Vn is given by 

Kn 

Pnu(x) = L u(xj)fj(x), 
j=1 

(11.2.12) 

where the Lagrange basis functions fj(x) are given implicitly in the La
grange formula (3.6.12) of Section 3.6.2. Note that Pn was denoted by In 
in that formula. 

From (3.6.13), IlPnll = O(logn). Since IlPnll -+ 00 as n -+ 00, it follows 
from the principle of uniform boundedness that there exists U E Cp (27r) for 
which Pnu does not converge to U in Cp (27r) (cf. Theorem 2.4.4 in Chapter 
2). 

Consider the use of the above trigonometric interpolation in solving 
(11.2.10) by collocation. The linear system (11.1.5) becomes 

i = 1, ... ,"'n, 

(11.2.13) 

and the solution is 
Kn 

un(x) = L CjePj(x). 
j=1 

The integrals in (11.2.13) are usually evaluated numerically, and for that, 
we recommend using the trapezoidal rule. With periodic integrands, the 
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trapezoidal rule is very effective, as was noted earlier in Proposition 6.5.6 
of Chapter 6. 

To prove the convergence of this collocation method, we must show 

11K - PnKl1 --.0 as n --. 00. 

Since Lemma 11.1.4 cannot be used, we must examine 11K - PnKl1 directly. 
The operator PnK is an integral operator, with 

(11.2.14) 

To show convergence of 11K - PnKl1 to zero, we must prove directly that 

(11.2.15) 

converges to zero. To do so, we use the result (3.6.14) on the convergence 
of trigonometric polynomial interpolation. 

Assume that k(x, y) satisfies, for some 0: > 0, 

Ik(x, y) - k(~, y)1 ::; c(k) Ix - ~IQ , (11.2.16) 

for all y, x,~. Then we leave it as Exercise 11.2.2 to prove that 

(11.2.17) 

Since this converges to zero, we can apply Theorem 11.1.2 to the error 
analysis of the collocation method with trigonometric interpolation. 

Assuming (11.2.10) is uniquely solvable, the collocation equation 

has a unique solution Un for all sufficiently large n; and Ilu - unll oo --.0 if 
and only if Ilu - Pnulloo --. O. We know there are cases for which the latter 
is not true; but from (3.6.14) of Section 3.6 in Chapter 3, Ilu - unll oo -,'+ 0 
only for functions u with very little smoothness (cf. Theorem 3.6.2 with 
k = 0). For functions u that are infinitely differentiable, the bound (3.6.14) 
shows the rate of convergence is very rapid, faster than O(n-k) for any k. 

There are kernel functions k(x, y) that do not satisfy (11.2.16), but to 
which the above collocation method can still be applied. Their error anal
ysis requires a more detailed knowledge of the smoothing properties of the 
operator K. Such cases occur when solving boundary integral equations 
with singular kernel functions, such as that defined in (6.5.16) of Section 
6.5. 
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11.2.3 A piecewise linear Galerkin method 

The error analysis of Galerkin methods is usually carried out in a Hilbert 
space, generally L2(D) or some Sobolev space Hr(D). Following this, an 
analysis within C(D) is often also given, to obtain results on uniform 
convergence of the numerical solutions. 

We again consider the numerical solution of (11.2.1). Let V = L2(a, b), 
and let its norm and inner product be denoted by simply II . II and (', .), 
respectively. Let Vn be the subspace of continuous piecewise linear functions 
as described earlier in Subsection 11.2.1. The dimension of Vn is n + 1, 
and the Lagrange functions of (11.2.2) are a basis for Vn . However, now Pn 

denotes the orthogonal projection of L2(a, b) onto Vn . We begin by showing 
that Pnu ----+ U for all U E L2(a, b). 

Begin by assuming u(x) is continuous on [a, bj. Let Inu(x) denote the 
piecewise linear function in Vn that interpolates u( x) at x = XO, ••• , X n ; 
see (11.2.3). Recall that Pnu minimizes Ilu - zll as z ranges over Vn, a fact 
expressed in the identity in Proposition 3.5.9(c). Therefore, 

Ilu - Pnull :::; Ilu - Inull 

:::; ~llu-Inulloo 
:::;~w(u;h). (11.2.18) 

The last inequality uses the error bound (11.2.4). This shows Pnu ----+ U for 
all continuous functions u on [a, bj. 

It is well known that the set of all continuous functions on [a, bj is dense in 
L2(a, b) (see the comment following Theorem 1.5.7). Also, the orthogonal 
projection Pn satisfies IlPnll = 1; cf. (3.3.4) of Section 3.3. For a given 
u E L2(a, b), let {urn} be a sequence of continuous functions that converge 
to u in L2(a, b). Then 

Ilu - Pnull :::; Ilu - urnll + Ilurn - Pnurnll + IlPn(u - urn)11 

:::; 211u - urn II + Ilurn - Pnurnll· 

Given an E > 0, pick m such that Ilu - urn II < E/4; and fix m. This then 
implies that for all n, 

We have 

for all sufficiently large values of n. Since E was arbitrary, this shows that 
Pnu ----+ U for general u E L2(a, b). 

For the integral equation (,\ - K)u = j, we can use Lemma 11.1.4 to 
obtain 11K - PnKl1 ----+ O. This justifies the use of Theorem 11.1.2 to carry 
out the error analysis for the Galerkin equation (,\ - PnK)un = Pnf. As 
before, Ilu - unll converges to zero with the same speed as Ilu - Pnull. For 
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U E C2 [a,bj, we combine (11.1.28), (11.2.18), and (11.2.4), to obtain 

lIu - Un II :::; jAj M lIu - Pnujj 

:::; jAjMvb-ajju-Inujjoo 

:::; jAj MVb - a ~2 jju"jjoo' (11.2.19) 

For the linear system, we use the Lagrange basis functions of (11.2.2). 
These are not orthogonal, but they are still a very convenient basis with 
which to work. Moreover, producing an orthogonal basis for Vn is a 
nontrivial task. The solution Un of (A - PnK)un = Pnf is given by 

n 

un(x) = L cjij(x). 
j=O 

The coefficients {Cj} are obtained by solving the linear system 

~c; {A(l,,i;) -ll k(x, y)l,(x)l;(y) dydx } 

= lb f(x)ii(X) dx, i = 0, ... , n. 

0, ji - jj > 1, 

2h 0 . . 3' < Z =J < n, 

h 
i = J' = 0 or n, 3' 

~, ji - jj = 1. 

(11.2.20) 

(11.2.21) 

The double integrals in (11.2.20) reduce to integrals over much smaller 
subintervals, because the basis functions ii(X) are zero over most of [a,bj. 
If these integrals are evaluated numerically, it is important to evaluate 
them with an accuracy consistent with the error bound in (11.2.19). Lesser 
accuracy degrades the accuracy of the Galerkin solution Un; and greater 
accuracy is an unnecessary expenditure of effort. 

Just as was true with collocation methods, we can easily generalize the 
above presentation to include the use of piecewise polynomial functions of 
any fixed degree. Since the theory is entirely analogous to that presented 
above, we omit it here and leave it as an exercise for the reader. 

We defer to the following case a consideration of the uniform convergence 
of un(x) to u(x). 
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11.2.4 A Galerkin method with trigonometric polynomials 

We consider again the use of trigonometric polynomials as approximations 
in solving the integral equation (11.2.10), with k(x, y) and f(x) being 27r
periodic functions as before. Initially, we use the space V = L2(0, 27r), the 
space of all complex-valued and square integrable Lebesgue measurable 
functions on (0, 27r). The inner product is defined by 

(u, v) = 127r u(x)v(x) dx. 

Later we consider the space Cp (27r), the set of all complex-valued 
27r-periodic continuous functions, with the uniform norm. 

The approximating subspace Vn is again the set of all trigonometric 
polynomials of degree ~ n. As a basis, we use the complex exponentials, 

<pj(x) = eijx , j = 0, ±1, ... , ±n. 

Earlier, in Example 3.3.9 of Section 3.3 and in Subsection 3.6.1, we 
introduced and discussed the Fourier series 

1 00 

u(x) = 27r L (u, <Pj)<Pj(x), 
j=-oo 

(11.2.22) 

with respect to the basis 

{1, sinx, cos x, ... ,sin nx, cos nx, ... }. 

The basis 

{ eijx , j = 0, ±1, ±2, ... } 

was used in defining the periodic Sobolev spaces Hr(o, 27r) in Section 6.5 
of Chapter 6. These two bases are equivalent, and it is straightforward to 
convert between them. It is well known that for u E L2(0, 27r), the Fourier 
series converges in the norm of L2(0, 27r). 

The orthogonal projection of L2(0, 27r) onto Vn is just the nth partial 
sum of this series, 

(11.2.23) 

which was denoted earlier by Fnu in Example 3.5.8 of Section 3.5. From 
the convergence of (11.2.22), it follows that Pnu ---+ U for all u E L2(0, 27r). 
Its rate of uniform convergence was considered in Subsection 3.6.1. For its 
rate of convergence in Hr(o, 27r), it is straightforward to use the framework 
of Section 6.5 in Chapter 6 to prove the following: 

1 

I/u-Pnul/£2 ~ :r [2~ L IJ, 2r ,(u,<pj) ,2r ~ :r Ilull w (11.2.24) 
lil>n 
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Using Lemma 11.1.4, we have that 11K - PnKl1 ---+ 0 as n ---+ 00. Thus 
Theorem 11.1.2 can be applied to the error analysis of the approximating 
equation (A - PnK)un = Pnf. For all sufficiently large n, say, n 2 N, the 
inverses (A-PnK)-l are uniformly bounded; and Ilu - unll can be bounded 
proportional to Ilu - Pnull, and thus Un converges to u. One result on the 
rate of convergence is obtained by applying (11.2.24) to (11.1.28): 

clAIM Ilu - unll ::; -r-Ilullw ' n 
(11.2.25) 

with c the same as in (11.2.24). 
With respect to the basis {eijx , j = 0, ±1, ±2, ... }, the linear system 

(11.1.14) for 

is given by 

27fACk - t Cj 127r 127r ei(jy-kx)k(x,y)dydx 
j=-n 0 0 

= 127r e-ikx f(x) dx, k = -n, ... , n 

with the solution Un given by 

j=-n 

(11.2.26) 

The integrals in this system are usually evaluated numerically; and this is 
examined in some detail in [13, pp. 148-150]. Again, the trapezoidal rule 
is the standard form of quadrature used in evaluating these integrals; the 
fast Fourier transform can also be used to improve the efficiency of the 
quadrature process (cf., e.g., [11, p. 181]; [74, Chap. 13]). 

Another important example of the use of globally defined and smooth 
approximations is the use of spherical polynomials (cf. (6.5.5) in Chapter 
6) as approximations to functions defined on the unit sphere in ]R3. 

Uniform convergence 

We often are interested in obtaining uniform convergence of Un to u. For 
this, we regard the operator Pn of (11.2.23) as an operator on Cp (27f) to 
Vn, and we take V = Cp (27f). Unfortunately, it is no longer true that Pnu 
converges to u for all u E V, and consequently, Lemma 11.1.4 cannot be 
applied. In fact, from (3.6.8)-(3.6.9) of Subsection 3.6.1, 

IIPnl1 = O(logn), (11.2.27) 

which implies the sequence {Pn } is not uniformly bounded and therefore 
we do not expect pointwise convergence of the sequence {Pnu} to u for all 
uE V. 
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We use the framework of (11.2.14)-(11.2.15) to examine whether the 
quantity 11K - PnKl1 converges to zero or not. In the present case, the pro
jection used in (11.2.14) is the orthogonal Fourier projection of (11.2.23), 
but otherwise the results are the same. 

Assume k(x, y) satisfies the Holder condition 

Ik(x, y) - k(~, y)1 ::; c(K) Ix - ~IQ , 
for all y, x,~, for some 0 < a ::; 1. Then apply (3.6.11) to obtain 

11K - PnKl1 ::; clo!n 
n 

for a suitable constant c. With this, we can apply Theorem 11.1.2 and ob
tain a complete convergence analysis within Cp (27r), thus obtaining results 
on the uniform convergence of Un to u. 

Another way of obtaining such uniform convergence results can be based 
on the ideas of the following section on the iterated projection method. 

Conditioning of the linear system 

We have omitted any discussion of the conditioning of the linear sys
tems associated with either the Galerkin or collocation methods. This is 
important when implementing these methods, and the basis for Vn should 
be chosen with some care. The linear system is as well-conditioned as can 
be expected, based on the given equation (,\ - K) U = f, if [¢j(Xi)] = I 
for collocation or [(¢j, ¢i)] = I for the Galerkin method. It can still be 
well-conditioned without such a restriction, but the choice of basis must be 
examined more carefully. See [13, Section 3.6] for an extended discussion. 

Exercise 11.2.1 For the piecewise linear interpolatory projection operator 
of Subsection 11.2.1, calculate an explicit formula for the operator PnK, 
showing it is a degenerate kernel integral operator. Be as explicit as possible 
in defining the degenerate kernel. Assuming k(x, y) is twice continuously 
differentiable with respect to x, uniformly for a::; y ::; b, show 

11K - PnKl1 ::; h2 max jb I tPk(x, y) I dy. 
8 a::ox::ob a ox2 

Exercise 11.2.2 Prove (11.2.17). 
Hint: Apply Theorem 3.6.2. 

Exercise 11.2.3 Generalize the ideas of Subsection 11.2.1 to continuous 
piecewise polynomial collocation of degree K > O. 

Exercise 11.2.4 Generalize the ideas of Subsection 11.2.3 to Vn the set 
of piecewise linear functions in which there is no restriction that the 
approximations be continuous. 

Exercise 11.2.5 Generalize the ideas of Subsection 11.2.3 to continuous 
piecewise polynomial collocation of degree K > o. 
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Exercise 11.2.6 Prove (11.2.24). 

Exercise 11.2.7 Give conditions on the data A, k, and f so that a solu
tion of the equation (11.2.1) has the regularity u E C 2 [a, b]. Note that this 
regularity is required in the error estimate (11.2.5). 

Exercise 11.2.8 Let Pn be an interpolatory projection operator, and let 

Kv(x) = lb k(x, y)v(y) dy, a ::::; x ::::; b, v E C[a, b] 

have a continuous kernel function k(x, y). Show that PnK is a degenerate 
kernel integral operator. For the case of Pn the piecewise linear interpola
tory operator of (11.2.3), write out an explicit formula for the degenerate 
kernel kn(x,y) and analyze the error k(x,y) - kn(x,y). 

Exercise 11.2.9 It is known that if u E C[-I, 1], then the partial sums of 
the Chebyshev expansion 

00 

u(x) = ~ + L c/Ii(x), 
i=l 

are good uniform approximations of u(x) when u is sufficiently smooth. 
This is an orthogonal polynomial expansion of u. The weight function is 
w(y) = 1/ J1=Y2, and the associated orthogonal family is the Chebyshev 
polynomials {Ti (x)}i2:0. We want to investigate the solution of 

AU(x) - ill k(x, y)u(y) dy = f(x), -1::::; x::::; 1 

using Galerkin's method with polynomial subspaces and the orthogonal 
projections 

n?1. 

The space being used is L~( -1,1) with the w(y) given above. 
(a) Give the Galerkin method for solving the above integral equation. 
(b) Give the coefficients of the linear system, and suggest a way for dealing 
with the singularity in the integrand (owing to the presence of the weight 
function w). 
(c) If the true solution u is r-times continuously differentiable on [-1,1]' 
discuss the rate of convergence to zero of the error Ilu - un ll£2 . For an 
introductory account of Chebyshev polynomials and Chebyshev e~pansions, 
see [11, Sections 4.5-4· 7}. 

Exercise 11.2.10 Recall the linear system (11.1.5) for the collocation 
method, and consider it with the Lagrange basis {fi (x)} satisfying (11.1. 7), 
with the associated projection operator Pn of (11.1.8). Denote this linear 
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system by An Un = fn' with 

fn = [f(xd, ... ,f(xl<)] T 

and Un defined analogously. For An, 

(An)i,j = >..8i ,j - In k(Xi' y)fj(y) dy. 

Consider An : ]RI< ____ ]RI< with the infinity norm, and find a bound for 
IIA~lll, using the row norm as the matrix norm. Find the bound in terms 
of 11(>" - PnK)-lll· 
Hint: For arbitrary "( E ]RI<, let v = A~l"(, or equivalently, Anv = "(. 
You need to bound v in terms of "(. To do this, begin by showing you can 
construct g E C(D) with 

"( = [g(Xl), ... ,g(xl<)]T 

and Ilglloo = 1I"f1100· Define the function v E C(D) as the solution of 

(>.. - PnK) v = Png. 

Then bound v in terms of IIvll oo ' and bound the latter in terms of 1I"f1100. 

11.3 Iterated projection methods 

For the integral equation (>.. - K)u = f, consider the following fixed point 
iteration which was considered earlier in (4.2.8) of Section 4.2, Chapter 4: 

k = 0,1, ... 

As earlier, this iteration can be shown to converge to the solution u if 
IIKII < 1>"1; and in that case 

Ilu - u(k+l) II ~ III~II Ilu - u(k) II· 

In [147], Sloan showed that one such iteration is always a good idea if K is 
a compact operator and if the initial guess is the solution Un obtained by 
the Galerkin method, regardless of the size of IIKII. We examine this idea 
and its consequences for projection methods. 

Let Un be the solution of the projection equation (>.. - PnK)un = Pnf. 
Define the iterated projection solution by 

(11.3.1) 

This new approximation Un is often an improvement on Un. Moreover, it can 
often be used to better understand the behavior of the original projection 
solution Un. 
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Applying Pn to both sides of (11.3.1), we have 

Pnun = ~ [Pnl + PnKunl; 

i.e., 

(11.3.2) 

Thus, Un is the projection of Un into Vn. Substituting into (11.3.1) and 
rearranging terms, we have Un, which satisfies the equation 

(11.3.3) 

Often we can directly analyze this equation; and then information can be 
obtained on Un by applying (11.3.2). 

Also, since 

U - Un = ~ [I + Kul- ~ [I + Kunl = ~K(u - un), (11.3.4) 

we have the error bound 

Ilu - unll :::; 1~IIIKllllu - unll· (11.3.5) 

This proves the convergence of Un to u is at least as rapid as that of Un 
to u. Often it is more rapid, because operating on u - Un with K, as in 
(11.3.4), sometimes causes cancellation owing to the smoothing behavior 
of integration. 

From the above, we see that if (>. - PnK)-l exists, then so does (>. -
KPn)-l. Moreover, from the definition of the solution Un and (11.3.1), we 
have 

Un = ~ [I + Kunl = ~ [I + K(>' - PnK)-l Pnl] ; 

and when combined with (11.3.3), 

1 
(>. - KPn)-l = ~ [I + K(>' - PnK)-l Pn] . (11.3.6) 

Conversely, if (>. - KPn)-l exists, then so does (>. - PnK)-l. This follows 
from the general lemma given below, which also shows that 

(11.3.7) 

By combining (11.3.6) and (11.3.7), or by returning to the definitions of Un 
and Un, we also have 

(11.3.8) 

We can choose to show the existence of either (>.-PnK)-l or (>.-KPn)-l, 
whichever is the more convenient; and the existence of the other inverse 
follows immediately. Bounds on one inverse in terms of the other can also 
be derived by using (11.3.6) and (11.3.7). 
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Lemma 11.3.1 Let V be a Banach space, and let A, B be bounded linear 
operators on V to V. Assume (A - AB)-l exists from V onto V. Then 
(A - BA)-l also exists, and 

(A - BA)-l = ~ [I + B(A - AB)-l A] . 

Proof. Calculate 

(A - BA)~ [I + B(A - AB)-l A] 

= ~ {A - BA + (A - BA)B(A - AB)-lA} 

= ~ {A - BA + B(A - AB)(A - AB)-l A} 

1 
= ~{>.-BA+BA} 

=1. 

A similar proof works to show 

~ [I + B(A - AB)-l A] (A - BA) = I. 

This proves (11.3.9). 
For the error in Un, first rewrite (A - K)u = f as 

(A - KPn)u = f + Ku - KPnu. 

Subtract (11.3.3) to obtain 

(A - KPn)(u - un) = K(I - Pn)u. 

(11.3.9) 

(11.3.10) 

• 

(11.3.11) 

Below we examine this apparently simple equation in much greater detail. 

11.3.1 The iterated Galerkin method 

Assume that V is a Hilbert space and that Un is the Galerkin solution of 
the equation (A - K)u = f over a finite-dimensional subspace Vn ~ V. 
Then 

and 

IIK(1 - Pn)ull = IIK(1 - Pn)(1 - Pn)ull 

~ IIK(1 - Pn )IIII(1 - Pn)ull· (11.3.12) 

Using the fact that we are in a Hilbert space and that Pn is a self-adjoint 
projection (cf. Theorem 3.3.7 in Section 3.3), we have 

IIK(I - Pn)11 = II[K(J - Pn)]*11 

= 11(1 - Pn)K*II· (11.3.13) 
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The first line follows from the general principle that the norm of an operator 
is equal to the norm of its adjoint operator. The second line follows from 
Theorem 3.3.7 and properties of the adjoint operation. 

With Galerkin methods, it is generally the case that when Pn is regarded 
as an operator on the Hilbert space V, then Pnv ---- v for all v E V. This 
follows if we have that the sequence of spaces {Vn I n ~ 1} has the ap
proximating property on V: For each v E V, there is a sequence {vn} with 
Vn E Vn and 

lim Ilv - vnll = O. (11.3.14) n-oo 
When this is combined with the optimal approximation property of 
Proposition 3.5.9(c), we have Pnv ---- v for all v E V. 

Recall from Lemma 2.8.13 of Chapter 2 that if K is a compact operator, 
then so is its adjoint K*. Combining this with Lemma 11.1.4 and the above 
assumption of the pointwise convergence of Pn to I on V, we have that 

lim 11(1 - Pn)K*11 = O. (11.3.15) n-oo 
We can also apply Theorem 11.1.2 to obtain the existence and uniform 
boundedness of (>. - PnK)-l for all sufficiently large n, say, n ~ N. From 
(11.3.6), we also have that (>. - KPn)-l exists and is uniformly bounded 
for n ~ N. Apply this and (11.3.12) to (11.3.11), to obtain 

[c]cclilu - Un II :S 11(>. - KPn)-lIIIIK(I - Pn)ull 

:S c 11(1 - Pn)K*IIII(1 - Pn)ull· (11.3.16) 

Combining this with (11.3.15), we see that Ilu - unll converges to zero more 
rapidly than does 11(1 - Pn)ull, or equivalently, Ilu - unll. Thus 

lim Ilu - unll = 0 
n-oo Ilu - unll . 

The quantity 11(1- Pn)K* II can generally be estimated, in the same man
ner as is done for 11(1 - Pn)KII. Taking K to be an integral operator on 
£2(D), the operator K* is an integral operator (cf. Example 2.6.1), with 

K*u(x) = Iv k(y, x)u(y) dy, u E £2(D). (11.3.17) 

Example 11.3.2 Consider the integral equation 

>.u(x) -101 
eXYu(y) dy = f(x), O:S x :S 1 (11.3.18) 

with>' = 50 and u(x) = eX. For n ~ 1, define the meshsize h = lin 
and the mesh Xj = jh, j = 0,1, ... , n. Let Vn be the set of functions 
which are piecewise linear on [0, 1] with breakpoints Xl, ... , Xn-l, without 
the continuity restriction of Section 11.2.3. The dimension of Vn is dn = 
2n, and this is also the order of the linear system associated with solving 
(>.- PnK)un = Pnf· 
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n Ilu - unll oo Ratio Ilu - unll oo Ratio 
2 4.66E - 2 5.45E - 6 
4 1.28E - 2 3.6 3.48E - 7 15.7 
8 3.37E - 3 3.8 2.19E - 8 15.9 

Table 11.2. Piecewise linear Galerkin and iterated Galerkin method for solving 
(11.3.18) 

It is straightforward to show II (I - Pn)K* II = O(h2) in this case. Also, if 
f E 0 2[0,1]' then the solution u of (11.3.18) also belongs to 0 2[0,1]; and 
consequently, we have Ilu - Pnull = O(h2). These results lead to 

Ilu - unll = O(h2), 

Ilu - unll = O(h4). 

(11.3.19) 

(11.3.20) 

This is confirmed empirically in the numerical calculations given in Table 
11.2. The error columns give the maximum error rather than the norm of 
the error in L2(0, 1). But it can be shown that (11.3.19)-(11.3.20) generalize 
to 0[0, 1] with the uniform norm. 

11.3.2 The iterated collocation solution 

With collocation, the iterated solution Un is not always an improvement 
on the original collocation solution Un, but it is for many cases of interest. 
The abstract theory is still applicable, and the error equation (11.3.11) is 
still the focus for the error analysis: 

(11.3.21) 

Recall that the projection Pn is now an interpolatory operator, as in 
(11.1.8). In contrast to the iterated Galerkin method, we do not have that 
11K - KPnl1 converges to zero. In fact, it can be shown that 

(11.3.22) 

To show the possibly faster convergence of Un, we must examine collocation 
methods on a case-by-case basis. With some, there is an improvement. We 
begin with a simple example to show one of the main tools used in proving 
higher orders of convergence. 

Consider using collocation with piecewise quadratic interpolation to solve 
the integral equation 

AU(X) -lb 
k(x, y)u(y) dy = f(x), a S; x S; b. (11.3.23) 

Let n ~ 2 be an even integer. Define h = (b - a)jn and Xj = a + 
jh, j = 0,1, ... , n. Let Vn be the set of all continuous functions that 
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are a quadratic polynomial when restricted to each of the subintervals 
[xo, X2], ... , [Xn-2, xn]. Easily, the dimension of Vn is lin = n + 1, based 
on each element of Vn being completely determined by its values at the 
n + 1 nodes {xo, ... ,xn}' Let Pn be the interpolatory projection operator 
from V = C[a, b] to Vn . 

We can write Pn u in its Lagrange form: 
n 

Pnu(x) = L u(Xj)i!j(x). 
j=O 

(11.3.24) 

For the Lagrange basis functions i!j(x), we must distinguish the cases of 
even and odd indices j. For j odd, 

i!j(x) = { - ~2 (x - Xj-I)(X - xj+t), Xj-I ::; x ::; Xj+I, 

0, otherwise. 

For j even, 2 ::; j ::; n - 2, 

The functions i!o(x) and i!n(x) are appropriate modifications of this last 
case. 

For the interpolation error on [Xj-2, Xj], for j even, we have two formulas: 

and 

u(x) - Pnu(x) = (x - Xj_2)(X - Xj-t)(x - Xj)U[Xj_2,Xj_l,Xj,x] 
(11.3.25) 

( ) _ ~ () _ (x - Xj-2)(X - Xj-I)(X - Xj) 11/( ) U X nU X - 6 U cx , Xj-2 ::; X ::; Xj 

(11.3.26) 

for some Cx E [Xj-2, Xj], with U E C3 [a, b]. The quantity U[Xj_2, Xj-I, Xj, x] 
is a Newton divided difference of order three for the function u(x). From 
the above formulas, 

Ilu - Pnulloo ::; '{; h3 1lul/
I lloo, (11.3.27) 

See [11, pp. 143, 156] for details on this and more generally on divided 
differences. 

In using piecewise quadratic functions to define the collocation method 
to solve (11.3.23), the result (11.3.27) implies 

Ilu - un II 00 = O(h3) (11.3.28) 
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if U E C3 [a, bj. To examine the error in Un, we make a detailed examination 
of K(I - Pn)u. 

Using (11.3.24), 

K(f - Pn)u(x) ~ l k(x, y) { u(y) - ~ u(Xj )lj(Y) } dy. 

From (11.3.25), 

n/2 1x2k 
K(J - Pn)u(x) = t; X2k-2 k(x,y)(y - X2k-2)(y - X2k-l)(y - X2k) 

. U[X2k-2, X2k-l, X2k, yj dy. (11.3.29) 

To examine the integral in more detail, we write it as 

1~::2 gx (y )w(y) dy (11.3.30) 

with 

and 

Introduce 

v(y) = 1:k-2 w(~) d~, X2k-2::; y ::; X2k· 

Then v'(y) = w(y), v(y) ~ 0 on [X2k-2, X2k], and V(X2k-2) = V(X2k) = o. 
The integral (11.3.30) becomes 

and so 

In this, 

l
X2k lx2k 4h5 

X2k-2 g~(y)v(y) dy ::; Ilg~lloo X2k-2 v(y) dy = 15llg~lloo· 

g~(y) = :y {k(x,y)U[X2k-2,X2k-l,X2k,y]} 

Bk(x, y) 
= By U[X2k-2, X2k-l, X2k, yj 

+ k(x, y) U[X2k-2, X2k-l, X2k, y, yj. 
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The last formula uses a standard result for the differentiation of Newton 
divided differences (see [11, p. 147]). To have this derivation be valid, we 
must have g E C1[a,b), and this is true ifu E C4[a,bJ and kx E C1[a,bJ. 

Combining these results, we have 

(11.3.31) 

With this, we have the following theorem. 

Theorem 11.3.3 Assume that the integral equation (11.3.23) is uniquely 
solvable for all f E C[a, bJ. Further assume that the solution u E 

C4[a, bJ and that the kernel function k(x, y) is continuously differentiable 
with respect to y. Let Pn be the interpolatory projection (11.3.24) de
fined by piecewise quadratic interpolation. Then the collocation equation 
(A - PnK)un = Pnf is uniquely solvable for all sufficiently large n, say, 
n 2: N; and the inverses (A - PnK)-l are uniformly bounded, say, by 
M > O. Moreover, 

lIu - unll oo ~ IAI M lIu - Pnulloo ~ v'3 ~~I M h3 1lulll ll oo , n 2: N. 

(11.3.32) 

For the iterated collocation method, 

Ilu - unll oo ~ ch4 

for a suitable constant c > O. Consequently, 

. max lu(xj) - un(xj)1 = O(h4). 
J=O, ... ,n 

(11.3.33) 

(11.3.34) 

Proof. Formula (11.3.32) and the remarks preceding it are just a re
statement of results from Theorem 11.1.2, applied to the particular Pn 

being considered here. The final bound in (11.3.32) comes from (11.3.27). 
The bound (11.3.33) comes from (11.3.21) and (11.3.31). The final result 
(11.3.34) comes from noting first that the property Pnun = Un (cf. (11.3.2)) 
implies 

un(Xj) = un(Xj), j = 0, ... , n 

and second from applying (11.3.33). • 
This theorem, and (11.3.33) in particular, shows that the iterated collo

cation method converges more rapidly when using the piecewise quadratic 
collocation method described preceding the theorem. However, when using 
piecewise linear interpolation to define Pn , the iterated collocation solu
tion Un does not converge any more rapidly than the original solution Un. 
In general, let Vn be the set of continuous piecewise polynomial functions 
of degree r with r an even integer, and let the collocation nodes be the 
breakpoints used in defining the piecewise quadratic functions. Then the 
iterated solution gains one extra power of h in its error bound. But this is 
not true if r is an odd integer. 
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The result (11.3.34) is an example of superconvergence. The rate of con
vergence of Un (x) at the node points {xo, ... , xn} is greater than it is 
over the interval [a, bJ as a whole. There are a number of situations in 
the numerical solution of both differential and integral equations in which 
superconvergence occurs at special points in the domain over which the 
problem is defined. See Exercise 9.4.1 for a superconvergence result in the 
context of the finite element method. Also recall Example 11.2.1. For it, 
one can show that 

(11.3.35) 

for the solution function u(x) = v'x of (11.2.9), thus proving su
perconvergence at the node points as was observed in Table 11.1. 

The linear system for the iterated collocation solution 

Let the interpolatory projection operator be written as 

I<n 

Pnu(x) = L u(xj)ij(x), 
j=1 

U E C(D). (11.3.36) 

When written out, the approximating equation XUn -KPnun = f becomes 

AUn(X) - I: un(Xj) J k(x, y)ij(y) dy = f(x), 
j=1 D 

xED. (11.3.37) 

Evaluating at each node point Xi, we obtain the linear system 

i = 1, ... , lin. 

(11.3.38) 

This is also the linear system for the collocation solution at the node points, 
as given, for example, in (11.1.5) with cPj = i j , or in (11.2.6). This is not 
surprising since Un and Un agree at the node points. 

The two solutions differ, however, at the remaining points in D. For gen
eral XED, un(x) is based on the interpolation formula (11.3.36). However, 
the iterated collocation solution un(x) is given by using (11.3.37) in the 
form 

"n(X) ~ ~ {f(X) + ~ "n(X;) L k(x, y)f;(y) dY}, xED. (11.3.39) 

In Section 11.5, we see that (11.3.37)-(11.3.39) is a special case of the 
Nystrom method for solving (A - K)u = f, and (11.3.39) is called 
the Nystrom interpolation function. Generally, it is more accurate than 
ordinary polynomial interpolation. 
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Exercise 11.3.1 Prove (11.3.10). 

Exercise 11.3.2 Consider the piecewise linear Galerkin scheme of Sub
section 11.2.3. Assume that k(y, x) is twice continuously differentiable with 
respect to y, for a ::::; y, x ::::; b. Analyze the convergence of the iterated 
Galerkin method for this case. What is the rate of convergence of the 
iterated Galerkin solutions {un}? 

Exercise 11.3.3 Derive the identity 

for the solution u of (>. - K) u = f and the iterated projection solutions 
{un}. Using this, obtain results on the uniform convergence of {un} and 
{un} to u for the integral operator K of (11.2.1). 
Hint: Write K(I - Pn)u and KPn(u - un) as inner products to which the 
Cauchy-Schwartz inequality can be applied. 

Exercise 11.3.4 Prove (11.3.22). 
Hint: Look at functions v for which Ilvll = 1 and IIKII ~ 11K vii. Then modify 
v to w with Pnw and IIKvl1 ~ IIKwll. 
Exercise 11.3.5 Let n > 0, h = (b - a)/n, and Tj = a + jh for j = 
0,1, ... , n. Let Vn be the set of piecewise linear functions, linear over each 
subinterval [Tj-b Tj]' with no restriction that the functions be continuous. 
The dimension of Vn is 2n. To define the collocation nodes, introduce 

3-V3 
Pl = --6-' 

3+V3 
P2=-6-· 

On each subinterval lTJ-l, Tj]' define two collocation nodes by 

Define a collocation method for solving (11.3.23) using the approximating 
subspace Vn and the collocation nodes {Xl, ... ,X2n}. Assume u E C 4 [a,b] 
and assume k(x, y) is twice continuously differentiable with respect to y, 
for a ::::; y,x ::::; b. It can be shown from the methods of Section 11.5 that 
(>. - PnK)-l exists and is uniformly bounded for all sufficiently large n, 
say n ~ N. Assuming this, show that 

Ilu - unll oo = 0 (h2) , 

Ilu - unll oo = 0 (h4) , 

. max lu(xj) - un(xj)1 = O(h4). 
J=l, ... ,2n 

Hint: The polynomial (p - Pl) (p - J-L2) is the Legendre polynomial of degree 
2 on [0,1], and therefore it is orthogonal over [0,1] to all polynomials of 
lesser degree. 
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Exercise 11.3.6 Consider the integral equation (A - K) u = f, with 

Kv(x) = lb k(x,y)v(y)dy, y E [a,b], v E C[a,b]. 

Assume that u is continuous, but that its first derivative is discontinuous. 
Moreover, assume the kernel function k(x, y) is several times continuously 
differentiable with respect to x. Write 

1 1 
u = ). (f + Ku) == ). (f + w). 

Prove that w satisfies the equation (A - K) w = K f. Show that w is 
smoother than u. Be as precise as possible in stating your results. 

Exercise 11.3.1 (continuation of Exercise 11.3.6). Apply a projection 
method to the solution of the modified equation (A - K) w = K f, denoting 
the approximate solution by wn · Then define Un = t (f + wn). Analyze the 
convergence of {un}. Compare the method to the original projection method 
applied directly to (A - K) u = f. 

Exercise 11.3.8 Derive (11.3.35) in the case the integral operator K has 
the kernel function k == 1. 

Exercise 11.3.9 Generalize Exercise 11.3.8 to the case of a general kernel 
function k(x,y) that is once continuously differentiable with respect to the 
variable y on the interval of integration. 

11.4 The Nystrom method 

The Nystrom method was originally introduced to handle approximations 
based on numerical integration of the integral operator in the equation 

AU(X) - L k(x, y)u(y) dy = f(x), xED. (11.4.1) 

The resulting solution is found first at the set of quadrature node points, 
and then it is extended to all points in D by means of a special, and 
generally quite accurate, interpolation formula. The numerical method is 
much simpler to implement on a computer, but the error analysis is more 
sophisticated than for projection methods. The resulting theory has taken 
an abstract form that also includes an error analysis of projection methods, 
although the latter are probably still best understood as distinct methods 
of interest in their own right. 
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11.4-1 The Nystrom method for continuous kernel functions 

Let a numerical integration scheme be given: 

9 E C(D), (11.4.2) 

with an increasing sequence of values of n. We assume that for every 9 E 

C(D), the numerical integrals converge to the true integral as n ~ 00. As 
in Subsection 2.4.4, this implies 

qn 
c[ == sup L IWn,j I < 00. 

n:2:1 j=1 
(11.4.3) 

To simplify the notation, we omit the subscript n, so that Wn,j == Wj, 
Xn,j == Xj; but the presence of n is to be understood implicitly. On occasion, 
we also use q == qn. 

Let k(x, y) be continuous for all x, y E D, where D is a closed and 
bounded set in jRd for some d 2: 1. Usually, in fact, we want k(x, y) to 
be several times continuously differentiable. Using the above quadrature 
scheme, approximate the integral in (11.4.1), obtaining a new equation: 

qn 
AUn(X) - Lwjk(x,xj)un(Xj) = f(x), xED. (11.4.4) 

j=1 

We write this as an exact equation with a new unknown function Un (x). 
To find the solution at the node points, let x run through the quadrature 
node points Xi. This yields 

qn 
AUn(Xi) - L Wjk(Xi,Xj)Un(Xj) = f(Xi), 

j=1 
i = 1, ... , qn 

which is a linear system of order qn. The unknown is a vector 

:l!n == [un(xd,.·., un(Xq)]T. 

(11.4.5) 

Each solution un(x) of (11.4.4) furnishes a solution to (11.4.5): merely 
evaluate un(x) at the node points. The converse is also true. To each so
lution ~ == [Z1, ... , ZqjT of (11.4.5), there is a unique solution of (11.4.4) 
which agrees with ~ at the node points. If one solves for un(x) in (11.4.4), 
then un(x) is determined by its values at the node points {Xj}. Therefore, 
when given a solution ~ to (11.4.5), define 

xED. (11.4.6) 
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This is an interpolation formula. In fact, 

for i = 1, ... ,qn' The last step follows from ~ being a solution to (11.4.5). 
Using this interpolation result in (11.4.6), we have that z(x) solves (11.4.4). 
The uniqueness of the relationship between ~ and z(x) follows from the 
solutions un(x) of (11.4.4) being completely determined by their values at 
the nodes {Xi}' 

The formula (11.4.6) is called the Nystrom interpolation formula. In the 
original paper of Nystrom [125], the author uses a highly accurate Gaussian 
quadrature formula with a very small number of quadrature nodes (e.g., 
q = 3). He then uses (11.4.6) in order to extend the solution to all other 
xED while retaining the accuracy found in the solution at the node points. 
The formula (11.4.6) is usually a very good interpolation formula. 

Example 11.4.1 Consider the integral equation 

AU (x) -101 
eyxu(y)dy = f(x), 0::; x::; 1, (11.4.7) 

with A = 2 and u( x) = eX. Since II K II = e - 1 ":,, 1. 72, the geometric series 
theorem (cf. Theorem 2.3.1 in Chapter 2) implies the integral equation is 
uniquely solvable for any given f E C[O, 1]. 

Consider first using the three-point Simpson rule to approximate (11.4.7), 
with nodes {O, 0.5, I}. Then the errors at the nodes are collectively 

[ U(O)] [U3(0) ] [-0.0047] 
u(.5) - u3(.5) ":,, -0.0080 , 
u(l) u3(1) -0.0164 

(11.4.8) 

which are reasonably small errors. For comparison, use Gauss-Legendre 
quadrature with three nodes, 

r1 1 Jo g(x) dx ~ 18 [5g(xd + 8g(X2) + 5g(X3)] , 

where 

Xl = 1 - v1iJl ":,, 0.11270167, 
2 

X2 = 0.5, 
1+v1iJl . 

X3 = 2 = 0.88729833. 

The errors at the nodes in solving (11.4.7) with the Nystrom method are 
now collectively 

(11.4.9) 
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Figure 11.1. Error in Nystrom interpolation with three point Gauss-Legendre 
quadrature 

and these errors are much smaller than with Simpson's rule when using 
an equal number of node points. Generally, Gaussian quadrature is much 
superior to Simpson's rule; but it results in the answers' being given at 
the Gauss-Legendre nodes, which is usually not a convenient choice for 
subsequent uses of the answers. 

Quadratic interpolation can be used to extend the numerical solution to 
all other x E [0, 1], but it generally results in much larger errors. For 
example, 

where P2U3(X) denotes the quadratic polynomial interpolating the Nystrom 
solution at the Gaussian quadrature node points given above. In contrast, 
the Nystrom formula (11.4.6) gives errors that are consistent in size with 
those in (11.4.9). For example, 

u(1.0) - U3(1.0) ~ 8.08 x 10-5 . 

A graph of the error in U3(X) over [0,1] is given in Figure 11.1, with the 
errors at the node points indicated by o. 
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11.4.2 Properties and error analysis of the Nystrom method 

The Nystrom method is implemented with the finite linear system (11.4.5), 
but the formal error analysis is done using the functional equation (11.4.4). 
As before, we write the integral equation (11.4.1) in abstract form as 

(A - K)u = f; 

and we write the numerical integral equation (11.4.4) as 

The Banach space for our initial error analysis is V = C(D). The numerical 
integral operator 

qn 

Knu(x) == L wjk(x, Xj)u(Xj), 
j=l 

XED, U E C(D), 

is a bounded, finite-rank linear operator on C(D) to C(D), with 

(11.4.10) 

(11.4.11) 

The error analyses of projection methods depended on showing 11K - Kn II 
converges to zero as n increases, with Kn = PnK the approximation to the 
integral operator K. This cannot be done here; and in fact, 

11K - Knll ~ IIKII· (11.4.12) 

We leave the proof of this as an exercise for the reader. Because of this 
result, the standard type of perturbation analysis that was used earlier 
needs to be modified. We begin by looking at quantities that do converge 
to zero as n --+ 00. 

Lemma 11.4.2 Let D be a closed, bounded set in JRd; and let k(x, y) be 
continuous for x, y E D. Let the quadrature scheme (11.4.2) be convergent 
for all continuous functions on D. Define 

r qn 

en(x, y) = iT k(x, v)k(v, y) dv - L wjk(x, xj)k(xj, y), x, y E D, n ~ 1, 
D j=l 

(11.4.13) 

the numerical integration error for the integrand k(x,·)k(·,y). Then for 
Z E C(D), 

(K - Kn)Kz(x) = Iv en(x, y)z(y) dy, 

qn 

(K - Kn)Knz(x) = L wjen(x,xj)z(Xj). 
j=l 

(11.4.14) 

(11.4.15) 
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In addition, 

II(K - Kn)KII = max r len(x, y)1 dy, 
xED JD 

qn 

II(K - Kn)Knll = max"" IWjen(x,xj)l· 
xED ~ 

j=l 

(11.4.16) 

(11.4.17) 

Finally, the numerical integration error En converges to zero uniformly 
onD, 

CE == lim max len(x, y)1 = 0 
n->oo x,yED 

(11.4.18) 

and thus 

II(K - Kn)KII, II(K - Kn)Knll-+ 0 as n -+ 00. (11.4.19) 

Proof. The proofs of (11.4.14) and (11.4.15) are straightforward manip
ulations and we omit them. The quantity (K - Kn)K is an integral operator 
on C(D), by (11.4.14); and therefore, we have (11.4.16) for its bound. The 
proof of (11.4.17) is also straightforward and we omit it. 

To prove (11.4.18), we begin by showing that {en(x,y) 1 n :2: I} is a 
uniformly bounded and equicontinuous family that is pointwise convergent 
to 0 on the closed bounded set D; and then en(x, y) -+ 0 uniformly on 
D by the Ascoli theorem. By the assumption that the quadrature rule of 
(11.4.2) converges for all continuous functions g on D, we have that for 
each x, y E D, en(x, y) -+ 0 as n -+ 00. 

To prove boundedness, 

with 
CD = JDdy, CK = maxx,yED Ik(x, y)1 

and CI the constant from (11.4.3). For equicontinuity, 

len(x,y) - en(~,,,,)1 :::; len(x,y) - en(~,y)1 + len(~'Y) - en(~,,,,)I, 

len(x, y) - en(~' y)1 :::; CK(CD + CI) max Ik(x, y) - k(~, y)1 , 
yED 

len(~' y) - en(~' ",)1 :::; CK(CD + CI) max Ik(x, y) - k(x, ",)1· 
xED 

By the uniform continuity of k(x, y) on the closed bounded set D, this 
shows the equicontinuity of {en(x,y)}. This also completes the proof of 
(11.4.18). 

For (11.4.19) we notice that 

II(K - Kn)KII :::; CD max len(x,y)l, 
x,yED 

II(K - Kn)Knll :::; CI max len(x, Y)I· 
x,YED 

This completes the proof. 

(11.4.20) 

(11.4.21) 

• 
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To carry out an error analysis for the Nystrom method (11.4.4)-(11.4.6), 
we need the following perturbation theorem. It furnishes an alternative to 
the perturbation arguments based on the geometric series theorem (e.g., 
Theorem 2.3.5 in Section 2.3). 

Theorem 11.4.3 Let V be a Banach space, let 8, T be bounded operators 

on V to V, and let 8 be compact. For given Ai- 0, assume A-T: V .!:.=l V, 
onto 

which implies (A - T)-l exists as a bounded operator on V to V. Finally, 
assume 

IAI 
II(T - 8)811 < II(A _ T)-lll (11.4.22) 

Then (A - 8) -1 exists and is bounded on V to V, with 

-1 1 + II(A - T)-11111811 
II(A - 8) II::; IAI-II(A - T)-l llll(T - 8)811· (11.4.23) 

If (A - T)u = f and (A - 8)z = f, then 

Ilu - zll ::; II (,\ - 8)-1111ITu - 8ull . (11.4.24) 

Proof. Consider that if (A - 8)-1 were to exist, then it would satisfy 
the identity 

(11.4.25) 

Without any motivation at this point, consider the approximation 

(11.4.26) 

To check this approximation, compute 

~ {I + (,\ - T)- 18} (,\ - 8) = {I + ~(A - T)-l(T - 8)8}. (11.4.27) 

The right side is invertible by the geometric series theorem, because 
(11.4.22) implies 

I~III('\ - T)-lllll(T - 8)811 < 1. 

In addition, the geometric series theorem implies, after simplification, that 

II [A + (A - T)-l(T - 8)8r111 ::; IAI-II(A _ T):lllll(T _ 8)811· 
(11.4.28) 

Since the right side of (11.4.27) is invertible, the left side is also invertible. 
This implies that A - 8 is one-to-one, as otherwise the left side would not 
be invertible. Since 8 is compact, the Fredholm alternative theorem (cf. 
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Theorem 2.8.10 of Section 2.8.4) implies (.>.. - S)-l exists and is bounded 
on V to V. In particular, 

(.>.. - S)-l = [.>.. + (.>.. - T)-l(T - S)S] -1 {I + (.>.. - T)-lS}. (11.4.29) 

The bound (11.4.23) follows directly from this and (11.4.28). 
For the error u - z, rewrite (.>.. - T)u = f as 

(.>.. - S)u = f + (T - S)u. 

Subtract (.>.. - S)z = f to get 

(.>.. - S)(u - z) = (T - S)u, 

u - z = (.>.. - S)-l(T - S)u, 

Ilu - zll ::::: 11(.>.. - S)-lllll(T - S)ull, 

(11.4.30) 

(11.4.31) 

which proves (11.4.24). • 
Using this theorem, we can give a complete convergence analysis for the 

Nystrom method (11.4.4)-(11.4.6). 

Theorem 11.4.4 Let D be a closed, bounded set in JRd; and let k(x,y) be 
continuous for x, y E D. Assume the quadrature scheme (11.4.2) is conver
gent for all continuous functions on D. Further, assume that the integral 
equation (11.4.1) is uniquely solvable for given f E C(D), with'>" i=- O. Then 
for all sufficiently large n, say, n 2': N, the approximate inverses (.>..-Kn)-l 
exist and are uniformly bounded, 

n 2': N, 

(11.4.32) 

with a suitable constant cy < 00. For the equations (.>.. - K)u = f and 
(.>.. - Kn)un = f, we have 

Ilu - unll oo ::::: 11(.>.. - Kn)-lllll(K - Kn)ull oo 

::::: cy II(K - Kn)ull oo , n 2': N. 
(11.4.33) 

Proof. The proof is a simple application of the preceding theorem, with 
S = Kn and T = K. From Lemma 11.4.2, we have II(K - Kn)Knll -+ 0, 
and therefore (11.4.22) is satisfied for all sufficiently large n, say, n 2': N. 
From (11.4.11), the boundedness of k(x, y) over D, and (11.4.3), 

IIKn II ::::: CICK, n 2': 1. 

Then 

_ 1 + 11(.>.. - K)-lIIIIKnll 
cy = !~~ 1'>"1-11('>" _ K)-lllll(K _ Kn)Knll < 00. 

(11.4.34) 

This completes the proof. • 



380 11. Numerical Solution of Fredholm Integral Equations Kind 

This last theorem gives complete information for analyzing the conver
gence of the Nystrom method (11.4.4)-(11.4.6). The term II(K - Kn)Knll 
can be analyzed from (11.4.17) by analyzing the numerical integration er
ror en(x, y) of (11.4.13). From the error bound (11.4.33), the speed with 
which Ilu - unll oo converges to zero is bounded by that of the numerical 
integration error 

j qn 

II(K - Kn)ull oo = max I k(x, y)u(y) dy - L wjk(x, Xj)u(Xj)l· 
xED D 

j=l 

(11.4.35) 

In fact, the error Ilu - unll oo converges to zero with exactly this speed. 
Recall from applying (11.4.30) that 

(11.4.36) 

From bounding this, 

II(K - Kn)ull oo :::; IIA - Knllil u - unll oo ' 
When combined with (11.4.33), this shows the assertion that Ilu - unll oo 
and II(K - Kn)ull oo converge to zero with the same speed. 

There is a very large literature on bounding and estimating the errors 
for the common numerical integration rules. Thus the speed of convergence 
with which Ilu - unll oo converges to zero can be determined by using results 
on the speed of convergence of the integration rule (11.4.2) when it is 
applied to the integral 

L k(x, y)u(y) dy. 

Example 11.4.5 Consider the trapezoidal numerical integration rule 

(11.4.37) 

with h = (b-a)jn and Xj = a+jh for j = 0, ... , n. The notation 1:" means 
the first and last terms are to be halved before summing. For the error, 

jb g(y) dy _ h t"g(Xj) = _ h2(~; a) g"(~n)' 9 E C2[a,b], n 21, 
a j=O 

(11.4.38) 

with ~n some point in [a, b]. There is also the asymptotic error formula 

l b n h2 

g(y) dy - h L"g(Xj) = -12 [g'(b) - g'(a)] + O(h4), 
a J=O 

(11.4.39) 



11.4. The Nystrom method 381 

and we make use of it in a later example. For a derivation of these formulas, 
see [11, p. 285J. 

When this is applied to the integral equation 

'xu(x) -lb 
k(x, y)u(y) dy = f(x), a:::; x :::; b, 

we obtain the approximating linear system 
n 

'xUn(Xi) - h L "k(xi' Xj )un(Xj) = f(xi), i = 0,1, ... ,n, 
j=O 

(11.4.40) 

(1l.4.41) 

which is of order qn = n + 1. The Nystrom interpolation formula is given 
by 

Un(x)~~ [f(X)+h~"k(X'Xj)un(Xj)l' a'5x'5b. (11.4.42) 

The speed of convergence is based on the numerical integration error 

(K _ K ) ( ) = _ h2 (b - a) 8 2k(x, y)u(y) I 
n u Y 12 8 2 

Y Y=~n(x) 
(11.4.43) 

with ~n(x) E [a, b]. From (11.4.39), the asymptotic integration error is 

(K _ Kn)u(y) = _ h2 8k(x, y)u(y) IY=b + O(h4). (11.4.44) 
12 8y y=a 

From (11.4.43), we see the Nystrom method converges with an order of 
O(h2), provided k(x, y)u(y) is twice continuously differentiable with respect 
to y, uniformly in x. 

An asymptotic error estimate 

In those cases for which the quadrature formula has an asymptotic error 
formula, as in (11.4.39), we can give an asymptotic estimate of the error 
in solving the integral equation using the Nystrom method. Returning to 
(11.4.36), we can write 

(11.4.45) 

with 

and 

rn = [(,X - Kn)-l - (,X - K)-lJ (K - Kn)u 

= (,X - Kn)-l(Kn - K)('x - K)-l(K - Kn)u. (11.4.46) 

The term rn generally converges to zero more rapidly than the term En, 
although showing this is dependent on the quadrature rule being used. 
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Assuming the latter to be true, we have 

(11.4.47) 

with En satisfying the original integral equation with the integration error 
(K - Kn)u as the right-hand side, 

(11.4.48) 

At this point, one needs to consider the quadrature rule in more detail. 

Example 11.4.6 Consider again the earlier example (11.4.37)-(11.4.44) 
of the Nystrom method with the trapezoidal rule. Assume further that 
k(x, y) is four times continuously differentiable with respect to both y and x, 
and assume U E C 4[a, b]. Then from the asymptotic error formula (11.4.44), 
we can decompose the right side (K - Kn)u of (11.4.48) into two terms, of 
sizes O(h2) and O(h4). Introduce the function ,,((y) satisfying the integral 
equation 

A"((X) -lb k(x, y),,((y) dy = -112 8k(X'aY)U(Y) IY=b, a:S: x :S: b. 
a y y=a 

Then the error term En in (11.4.47)-(11.4.48) is dominated by "((x)h2. By 
a similar argument, it can also be shown that the term rn = O(h4). Thus 
we have the asymptotic error estimate 

U - Un ~ "((x)h2 (11.4.49) 

for the Nystrom method with the trapezoidal rule. 

Conditioning of the linear system 

Let An denote the matrix of coefficients for the linear system (11.4.5): 

(Ankj = >'Oi,j - Wjk(Xi,Xj). 

We want to bound cond(An) = IIAnIIIlA~lll. 
For general z E C(D), 

qn 

i=T,.~qn !>'Z(Xi) - L Wjk(Xi' Xj )Z(Xj)! 
)=1 

qn 

:S: sup !>'Z(X) - LWjk(x,Xj)Z(Xj)!. 
xED j=1 

This shows 

(11.4.50) 

For A~l, 

IIA;;lll = sup IIA;;l"(ll= . 
,ElRQn 

IhIL",=1 
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For such 'Y, let z = A~l'Y or 'Y = Anz. Pick f E C(D) such that 

f(Xi) = 'Yi, i = 1, ... ,qn 

and Ilflloo = 1I'Y1100' Let Un = ('\-Kn)-l f, or equivalently, ('\-Kn)un = f. 
Then from the earlier discussion of the Nystrom method, 

Then 

This proves 

IIA~l'Ylloo = Ilzlloo 
:::; Ilunll oo 
:::; 11('\ - Kn)-lll Ilflloo 
= 11('\ - Kn)-lll 11'Y1100' 

Combining these results, 

(11.4.51 ) 

(11.4.52) 

Thus if the operator equation (,\ - Kn)un = f is well-conditioned, then 
so is the linear system associated with it. We leave as an exercise the 
development of the relationship between cond('\ - Kn) and cond('\ - K). 

11.4.3 Collectively compact operator approximations 

The error analysis of the Nystrom method was developed mainly during the 
period 1940 to 1970, and a number of researchers were involved. Initially, 
the only goal was to show that the method was stable and convergent, and 
perhaps, to obtain computable error bounds. As this was accomplished, a 
second goal emerged of creating an abstract framework for the method and 
its error analysis, a framework in the language of functional analysis that 
referred only to mapping properties of the approximate operators and not to 
properties of the particular integral operator, function space, or quadrature 
scheme being used. The final framework developed is due primarily to P. 
Anselone, and he gave to it the name of the theory of collectively compact 
operator approximations. A complete presentation of it is given in his book 
[2], and we present only a portion of it here. With this framework, it has 
been possible to analyze a number of important extensions of the Nystrom 
method, including those discussed in the following Section 11.5. 

Within a functional analysis framework, how does one characterize the 
numerical integral operators {Kn I n 2 I}? We want to know the charac
teristic properties of these operators that imply that II(K - Kn)Knll -+ 0 
as n -+ 00. Then the earlier Theorem 11.4.3 remains valid, and the Nystrom 
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method and its error analysis can be extended to other situations, some of 
which are discussed in later sections. 

We assume that {Kn I n 2: 1} satisfies the following properties. 

AI. V is a Banach space; and K and K n, n 2: 1, are linear operators on 
V into V. 

A2. Knu - Ku as n _ 00, for all u E V. 

A3. The set {Kn I n 2: 1} is collectively compact, which means that the 
set 

S = {Knu I n 2: 1 and Ilull -:::; 1} (11.4.53) 

has compact closure in V. 

These assumptions are an excellent abstract characterization of the nu
merical integral operators introduced earlier in (11.4.10) of this chapter. 
We refer to a family {Kn} that satisfies AI-A3 as a collectively compact 
family of pointwise convergent operators. 

Lemma 11.4.7 Assume the above properties Al-A3. Then 

1. K is compact; 

2. {Kn I n 2: 1} is uniformly bounded; 

3. For any compact operator M : V _ V, 

II(K - Kn)MII- 0 as n _ 00; 

4. II(K - Kn)Kn ll _ 0 as n _ 00. 

Proof. (1) To show K is compact, it is sufficient to show that the set 

{Ku Illull -:::; 1} 

has compact closure in V. By A2, this last set is contained in 5, and it is 
compact by A3. 
(2) This follows from the definition of operator norm and the boundedness 
of the set 5. 
(3) Using the definition of operator norm, 

II(K - Kn)MII = sup II(K - Kn)Mull 
lIull:':) 

= sup II(K - Kn)zll 
zEM(B) 

(11.4.54) 

with B = {u Iliull -:::; 1}. From the compactness of M, the set M(B) has 
compact closure. Using Lemma 11.4.2, we then have that the last quantity 
in (11.4.54) goes to zero as n _ 00. 

(4) Again, using the definition of operator norm, 

II(K - Kn)Knll = sup II(K - Kn)Knll = sup II(K - Kn)zll. (11.4.55) 
lIull:':) zES 
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Using A3, S has compact closure; and then using Lemma 11.4.2, we have 
that the last quantity in (11.4.55) goes to zero as n --7 00. • 

As a consequence of this lemma, we can apply Theorem 11.4.3 to any set 
of approximating equations (.x - Kn)un = f where the set {Kn} satisfies 
A1-A3. This extends the idea of the Nystrom method, and the product 
integration methods of the following section is analyzed using this more 
abstract framework. 

Returning to the proof of Theorem 11.4.3, we can better motivate an 
argument used there. With S = Kn and T = K, the statements (11.4.25) 
and (11.4.26) become 

1 
(.x - Kn)-l = >: [I + (.x - Kn)-l Kn] , (11.4.56) 

(.x - Kn)-l ~ ~ [I + (.x - K)-l Kn] . (11.4.57) 

Since Kn is not norm convergent to K, we cannot expect (.x - K)-l ~ 
(.x - Kn)-l to be a good approximation. However, it becomes a much 
better approximation when the operators are restricted to act on a compact 
subset of V. Since the family {Kn} is collectively compact, (11.4.57) is a 
good approximation of (11.4.56). 

Exercise 11.4.1 Prove (11.4.12). 
Hint: Recall the discussion in Exercise 11.3.4. 

Exercise 11.4.2 Derive (11.4.14)-(11.4.17). 

Exercise 11.4.3 Obtain a bound for cond(.x - Kn) in terms of cond(.x -
K). More generally, explore the relationship between these two condition 
numbers. 
Hint: Use Theorem 11.4.4. 

Exercise 11.4.4 Generalize Example 11.4.5 to Simpson's rule. 

Exercise 11.4.5 Generalize Example 11.4.6 to Simpson's rule. 

11.5 Product integration 

We now consider the numerical solution of integral equations of the second 
kind in which the kernel function k(x, y) is not continuous, but for which 
the associated integral operator K is still compact on C(D) into C(D). 
The main ideas we present will extend to functions in any finite number 
of variables; but it is more intuitive to first present these ideas for integral 
equations for functions of a single variable, and in particular, 

.xu(x) -lb k(x, y)u(y) dy = f(x), a ::; x ::; b. (11.5.1) 
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In this setting, most such discontinuous kernel functions k(x, y) have 
an infinite singularity; and the most important examples are log Ix - yl, 
Ix - yll'-l for some 'Y > 0 (although it is only singular for 0 < 'Y < 1), and 
variants of them. 

We introduce the idea of product integration by considering the special 
case of 

AU(X) -lb lex, y) log Iy - xl u(y) dy = f(x), a ~ x ~ b, (11.5.2) 

with the kernel 

k(x, y) = lex, y) log Iy - xl· (11.5.3) 

We assume that lex, y) is a well-behaved function (Le., it is several times 
continuously differentiable), and initially, we assume the unknown solution 
u(x) is also well-behaved. To solve (11.5.2), we define a method called the 
product trapezoidal rule. 

Let n 2:: 1 be an integer, h = (b - a)/n, and Xj = a + jh, j = 0,1, ... , n. 
For general U E C[a, b], define 

1 
[lex, y)u(Y)]n = h [(Xj - y)l(x,xj_l)U(Xj_l) + (y - Xj-l)l(x, Xj)U(Xj)] , 

(11.5.4) 

for Xj-l ~ Y ~ Xj, j = 1, ... , n and a ::; x ::; b. This is piecewise linear in 
y, and it interpolates lex, y)u(y) at y = Xo, ... , Xn , for all x E [a, b]. Define 
a numerical approximation to the integral operator in (11.5.2) by 

Knu(x) == lb [lex, Y)U(Y)]n log Iy - xl dy, a ~ x ~ b. 

This can also be written as 
n 

Knu(x) = LWj(x)l(x,xj)u(Xj), U E C[a, b], 
j=O 

with weights 

WO(X) = ~ f:01 (Xl - y) log Ix - yl dy, 

wn(x) = ~ f:n
n_ 1 (y - xn-d log Ix - yl dy, 

Wj(X) = ~ f~j_1 (y - Xj-l) log Ix - yl dy 

+~ f~i+1(Xj+l - y)log Ix - yl dy, j = 1, ... ,n-1. 

(11.5.5) 

(11.5.6) 

(11.5.7) 

(11.5.8) 
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To approximate the integral equation (l1.5.2), we use 
n 

AUn(X) - L wj(x)l(x, Xj)un(Xj) = !(x), 
j=O 

a:::; x:::; b. (11.5.9) 

As with the Nystrom method (11.4.4)-(11.4.6), this is equivalent to first 
solving the linear system 

n 

AUn(Xi) - L wj(xi)l(Xi, Xj)un(Xj) = !(Xi), 
j=O 

i = 0, ... ,n, (11.5.10) 

and then using the Nystrom interpolation formula 

Un(x) ~ ~ [/(X) + t, Wj (x )I(x, Xj )un (Xj) 1 ' a:::; x :::; b. (11.5.l1) 

We leave it to the reader to check these assertions, since it is quite similar 
to what was done for the original Nystrom method. With this method, 
we approximate those parts of the integrand in (11.5.2) that can be well
approximated by piecewise linear interpolation, and we integrate exactly 
the remaining more singular parts of the integrand. 

Rather than using piecewise linear interpolation, other more accurate 
interpolation schemes could have been used to obtain a more rapidly conver
gent numerical method. Later in the section, we consider and illustrate the 
use of piecewise quadratic interpolation. We have also used evenly spaced 
node points {Xi}, but this is not necessary. The use of such evenly spaced 
nodes is an important case; but we will see later in the section that special 
choices of nonuniformly spaced node points are often needed for solving an 
integral equation such as (11.5.2). 

Other singular kernel functions can be handled in a manner analogous 
to what has been done for (11.5.2). Consider the equation 

AU (x) -lb l(x, y)g(x, y)u(y) dy = !(x), a:::; x:::; b, (11.5.12) 

in which g(x, y) is singular, with l(x, y) and u(x) as before. An important 
case is to take 

1 
g(x, y) = 1 11-, x-y 

for some 'Y > 0. To approximate (11.5.12), use the earlier approximation 
(11.5.4). Then 

Knu(x) = lb [l(x, y)u(y)ln g(x, y) dy, a:::; x :::; b. (11.5.13) 

All arguments proceed exactly as before. To evaluate Knu(x), we need to 
evaluate the analogues of the weights in (11.5.7)-(11.5.8), where log Ix - yl 
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is replaced by g(x, y). We assume these weights can be calculated in some 
practical manner, perhaps analytically. We consider further generalizations 
later in the section. 

11.5.1 Error analysis 

We consider the equation (11.5.12), with l(x, y) assumed to be continuous. 
Further, we assume the following for g(x, y): 

cg == sup lb Ig(x, y)1 dy < 00, (11.5.14) 
a~x~b a 

where 

lim wg(h) = 0, 
h'"O 

wg(h) == sup lb Ig(x, y) - g(T, y)1 dy. 
IX-TI~h a 
a~x,T~b 

(11.5.15) 

These two properties can be shown to be true for both log Ix - yl and 
Ix - yl"Y-l, "( > O. Such assumptions were used earlier in Subsection 2.8.1 
in showing compactness of integral operators on era, b], and we refer to 
that earlier material. 

Theorem 11.5.1 Assume the function g(x, y) satisfies (11.5.14)-(11.5.15), 
and assume l(x, y) is continuous for a :::; x, y :::; b. For a given f E era, b], 
assume the integral equation 

AU (x) -lb 
l(x, y)g(x, y)u(y) dy = f(x), a:::; x:::; b, 

is uniquely solvable. Consider the numerical approximation (11.5.13), with 
[l(x, y)u(Y)]n defined with piecewise linear interpolation, as in (11.5.4). 
Then for all sufficiently large n, say n ~ N, the equation (11.5.13) is 
uniquely solvable, and the inverse operators are uniformly bounded for such 
n . Moreover, 

Ilu - unll oo :::; C IIKu - Knulloo' 

for suitable C > O. 

n~N, (11.5.16) 

Proof. We can show that the operators {Kn} of (11.5.13) are a collec
tively compact and pointwise convergent family on era, b] to era, b]. This 
will prove the abstract assumptions AI-A3 in the Subsection 11.4.3; and 
by using Lemma 11.4.7, we can then apply Theorem 11.4.4. We note that 
Al is obvious from the definitions of K and Kn. 

Let S = {Knu I n ~ 1 and Ilull oo :::; 1}. For bounds on IIKnulloo, first note 
that the piecewise linear interpolant Zn of a function Z E era, b] satisfies 
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With this, it is straightforward to show 

with 

Cl == max Il(x, Y)I. 
a-:50x,y-:50b 

This also shows the uniform boundedness of {Kn }, with 

n?1. 

For equicontinuity of S, write 

Knu(x) - Knu(~) = 1b [l(x, y)u(y)ln g(x, y) dy 

-1b [l(~,y)u(Y)lng(T,y)dy 

= 1b [{l(x, y) -l(~, y)} u(Y)ln g(x, y) dy 

+ 1b [l(~, y)u(y)ln {g(x, y) - g(~, y)} dy. 

This uses the linearity in z of the piecewise linear interpolation being used 
in defining [z(y)ln. The assumptions on g(x, y) and l(x, y), together with 
Ilull(X) ::; 1, now imply 

11b 
[{l(x, y) -l(~, y)} u(Y)ln g(x, y)dyl ::; cg Ilull(X) a~~b Il(x, y) -l(~, Y)I· 

Also, 

11b [l(~, y)u(y)ln {g(x, y) - g(~, y)} dyl ::; Cl Ilull(X) wg(lx - W· 

Combining these results shows the desired equicontinuity of S, and it 
completes the proof of the abstract property A3 needed in applying the 
collectively compact operator framework. 

We leave the proof of A2 as an exercise for the reader. To complete the 
proof of the theorem, we apply Lemma 11.4.7 and Theorem 11.4.4. The 
constant C is the uniform bound on II(A - Kn)-lll for n ? N. • 

Example 11.5.2 Let zn(Y) denote the piecewise linear interpolant of z(y), 
as used above in defining the product trapezoidal rule. It is a well-known 
standard result that 
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Thus ijl(x,·) E C 2 [a,b], a:S x:S b, and ifu E C 2 [a,b], then (11.5.16) 
implies 

Ilu - unll oo :S ch2 max I fPl(x, ylu(y) I ' 
8 a<5,x,y<5,b ay 

n 2': N. (11.5.17) 

The above ideas for solving (11.5.12) will generalize easily to higher de
grees of piecewise polynomial interpolation. All elements of the above proof 
also generalize, and we obtain a theorem analogous to Theorem 11.5.1. In 
particular, suppose [l(7, y)u(Y)]n is defined using piecewise polynomial in
terpolation of degree m 2': o. Assume l(x,·) E cm+1[a, b], a :S x :S b, and 
u E cm+1[a, b]. Then 

II - II < hm+1 lam+ll(X,y)u(y) I 
u Un 00 - c max a +1 ' a<5,x,y<5,b ym 

n 2': N, (11.5.18) 

for a suitable constant c > o. When using piecewise quadratic interpolation, 
the method (11.5.13) is called the product Simpson rule; and according to 
(11.5.18), its rate of convergence is at least O(h3 ). 

11.5.2 Generalizations to other kernel functions 

Many singular integral equations are not easily written in the form (11.5.12) 
with a function l(x, y) that is smooth and a function g(x, y) for which 
weights such as those in (11.5.7)-(11.5.8) can be easily calculated. For such 
equations, we assume instead that the singular kernel function k(x, y) can 
be written in the form 

r 

k(x, y) = L Ij(x, y)gj(x, y) 
j=l 

(11.5.19) 

with each lj(x,y) and gj(x,y) satisfying the properties listed above for 
l(x, y) and g(x, y). We now have an integral operator written as a sum of 
integral operators of the form used in (11.5.12): 

r r b 

Ku(x) = L Kju(x) = L 11j(x, y)gj(x, y)u(y) dy, 
j=l j=l a 

u E C[a,b]. 

Example 11.5.3 Consider the integral equation 

u(x) -io1r 
u(y) log Icosx - cosyl dy = 1, 0:SX:S7r. (11.5.20) 

One possibility for the kernel function k(x,y) = loglcosx-cosYI is to 
write 

1 1 

k(x, y) = Ix - yl"2log Icosx - cosyllx - yl-"2. 
, v '~ 

=l(x,y) =g(x,y) 
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Product trapezoidal Product Simpson 
n Ilu - unll oo Ratio Ilu - unll oo Ratio 
2 9.50E - 3 2.14E - 4 
4 2.49E - 3 3.8 1.65E - 5 13.0 
8 6.32E - 4 3.9 1.13E - 6 14.6 
16 1.59E - 4 4.0 7.25E - 8 15.6 
32 3.98E - 5 4.0 4.56E - 9 15.9 

Table 11.3. Product trapezoidal and product Simpson examples for (11.5.20) 

Unfortunately, this choice of l(x, y) is continuous without being differen
tiable; and the function l (x, y) needs to be differentiable in order to have 
the numerical method converge with sufficient speed. A better choice is to 
use 

k(x,y) =logI2Sin~(X-Y) sin~(x+Y)1 

{ 2 sin ~ (x - y) sin ~ (x + y) } I I 
= log + log x - y 

(x - y) (x + y) (211' - X - y) 

+ log(x + y) + log(211' - X - y). (11.5.21) 

This is of the form (11.5.19) with 91 = h = b = l4 == 1 and 

() { 2 sin ~ (x - y) sin ~ (x + y) } 
h X,y = log , 

(x - y) (x + y)( 211' - X - y) 

92(X, y) = log Ix - yl , 

93(X, y) = log(x + y), 
94(X, y) = log(211' - X - y). 

This is of the form (11.5.19). The function h (x, y) is infinitely differentiable 
on [0,211']; and the functions 92, 93, and 94 are singular functions for which 
the needed integration weights are easily calculated. 

We solve (11.5.20) with both the product trapezoidal rule and the product 
Simpson rule, and error results are given in Table 11.3. The decomposition 
(11.5.21) is used to define the approximating operators. With the opera
tor with kernel h (x, y) 91 (x, y), we use the regular Simpson rule. The true 
solution of the equation is 

u(x) == \ ~ 0.31470429802. 
1 + 11' og2 

Note that the error for the product trapezoidal rule is consistent with 
(11.5.17). But for the product Simpson rule, we appear to have an error 
behavior of O(h4), whereas that predicted by (11.5.18) is only O(h3 ). This 
is discussed further below. 
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11.5.3 Improved error results for special kernels 

If we consider again the error formula (11.5.16), the error result (11.5.18) 
was based on applying standard error bounds for polynomial interpola
tion to bounding the numerical integration error IIKu - Knulloo' We know 
that for many ordinary integration rules (e.g., Simpson's rule), there is 
an improvement in the speed of convergence over that predicted by the 
polynomial interpolation error, and this improvement is made possible by 
fortuitous cancellation of errors when integrating. Thus it is not surprising 
that the sa~e type of cancellation occurs with the error IIKu - Knulloo in 
product Simpson integration, as is illustrated in Table 11.3. 

For the special cases of g(x, y) equal to log Ix - yl and Ix - yl'-t, de
Hoog and Weiss [79] improved on the bound (11.5.18). In [79], they first 
extended known asymptotic error formulas for ordinary composite inte
gration rules to product integration formulas; and then these results were 
further extended to estimate K u - Kn u for product integration methods of 
solving singular integral equations. For the case of the product Simpson's 
rule, their results state that if u E C4 [a, b], then 

{ 
ch41log hi, g(x, y) = log Ix - yl , 

IIKu-K ull < 
n 00 - h3+1' () _ I _ 11'-1 C , 9 x,y - x y . 

(11.5.22) 

This is in agreement with the results in Table 11.3. 

11.5.4 Product integration with graded meshes 

The rate of convergence results (11.5.18) and (11.5.22) both assume that 
the unknown solution u(x) possesses several continuous derivatives. In fact, 
u( x) seldom is smoothly differentiable, but rather has somewhat singu
lar behavior in the neighborhood of the endpoints of the interval [a, b] on 
which the integral equation is being solved. In the following, this is made 
more precise; and we also give a numerical method that restores the speed 
of convergence seen above with smoothly differentiable unknown solution 
functions. 

To examine the differentiability of the solution u(x) of a general integral 
equation (,\ - K)u = J, the differentiability of the kernel function k(x, y) 
allows the smoothness of J(x) to be carried over to that of u(x): Use 

dju(x) _ .!. [dj J(x) lb 8ik(x,y) () 1 
d · - \ d' + 8' u y dy . xJ A X J a X J 

But if the kernel function is not differentiable, then the integral operator 
need not be smoothing. To see that the integral operator K with kernel 
log Ix - yl is not smoothing in the manner that is true with differentiable 
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kernel functions, let uo(x) == 1 on the interval [0,1]' and calculate Kuo(x): 

Kuo(x) = 1110gIX-Yldy=XlogX+(1-X)IOg(1-X)-1, O::;x::;1. 

(11.5.23) 

The function Kuo(x) is not continuously differentiable on [0, 1], whereas the 
function uo(x) is a Coo function. This formula also contains the typical type 
of singular behavior that appears in the solution when solving a second-kind 
integral equation with a kernel function k(x, y) = l(x, y) log Ix - yl. 

We give the main result of Schneider [144] on the regularity behavior of 
solutions of (A - K)u = I for special weakly singular kernel functions. As 
notation, introduce the following spaces: 

d{3(g) == sup Ig(x) - g(~)1 < oo} 
a::O;x,e::O;b Ix _ ~1{3 

(11.5.24) 

for ° < f3 < 1, and 

C (O,I)[ b]- { C[ b] Ig(x) - g(~)1 } 
a, - g E a, a;~f::O;b Ix _ ~Ilog IBj(x _ ~)I < 00 , 

for some B > b - a. For ° < f3 < 1, C(O,{3) [a, b] are the standard Holder 
spaces introduced in Subsection 1.4.1 of Chapter 1. 

Theorem 11.5.4 Let k ~ ° be an integer, and let ° < 'Y ::; 1. Assume 
IE C(O''')')[a,b], IE Ck(a,b), and 

(x - a)i(b - x)i I(i) (x) E C(O,")') [a, b], i = 1, ... ,k. 

Also assume L E Ck+I(D) with D = [a,b] x [a,b]. Finally, assume the 
integral equation 

AU(X) -lb 
l(x, y)g")' (x - y)u(y) dy = I(x), a::; x ::; b (11.5.25) 

with 

g (u) ==' , { 
u")'-I 0 < 'Y < 1 

")' log lui, 'Y = 1 

is uniquely solvable. Then 

a. The solution u(x) satisfies u E C(O''')')[a,b], u E Ck(a,b), and 

Ui(X) == (x - a)i(b - x)iu(i) (x) E C(O,")') [a, b], i = 1, ... ,k. 
(11.5.26) 

Further, ui(a) = ui(b) = 0, i = 1, ... ,k. 
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b. For ° < I < 1, 

lu(i)(x)1 ::s; Ci(X - ap-i, 
1 

a < x::S; "2(a+b), i = 1, ... ,k. 

(11.5.27) 

With I = 1, for any E E (0,1), 

lu(i)(x)1 ::s; Ci(X - a)l-e-i, 
1 

a<x::S;"2(a+b), i=I, ... ,k, 

(11.5.28) 

with Ci dependent on E. Analogous results are true for x in a 
neighborhood of b, with x - a replaced by b - x. 

A proof of this theorem is given in [144, p. 63]. In addition, more detail 
on the asymptotic behavior of u(x) for x near to either a or b is given in the 
same reference and in Graham [63], bringing in functions of the type seen 
on the right side of (11.5.23) for the case of logarithmic kernel functions. 

This theorem says we should expect endpoint singularities in u( x) of 
the form (x - a)'Y and (b - x)'Y for the case g(x, y) = Ix - yl'Y-\ ° < 
I < 1, with corresponding results for the logarithmic kernel. Thus the 
approximation of the unknown u(x) should be based on such behavior. We 
do so by introducing the concept of a graded mesh, an idea developed in 
Rice [137] for the types of singular functions considered here. 

We first develop the idea of a graded mesh for functions on [0, 1) with the 
singular behavior in the function occurring at 0; and then the construction 
is extended to other situations by a simple change of variables. The singular 
behavior in which we are interested is u ( x) = x'Y, I > 0. For a given integer 
n::::: 1, define 

Xj = (~r, j = 0,1, ... ,n, (11.5.29) 

with the real number q ::::: 1 to be specified later. For q > 1, this is an 
example of a graded mesh, and it is the one introduced and studied in Rice 
[137). For a given integer m ::::: 0, let a partition of [0,1) be given: 

o::S;/-LO<···</-Lm::S;1. (11.5.30) 

Define interpolation nodes on each subinterval [Xj-I, Xj) by 

Let Pnu(x) be the piecewise polynomial function that is of degree ::s; m 
on each subinterval [Xj-I, Xj] and that interpolates u(x) at the nodes 
{XjO, ... ,Xjm} on that subinterval. To be more explicit, let 

m 

Li(/-L) = II /-L - /-Lk, i = 0, 1, ... ,m, 
k=O /-Li - /-Lk 
k#i 
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which are the basis functions associated with interpolation at the nodes of 
(11.5.30). Then 

Xj-l ::; X::; Xj, j = 1, ... ,no 

(11.5.31) 

If J.Lo > 0 or J.Lm < 1, then Pnu(x) is likely to be discontinuous at the interior 
breakpoints Xl, ... , Xn-l' We now present the main result from Rice [137]. 

Lemma 11.5.5 Let n, m, {Xj}, {xjd, and Pn be as given in the preceding 
paragraph. For 0 < 'Y < 1, assume u E C(O,,),) [0, 1] n cm+1(O, 1], with 

lu(m+1)(x)1 ::; C')',m(U)X')'-(m+l) , 0 < x::; 1. (11.5.32) 

Then for 

we have 

m+1 
q>--

- 'Y ' 

C 
Ilu - Pnull oo ::; nm +l ' 

with c a constant independent of n. For 1 ::; p < 00, let 

p(m + 1) 
q> 1 . +n 

Then 

(11.5.33) 

(11.5.34) 

(11.5.35) 

(11.5.36) 

with II . lip denoting the standard p-norm for LP(O, 1). (In the language of 
Rice [137J, the function u(x) is said to be of TypeCr, m + 1»). 

A proof of the result can be found in [13, p. 128]. 
The earlier product integration methods were based on using interpola

tion on a uniform subdivision of the interval [a, b]. Now we use the same 
form of interpolation, but base it on a graded mesh for [a, b]. Given an even 
n ~ 2, define 

(2j)q (b - a) 
Xj = a + -;; -2-' Xn-j = b + a - Xj, j=O,l, ... ,~. 

Use the partition (11.5.30) as the basis for polynomial interpolation of 
degree m on each of the intervals [Xj-l, Xj]' for j = 1, ... , ~n, just as was 
done in (11.5.31); and use the partition 

o ::; 1 - J.Lm < ... < 1 - J.L0 ::; 1 

when defining the interpolation on the subintervals [Xj-l, Xj] of the remain
ing half [~(a + b), b]. In the integral equation (11.5.25), replace [lex, y)u(y)] 
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with [l(x, y)u(Y)]n using the interpolation just described. For the resulting 
approximation 

we have the following convergence result. 

Theorem 11.5.6 Consider again the integral equation (11.5.25), and as
sume the same assumptions as for Theorem 11.5.4, but with the integer k 
replaced by m + 1, where m is the integer used in defining the interpolation 
of the preceding paragraph. Then the approximating equation (11.5.37) is 
uniquely solvable for all sufficiently large n, say, n ~ N, and the inverse 
operator for the equation is uniformly bounded for n ~ N. If 0 < 'Y < 1, 
then choose the grading exponent q to satisfy 

If'Y = 1, then choose 

m+l 
q~--. 

'Y 

q>m+1. 

With such choices, the approximate solution Un satisfies 

c 
Ilu - unll oo ::; nm+l . 

(11.5.38) 

(11.5.39) 

(11.5.40) 

Proof. The proof is a straightforward generalization of the method of 
proof used in Theorem 11.5.1, resulting in the error bound 

Combine Theorem 11.5.4 and Lemma 11.5.5 to complete the proof. 
This theorem is from Schneider [145, Theorem 2], and he also allows for 

greater generality in the singularity in u(x) than has been assumed here. 
In addition, he extends results of deHoog and Weiss [79], such as (11.5.22), 
to the use of graded meshes. • 

Graded meshes are used with other problems in which there is some kind 
of singular behavior in the functions being considered. For example, they 
are used in solving boundary integral equations for the planar Laplace's 
equation for regions whose boundaries have corners. 

11.5.5 The relationship of product integration and collocation 
methods 

Recall the earlier discussion of the collocation method in Section 11.1 and 
Section 11.3. It turns out that collocation methods can be regarded as 
product integration methods, and occasionally there is an advantage to 
doing so. 
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Recalling this earlier discussion, let Pn be the interpolatory projection 
operator from C(D) onto the interpolatory approximating space Vn . Then 
the collocation solution of (A - K)u = f can be regarded abstractly as 
(A - PnK)un = Pnf, and the iterated collocation solution 

Un = ~ [f + K Un] 

is the solution of the equation 

(11.5.41) 

Define a numerical integral operator by 

Knu(x) = KPnu(x) = 10 k(x, y)(Pnu)(y) dy. (11.5.42) 

This is product integration with l(x, y) == 1 and g(x, y) = k(x, y). Thus the 
iterated collocation solution Un of (11.5.41) is simply the Nystrom solution 
when defining Kn using the simple product integration formula (11.5.42). 
Since the collocation solution Un = Pnun, we can use results from the error 
analysis of product integration methods to analyze collocation methods. 

Exercise 11.5.1 Prove the property A2 in the proof of Theorem 11.5.1. 

Exercise 11.5.2 Develop a practical product trapezoidal rule (with even 
spacing) for the numerical solution of 

AU(X) -11'0 u(y) log Isin(x - y)1 dy = f(x), o :S x :S 7r, 

assuming A is so chosen that the integral equation is uniquely solvable. 
Program your procedure. Solve the equation approximately with f(x) = 1 
and f (x) = esin x. Do numerical examples with varying values of n, as in 
Example 11.5.3. 

Exercise 11.5.3 Develop a product integration Nystrom method for solv
ing 

AU(X) - r1 cC(x, y)u(y)2 dy = f(x), 
10 c2 + (x - y) 

where c is a very small positive number. Assume C(x, y) and its low-order 
derivatives are "well-behaved" functions; and note that the above kernel 
function is very peaked for small values of c. Define the numerical inte
gration operators, and discuss the error in them as approximations to the 
original operator. Discuss convergence of your Nystrom method. 

Exercise 11.5.4 Consider numerically approximating 

1= 11 xC>dx, 



398 11. Numerical Solution of Fredholm Integral Equations Kind 

o < a < 1, using the trapezoidal rule with a graded mesh of the form 
(11.5.29). How should the grading parameter q be chosen so as to insure 
that the rate of convergence is O(n-2 )? 
Hint: Consider the error on each subinterval [Xi-l, Xi], and consider sepa
rately the cases of i = 1 and i > 1. Choose q to make the error on [Xo, Xl] 
of size 0 (n -2). Then examine the error on the remaining subintervals and 
the total on [Xl, 1]. Recall the use of integrals to approximate summations. 

11.6 Projection methods for nonlinear equations 

Recall the material of Sections 4.3-4.5 of Chapter 4 on nonlinear fixed 
point problems. We will define and analyze projection methods for the 
discretization of fixed-point problems 

u = T(u) (11.6.1) 

with T : H ~ V -+ V a completely continuous nonlinear operator. The 
space V is a Banach space, and H is an open subset of V. The prototype 
example of T is the Urysohn integral equation of Example 4.3.10: 

T(u)(t) = g(t) + lb k(t, s, u(s)) ds. (11.6.2) 

The function k(t, s, u) is to possess such properties as to ensure it is a 
completely continuous operator on some open set H ~ C[a, b] (cf. Section 
4.3.10). 

Recall the theoretical framework of Subsection 11.1.3. We define the 
projection method for solving (11.6.1) as follows. For a given discretization 
parameter n, find Un E Vn satisfying the equation 

(11.6.3) 

We can illustrate the method in analogy with Section 11.2, but defer this 
to later in this section. 

There are two major approaches to the error analysis of (11.6.3): (1) 
Linearize the problem and apply Theorem 4.1.3, the Banach fixed-point 
theorem; (2) Apply the theory associated with the rotation of a completely 
continuous vector field (cf. Section 4.5). 

11.6.1 Linearization 

We begin the linearization process by discussing the error III the 
linearization of T( v) about a point Vo: 

R(v; vo) == T(v) - [T(vo) + T'(vo) (v - vo)]. (11.6.4) 
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Lemma 11.6.1 Let V be a Banach space, and let H be an open subset of 
V. Let T : H ~ V ----t V be twice continuously differentiable with T" (v) 
bounded over any bounded subset of H. Let B ~ H be a closed, bounded, 
and convex set with a non-empty interior. Let Vo belong to the interior of 
B, and define R( v; vo), as above. Then for all VI, v2 E B, 

1 2 
IIR(V2; vdll ::; 2M Ilvl - v211 (11.6.5) 

with M = sUPvEB IIT"(v)ll. Moreover, 

IIT'(V2) - T'(vdll ::; M IIv2 - vIII, (11.6.6) 

implying T' (v) is Lipschitz continuous; and 

IIR(Vl;VO) - R(V2;Vo)11 ::; M [llvl - voll + ~ Ilvl - v211] Ilvl - v211· 
(11.6.7) 

Proof. The result (11.6.5) is immediate from Proposition 4.3.12 of Sec
tion 4.3; and the proof of (11.6.6) can be based on Proposition 4.3.11 when 
applied to T'(v). The proof of (11.6.7) is let as an exercise. • 

As earlier, assume T : H ~ V ----t V is a completely continuous nonlinear 
operator. Assume (11.6.1) has an isolated solution u* E H, and assume it 
is unique within the ball 

B(U*,E) = {v Illv - u*11 ::; E} 

for some E > 0 and with B( u*, E) ~ H. We assume T is twice continu
ously differentiable over H, with T" (v) uniformly bounded over all bounded 
neighborhoods, such as B( u*, E): 

M(U*,E) == sup IIT"(v)11 < 00. 
vEB(u*,€) 

Assume that 1 is not an eigenvalue of T' (u*). This then implies that 1 -
T'(u*) is a bijective mapping from V to V and that it has a bounded 
inverse. For a proof, invoke Proposition 4.5.5 to show T' (u*) is a compact 
linear operator, and then apply Theorem 2.8.10, the Fredholm alternative 
theorem. Henceforth, we let L = T'(u*). 

Assume that the projections {Pn } are pointwise convergent to the 
identity on V, 

Pnv ----t V as n ----t 00 \Iv E V. (11.6.8) 

Then from Proposition 4.5.5 and Lemma 11.1.4, 

11(1 - Pn ) LII ----t 0 as n ----t 00. 

From Theorem 11.1.2, (I - PnL)-l exists for all sufficiently large n and is 
uniformly bounded with respect to all such n. 

We want to show that for all sufficiently large n, (11.6.3) has a unique 
solution within B(u*, El) for some 0 < El :s; E. We also would like to obtain 
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bounds on the rate of convergence of Un to u*. In (11.6.3), expand T( un) 
about u*, obtaining 

T(un) = T(u*) + L (un - u*) + R(un; u*). 

Equation (11.6.3) can be rewritten as the equivalent equation 

(J - PnL) (un - u*) = Pnu* - u* + PnR(un; u*) (11.6.9) 

Introduce a new unknown On = Un - u*, and then write 

On = (J - PnL)-l (Pnu* - u*) + (I - PnL)-l R(On + u*; u*) 

== Fn(On) (11.6.10) 

We are interested in showing that on some ball about the origin in V, of 
radius El ~ E, this fixed-point equation has a unique solution On, provided 
only that n is chosen sufficiently large. This can be done by showing that Fn 
is a contractive mapping on a ball B(O, Ed provided that El > ° is chosen 
sufficiently small. To do this requires showing the two main hypotheses of 
Theorem 4.1.3, the Banach contractive mapping theorem. Namely, show 
that if n is sufficiently large, there exists El for which 

1. 

2. 

(11.6.11) 

On,!, On,2 E B(O, Ed, 

(11.6.12) 

with ex < 1 and independent of n, provided n is chosen to be 
sufficiently large. 

The El can be made independent of n, provided n is sufficiently large. These 
two properties can be proven using the various results and assumptions we 
have made regarding T and {Pn }, and we leave their demonstration as 
an exercise for the reader. This proves that for all sufficiently large n, the 
approximating equation (11.6.3) has a unique solution Un in some ball of 
fixed radius about u*. 

There are a number of results on the rate of convergence of Un to u*, 
and we quote only one of them. With the same hypotheses on T and {P n} 
as above, 

(11.6.13) 

with 'Yn ---t ° as n ---t 00. A proof of this result is given in [16, Theorem 2.2]. 
This error bound is somewhat comparable to the bound (11.1.24) given 
earlier for linear projection methods; also see Exercise 11.1.2. 
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11.6.2 A homotopy argument 

This mode of analysis of projection methods for the discretization of 
fixed-point problems (11.6.1) requires fewer assumptions on the nonlin
ear operator T, and there is no assumption on the differentiability of T. As 
before, we assume T : H S;;; V ---t V is a completely continuous operator. 
Let u* be an isolated fixed point of T, and assume u* is isolated within 
the ball B( u*, E) for some E > O. Further, assume that u* has a non-zero 
index (recall the discussion of index as discussed in P3 of Subsection 4.5.1 
in Chapter 4). The discussion in P4 of Subsection 4.5.1 assures us that the 
index of u* is non-zero if I - T'(u*) is a bijective linear operator; but the 
index can be non-zero under weaker assumptions on u*; for example, see 
P5 of Subsection 4.5.1. 

Let S denote the boundary of B(u*, E). Recalling Subsection 4.5.1, we 
have the concept of the quantity Rot ( <I», the rotation of the completely 
continuous vector field 

<I>(v) = v - T(v), v E B(U*,E). 

Also, introduce the approximating vector field 

v E B(U*,E). 

By our assumptions on u*, <I>(v) =f. 0 for all v E S, and consequently 
Rot (<I» =f. 0 (and in fact equals the index of the fixed-point u*). We 
introduce the homotopy 

X(v, t) = v - (1 - t)T(v) - tPnT(v), v E B(U*,E) (11.6.14) 

for 0 ::; t ::; 1. We show that for all sufficiently large values of n, say n ~ 
N(E), this homotopy satisfies the hypotheses of P2 of Subsection 4.5.1; and 
consequently, the index of <I>n will be the same as that of <1>, namely, non
zero. In turn, this implies that <I>n contains zeros within the ball B( u*, E), 
or equivalently, the approximating equation (11.6.3) has solutions within 
this E-neighborhood of u*. 

Recalling the four hypotheses of P2 of Subsection 4.5.1, only the fourth 
one is difficult to show, namely, that 

X(v, t) =f. 0, Vv E S, 0::; t ::; 1, (11.6.15) 

for all sufficiently large values of n. To examine this, rewrite (11.6.14) as 

X(v, t) = [v - T(v)] + t [T(v) - PnT(v)]. (11.6.16) 

We note as a preliminary lemma that 

a == inf IIv - T(v)11 > O. 
vES 

(11.6.17) 

To prove this, assume the contrary. Then there exists a sequence {vm } ~ S 
for which 

vm - T(vm) ---t 0 as m ---t 00. (11.6.18) 
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Since S is bounded and T is completely continuous, the sequence {T(vm )} 

has a convergent subsequence, say, 

T( vmj ) --+ W as mj --+ 00. 

When combined with (11.6.18), this implies Vmj --+ Wi and the closedness of 
S then implies W E S. The continuity of T implies v = T(v), contradicting 
the assumption that S contains no fixed points of S. This proves (11.6.17). 

Returning to (11.6.16), we have, 

IIX(v, t)11 ~ a - t IIT(v) - PnT(v) II , v E S, 0 ~ t ~ 1. (11.6.19) 

We assert that 

sup IIT(v) - PnT(v)II--+ 0 as n --+ 00. 
vES 

This follows by writing this in the equivalent form 

sup Ilw - Pnwll --+ 0 as n --+ 00. 
wET(S) 

This results follows from Lemma 11.1.3, (11.6.8), and the precompactness 
of T(S). 

When combined with (11.6.19), we have that for all sufficiently large n, 
say, n ~ N(E), 

a 
IIX(v, t)11 ~ 2' v E S, 0 ~ t ~ 1. 

This completes the proof of (11.6.15), the fourth hypothesis of P2 of Sub
section 4.5.1. As discussed earlier, this implies that (11.6.3) has solutions 
within B( u*, E). As we make E --+ 0, this construction also implies the ex
istence of a sequence of approximating solutions Un that converges to u* 
as n --+ 00. The analysis of the preceding few paragraphs is essentially the 
argument given in Krasnoselskii [98, Section 3.3] for the convergence of 
Galerkin's method for solving (11.6.1). 

This is a powerful means of argument for the existence and convergence 
of approximation solutions of a completely continuous fixed-point problem. 
But it does not imply that the equations (11.6.3) are uniquely solvable, 
and indeed they may not be. For an example in which v = T( v) has a 
isolated fixed-point u*, but one for which the approximating equations are 
not uniquely solvable in any neighborhood of u*, see [10, p. 590]. 

11.6.3 The approximating finite-dimensional problem 

Consider solving the Urysohn nonlinear equation 

u(x) = f(x) + 1 k(x, y, u(y)) dy == T(u)(x), xED 

for an integration region D ~ JRd. We denote by V the function space for the 
consideration of this equation, and we let Vn denote the finite-dimensional 



11.6. Projection methods for nonlinear equations 403 

subspace from which our approximation will be chosen, 

un(x) = 2: Cj¢j(x), xED. 
j=l 

(11.6.20) 

In this discussion, recall the general framework of Section 11.1 and the 
specific examples of Section 11.2. 

To be more specific, let V be a space of continuous functions, and let Pn 

be an interpolatory projection operator from V to Vn , based on node points 
{Xj 11 ~ j ~ K:n }. Then the approximating equation (11.6.3) is equivalent 
to choosing Un as in (11.6.20) with {Cj} satisfying the nonlinear system 

i = 1, ... ,K:n . 

(11.6.21 ) 

This is a nontrivial system to solve, and usually some variant of Newton's 
method is used to find an approximating solution. From a practical per
spective, a major difficulty is that the integral will need to be numerically 
evaluated repeatedly with varying Xi and varying iterates {cJkl }, where k 
is an index for the iterative solution of the system. 

An important variant is possible for the Hammerstein equation 

U(x) = f(x) + L k(x, y)g(y, u(y)) dy == T(u)(x), xED. (11.6.22) 

We can convert this problem to one for which the number of needed 
numerical integrations is reduced greatly. Introduce a new unknown 

w(x) = g(x, u(x)), 

Then u can be recovered from w using 

u(x) = f(x) + L k(x, y)w(y) dy, 

To solve for w, use the equation 

xED. 

xED. 

w(x) = 9 (x, f(x) + L k(x, y)w(y) dY) , xED. 

(11.6.23) 

(11.6.24) 

If we examine the nonlinear system (11.6.21) for this equation, we can 
greatly minimize the needed integrations, needing only the evaluations of 
the integrals 

L k(Xi' Y)¢j(Y) dy, i,j = 1, ... ,K:n 

The integrations need not be recomputed for each iteration of the solution 
of the nonlinear system. We leave the further analysis of this to Exercise 
11.6.4. For further literature on this method, see [104]. 
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Exercise 11.6.1 Prove (11.6.7) of Lemma 11.6.1. 
Hint: Use the definition (11.6.4) to write out both R(Vl; vo) and R(V2; vo). 
Simplify; then apply (11.6.5) and (11.6.6). 

Exercise 11.6.2 Prove (11.6.11) and (11.6.12), provided that El > 0 is 
chosen sufficiently small and n is chosen sufficiently large. 

Exercise 11.6.3 Using (11.6.9), prove a weaker form of(I1.6.13), namely, 

Ilu* - unll v :s c Ilu* - Pnu*llv, 

for some N 2: 1, with c a constant (dependent on N). 

Exercise 11.6.4 Fill in the details of the solution of the nonlinear system 
(11.6.21) for the equation (11.6.24). 

Exercise 11.6.5 Do a detailed presentation and analysis of the solution 
of 

u(t) = g(t) + lb k(t,s,u(s))ds, 

using piecewise linear collocation (as in Subsection 11.2.1). Include a 
discussion of the nonlinear system that you must setup and solve. 

Exercise 11.6.6 Repeat Exercise 11.6.5 for the equations (11.6.23)
(11.6.24) . 

Exercise 11.6.7 Recall the material of Section 11.3 on iterated projection 
methods. Define the iterated projection solution for 11.6.3 as 

Un = T(un). 

Show Pnun = Un and Un = T(Pnun). This can be used as a basis for a 
direct analysis of the convergence of {un}. 

Suggestion for Further Readings 
Parts of this chapter are a modification of portions of the presentation in 

ATKINSON [13, Chaps. 3,4). Another introduction to the numerical solution 
of integral equations is given in KRESS [100). The first general treatment 
of projection methods appears to have been due to L.V. Kantorovich in 
1948, and those arguments appear in an updated form in KANTOROVICH 
AND AKILOV [88). The general theory of collectively compact operator ap
proximations was created by P. ANSELONE, and the best introduction to 
it is his book [2). For a survey of numerical methods for solving nonlinear 
integral equations, see ATKINSON [12). Extensions of the ideas of Section 
11.6 to Nystrom's method for nonlinear equations are given in ATKINSON 
[8) and ATKINSON AND POTRA [16). 



12 
Boundary Integral Equations 

In Chapter 9, we examined finite element methods for the numerical so
lution of Laplace's equation. In this chapter, we propose an alternative 
approach. We introduce the idea of reformulating Laplace's equation as 
a boundary integral equation (BIB), and then we consider the numerical 
solution of Laplace's equation by numerically solving its reformulation as 
a BIE. Some of the most important boundary value problems for elliptic 
partial differential equations have been studied and solved numerically by 
this means; and depending on the requirements of the problem, the use of 
BIE reformulations may be the most efficient means of solving these prob
lems. Examples of other equations solved by use of BIE reformulations 
are the Helmholtz equation (~u + AU = 0) and the biharmonic equation 
(~2u = 0). We consider here the use of boundary integral equations in 
solving only planar problems for Laplace's equation. For the domain D for 
the equation, we restrict it or its complement to be a simply connected set 
with a smooth boundary S. Most of the results and methods given here 
will generalize to other equations (e.g., Helmholtz's equation). 

In this chapter, Section 12.1 contains a theoretical framework for BIE 
reformulations of Laplace's equation in ]R2, giving the most popular of such 
boundary integral equations. For much of the history of BIB, those of the 
second kind have been the most popular; this includes the work of Ivar 
Fredholm, Carl Neumann, David Hilbert, and others in the late 1800s and 
early 1900s. In Section 12.2, we discuss the numerical solution of such BIE 
of the second kind. In Section 12.3, we introduce briefly the study of BIE 
of the first kind, and we discuss the use of Fourier series as a means of 
studying these equations and numerical methods for their solution. 



406 12. Boundary Integral Equations 

As in the preceding Chapter 11, here we use notation that is popular in 
the literature on boundary integral equations. 

12.1 Boundary integral equations 

Let D be a bounded, open, simply connected region in the plane, and let its 
boundary be denoted by S. At a point PES, let np denote the inner unit 
normal to S. We restate the principal boundary value problems of interest 
when solving Laplace's equation on D. 

The interior Dirichlet problem: 
Find u E C(D) n C2 (D) that satisfies 

~u(P) = 0, 

u(P) = f(P), 

PED 

PES 

with f E C(S) a given boundary function. 

The interior Neumann problem: 
Find u E C 1 (D) n C 2 (D) that satisfies 

~u(P) = 0, P E D 

ou(P) = f(P), PES 
onp 

with f E C(S) a given boundary function. 

(12.1.1) 

(12.1.2) 

Another important boundary value problem is that with a mixture of 
Neumann and Dirichlet boundary conditions on different sections of the 
boundary, or perhaps some combination of them. The techniques intro
duced here can also be used to study and solve such mixed boundary value 
problems, but we omit any such discussion here. Corresponding to the inte
rior Dirichlet and Neumann problems given above, there are corresponding 
exterior problems. These are discussed later in the section. Functions satis
fying Laplace's equation are often called "harmonic functions." The study 
of Laplace's equation is often referred to as "potential theory," since many 
applications involve finding a potential function u in order to construct a 
conservative vector field V' u. 

The above boundary value problems have been discussed earlier, in Chap
ter 7. Here we give a theorem summarizing the main results on their 
solvability, in the form needed here. 

Theorem 12.1.1 Let the function f E C(S); and assume S can be 
parameterized by a twice continuously differentiable function. Then 

1. The Dirichlet problem (12.1.1) has a unique solution. 
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2. The Neumann problem (12.1.2) has a unique solution, up to the 
addition of an arbitrary constant, provided 

is f(Q) dS = o. (12.1.3) 

12.1.1 Green's identities and representation formula 

A very important tool for studying elliptic partial differential equations is 
the divergence theorem or Gauss's theorem. This was given earlier in Section 
6.6 of Chapter 6 (cf. Proposition 6.6.1); but we re-state it in the form needed 
for the planar Laplace equation, a form usually called "Green's theorem." 
We state the result for regions n that are not simply connected and whose 
boundaries need not be smooth. This form is needed when proving Green's 
representation formula (12.1.23). 

Let n denote an open planar region. Let its boundary r consist of m + 1 
distinct simple closed curves, m 2: 0, 

r = ro u··· urm . 

Assume r 1, ... , r m are contained in the interior of r o. For each i = 
1, ... , m, let r i be exterior to the remaining curves r 1, ... , r i - 1, rH1 , ... , r m. 

Further, assume each curve r i is a piecewise smooth curve. We say a curve 
"I is piecewise smooth if-

1. It can be broken into a finite set of curves "11, ... , "Ik with each 
"Ij having a parametrization that is at least twice continuously 
differentiable. 

2. The curve "I does not contain any cusps, meaning that each pair of 
adjacent curves "Ii and "IH1 join at an interior angle in the interval 
(0,2n). 

The region n is interior to r o, but it is exterior to each of the curves 
r 1, ... , r m. The orientation of r ° is to be counterclockwise, while the curves 
r 1, ... , r m are to be clockwise. 

Theorem 12.1.2 (The divergence theorem) Assume F : 0 --; JR.2 with 
each component of F contained in Cl (0). Then-

in \7. F(Q) dn = -l F(Q) . n(Q) dr. (12.1.4) 

This important result, which generalizes the fundamental theorem of the 
calculus, is proven in most standard textbooks on "advanced calculus." It 
is also a special case of Proposition 6.6.1 from Chapter 6. 

Using the divergence theorem, one can obtain Green's identities and 
Green's representation formula. Assuming u E Cl(O) and wE C2 (0), one 
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can prove Green's first identity by letting F = uV'w in (12.1.4): 

In u~wdn + In V'u· V'wdn = -[ u ~: dr. (12.1.5) 

(This was given earlier in (6.6.4) of Chapter 6.) 
Next, assume u, w E C2(0). Interchanging the roles of u and w in 

(12.1.5), and then subtracting the two identities, one obtains Green's second 
identity: 

In [u~w - w~u] dn = [ [w~: - u~:] dr. (12.1.6) 

The identity (12.1.5) can be used to prove (i) if the Neumann problem 
(12.1.2) has a solution, then it is unique up to the addition of an arbitrary 
constant; and (ii) if the Neumann problem is to have a solution, then the 
condition (12.1.3) is necessary. The identity (12.1.5) also leads to a proof 
of the uniqueness of possible solutions of the Dirichlet problem. 

Return to the original domain D on which the problems (12.1.1) and 
(12.1.2) are posed, and assume u E C2(D). Let u(Q) be a solution of 
Laplace's equation, and let w(Q) = log IA - QI, with A E D. Here IA - QI 
denotes the ordinary Euclidean length of the vector A - Q. Define n to be 
D after removing the small disk B(A, f) == {Q I IA - QI ~ f}, with f > 0 
so chosen that B(A, 2f) cD. Note that for the boundary r of n, 

r=su{QIIA-QI=f}. 

Apply (12.1.6) with this choice of n, and then let f ---+ o. Doing so, and then 
carefully computing the various limits, we obtain Green's representation 
formula: 

u(A)=~ f [aau(Q)IOgIA-QI-U(Q)aa [logIA-QI]]dSQ, AED. 
271" is nQ nQ 

(12.1. 7) 

This expresses u over D in terms of the boundary values of u and its normal 
derivative on S. 

Prom hereon in this chapter, we assume S has a parametrization r(t) 
that is in C2. Some of the results given here are still true if S is only 
piecewise smooth; but we refer to [13, Chaps. 7-9] for a more complete 
treatment. 
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We can take limits in (12.1.7) as A approaches a point on the boundary 
S. Let PES. Then after a careful calculation, 

lim (aau(Q) log IA - QI dSQ = (aau(Q) log IP - QI dSQ, 
A~pis nQ is nQ 

lim (u(Q) a a [log IA - Qil dSQ (12.1.8) 
1Eb is nQ 

= -7ru(P) + (u(Q)aa [log IP - Qil dSQ. is nQ 

A proof of (12.1.8), and of the associated limit in (12.1.26), can be found 
in [39, pp. 197-202l or in many other texts on Laplace's equation. 

Using these limits in (12.1.7) yields the relation 

u(P) =.!. ( [aau(Q) log IP - QI- u(Q) aa [log IP - Qll] dSQ, PES 
7r is nQ nQ 

(12.1.9) 

which gives a relationship between the values of u and its normal derivative 
on S. 

The formula (12.1.9) is an example of a boundary integral equation; and 
it can be used to create other such boundary integral equations. First, 
however, we need to look at solving Laplace's equation on exterior regions 
De = ]R2\D and to obtain formulas that correspond to (12.1.7)-(12.1.9) 
for such exterior regions. We also use the notation Di = D in some places, 
to indicate clearly that an interior region is being used. 

12.1.2 The Kelvin transformation and exterior problems 

Define a transformation T: ]R2\{O} --+ ]R2\{O}, 

1 
T(x, y) = (~, 7]) == 2(x, y), 

r 

In polar coordinates, 

1 
T(rcosO,rsinO) = -(cosO,sinO). 

r 

(12.1.10) 

Thus a point (x, y) is mapped onto another point (~, 17) on the same ray 
emanating from the origin, and we call (~, 7]) the inverse of (x, y) with 
respect to the unit circle. Note that T(T(x,y)) = (x,y), so that T- 1 = T. 
The Jacobian matrix for T is 

( a~ a~) J(T) = ax ay = ~H a7] a7] r2 

ax ay 

(12.1.11) 
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with 

( 
y2 _ X2 - 2xy ) 

H _ r2 r2 
- _ 2xy X2 _ y2 . 

r2 r2 

The matrix H is orthogonal with determinant -1, and 

1 
det[J(T(x, y))] = -2. 

r 

Assume the bounded open region D == Di contains the origin o. For a 
function u E C (D e), define 

u(~, 1]) = u(x, y), (~, 1]) = T(x, y), (x, y) E De. (12.1.12) 

This is called the Kelvin transformation of u. Introduce the interior region 
D = T(De), and let S denote the boundary of D. The boundaries 8 and S 
have the same degree of smoothness. In addition, the condition (~, 1]) ~ 0 in 
D corresponds to r ~ 00 for points (x, y) E De. For a function u satisfying 
Laplace's equation on D, it is a straightforward calculation to show 

(~, 1]) = T(x, y), (x, y) E De, 
(12.1.13) 

thus showing u to be harmonic on D. We can pass from the solution of 
~aplace's equation on the unbounded region De to the bounded open region 
D. 

If we were to impose the Dirichlet condition u = f on the boundary 8, 
this is equivalent to the Dirichlet condition 

u(~, 1]) = f(T-l(~, 1])), (~, 1]) E S. 
From the existence and uniqueness result of Theorem 12.1.1, the inte
rior Dirichlet problem on D will have a unique solution. This leads us 
to considering the following problem. 

The exterior Dirichlet problem: 
Find u E C(De) n C2 (De) that satisfies 

t,.u(P) = 0, 

u(P) = f(P), 

lim sup lu(P)! < 00, 
r->oo IPI2:r 

PEDe 

PE8 

with f E C(8) a given boundary function. 

(12.1.14) 

Using the above discussion on the Kelvin transform, this converts to the 
interior Dirichlet problem 

t,.u(~, 1]) = 0, 

u(~, 1]) = f(T-l(~, 1])), 

(~, 1]) E D 
(~, 1]) E S, 

(12.1.15) 
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and Theorem 12.1.1 guarantees the unique solvability of this problem. The 
condition on u(x, y) as r --> 00 can be used to show that u(~, "') has a 
removable singularity at the origin; and u(O, 0) will be the value of u(x, y) 
as r --> 00. Thus the above exterior Dirichlet problem has a unique solution. 

For functions u E C1(De), 

au(x,y) 2au(~,,,,) 
an(x, y) = -p an(~, ",)' (12.1.16) 

with n(~, "') the unit interior normal to B at (~, "'). Thus the Neumann 
condition 

au(x,y) =f( ) a () x, y , 
n x,y 

(x,y) E S 

is equivalent to 

au(~,,,,) 1 -1 _ ~ 
an(~, "') = - p2 f(7 (~, "')) = f(~, "'), (~, "') E B. 

Also, 

r au dS = _ r a~ dB. 
Jsan han 

Using this information, consider the following problem. 

The exterior Neumann problem: 
Find u E C1 (De) n C2(De) that satisfies 

~u(P) = 0, 

au(p) = f(P), 
anp 

PEDe 

(12.1.17) 

(12.1.18) 

(12.1.19) 

u(rcosO,rsinO) = 0 (~) , au(rcosO,rsinO) = 0 (~) 
ar r2 

(12.1.20) 

as r --> 00, uniformly in O. The function f E C(S) is assumed to 
satisfy 

just as in (12.1.3) for the interior Neumann problem. 

Combining (12.1.18) with (12.1.21) yields 

hf(~,"')dB=O. 

(12.1.21) 

(12.1.22) 
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The problem (12.1.19) converts to the equivalent interior problem of 
finding u satisfying 

~u(~, 1]) = 0, 

8u(~, 1]) ~ 
8n(~, 1]) = f(~, 1]), 

u(O, 0) = 0. 

(~, 1]) E fl, 

(~, 1]) E S, (12.1.23) 

By Theorem 12.1.31 and (12.1.22), this has a unique solution U. This gives 
a complete solvability theory for the exterior Neumann problem. 

The converted problems (12.1.15) and (12.1.23) can also be used for 
numerical purposes, and later we will return to these reformulations of 
exterior problems for Laplace's equation. 

Green's representation formula on exterior regions 

From the form of solutions to the interior Dirichlet problem, and us
ing the Kelvin transform, we can assume the following form for potential 
functions u defined on De: 

u(rcosO, r sin 0) = u(oo) + c~) + 0 (:2) (12.1.24) 

as r ----+ 00 and with c( 0) = A cos 0 + B sin 0 for suitable constants A, B. 
The notation u( (0) denotes the limiting value of u(r cos 0, r sin 0) as r ----+ 00. 

From this, we can use the Green's representation formulas (12.1. 7)-(12.1.9) 
for interior regions to obtain the following Green's representation formula 
for potential functions on exterior regions. 

u(A) = u(oo) - ~ r 8:(Q) log IA - QI dBQ 
21l'is unQ 

+ 21 r u(Q) >; 8 [log IA - Qll dBQ , 
1l'is unQ 

To obtain a limiting value as A ----+ P E B, we need the limit 

lim r u( Q) >;8 [log IA - Qll dBQ 
A-+P is unQ 
AEDe 

= 1l'u(P) + r U(Q) >; 8 [log IP - Qll dBQ . 
is unQ 

(12.1.25) 

(12.1.26) 

Note the change of sign of u(P) when compared to (12.1.8). Using this in 
(12.1.25), we obtain 

11 8u(Q) u(P) = 2u(00) - - ->;-log IP - QI dBQ 
1l' S unQ 11 8 + - u(Q)~ [log IP - Qll dBQ , 

1l' S unQ 
PEB. (12.1.27) 
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12.1.3 Boundary integral equations of direct type 

The equations (12.1.7) and (12.1.25) give representations for functions har
monic in Di and De, respectively, in terms of u and au/an on the boundary 
S of these regions. When given one of these boundary functions, the equa
tions (12.1.9) and (12.1.27) can often be used to obtain the remaining 
boundary function. Numerical methods based on (12.1.9) and (12.1.27) are 
said to be of "direct type," as they find u or au/an on the boundary and 
these are quantities that are often of immediate physical interest. We will 
illustrate some of the possible BIE of direct type, leaving others as problems 
for the reader. 

The interior Dirichlet problem (12.1.1) 

The boundary condition is u(P) = f(P) on S; and using it, (12.1.9) can 
be written as 

~ r p(Q) log IP - QI dSQ = g(P), 
7r is 

PE S. (12.1.28) 

To emphasize the form of the equation, we have introduced 

(Q) = au(Q) 
p - J'l ' unQ 

11 a g(P) == f(P) + - f(Q)~ [log IP - Qll dSQ. 
7r S unQ 

The equation (12.1.28) is of the first kind, and it is often used as the 
prototype for studying boundary integral equations of the first kind. In 
Section 12.3, we discuss the solution of (12.1.28) in greater detail. 

The interior Neumann problem (12.1.2) 

The boundary condition is au/an =f on S; and using it, we write (12.1.9) 
as 

u(P) + ~ r u(Q) J'l a [log IP - Qll dSQ 
7r is unQ 

= ~ r f(Q) log IP - QI dSQ , 
7r is 

(12.1.29) 
PE S. 

This is an integral equation of the second kind. Unfortunately, it is not 
uniquely solvable; and this should not be surprising when given the lack of 
unique solvability for the Neumann problem itself. The homogeneous equa
tion has u == 1 as a solution, as can be seen by substituting the harmonic 
function u == 1 into (12.1.9). The equation (12.1.29) is solvable if and only 
if the boundary function f satisfies the condition (12.1.3). The simplest 
way to deal with the lack of uniqueness in solving (12.1.29) is to introduce 
an additional condition such as 

u(P*) = 0 

for some fixed point P* E S. This will lead to a unique solution for (12.1.29). 
Combine this with the discretization of the integral equation, to obtain a 
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suitable numerical approximation for u. There are other ways of converting 
(12.1.29) to a uniquely solvable equation, and some of these are explored 
in [6]. However, there are preferable alternative ways to solve the interior 
Neumann problem. One of the simplest is simply to convert it to an equiv
alent exterior Neumann problem, using the Kelvin transform given earlier; 
and then use techniques for the exterior problem, such as the BIE given in 
(12.1.30) below. 

The exterior Neumann problem (12.1.19) 

The boundary condition is ou/on =f on S, and u also satisfies u(oo) = O. 
Using this, (12.1.27) becomes 

11 0 u(P) - - u(Q)-o [log IP - QI] dSQ 
7f S nQ 

= -~ ( f(Q) log IP - QI dSQ, 
7f is 

(12.1.30) 
PE s. 

This equation is uniquely solvable, as will be discussed in greater detail 
below, following (12.2.3) in Section 12.2. This is considered a practical 
approach to solving the exterior Neumann problem, especially when one 
wants to find only the boundary data u(P), PES. The numerical solution 
of the exterior Neumann problem using this approach is given following 
(12.2.24) in Section 12.2. 

As above, we assume the boundary S is a smooth simple closed curve 
with a twice continuously differentiable parametrization. More precisely, 
let S be parameterized by 

ret) = (~(t), 17(t)), 05:.t5:.L (12.1.31) 

with r E C2 [0, L] and Ir'(t)1 -=I- 0 for 05:. t 5:. L. We assume the parametriza
tion traverses S in a counter-clockwise direction. We usually consider 
ret) as being extended periodically from [O,L] to (-00,00); and we write 
r E C; (L ), generalizing from the definition of C; (27f) given in Chapter l. 
Introduce the interior unit normal net) that is orthogonal to the curve S 
at ret) : 

(-17'(t), e(t)) 
net) = Je(t)2 + 17'(t)2· 

Using this representation ret) for S, and multiplying in (12.1.30) by -7f, 
we can rewrite (12.1.30) as 

-7fu(t)+ 1£ k(t,s)u(s)ds=g(t), o 5:. t 5:. L, (12.1.32) 
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where 

(12.1.33) 

(12.1.34) 

and 

g(t) = 10L J(r(s))Je(s)2 + TJ'(s)2log Ir(t) - r(s)1 ds. (12.1.35) 

In (12.1.32), we have used u(t) == u(r(t)), for simplicity in notation. The 
second fraction in (12.1.33) uses first- and second-order Newton divided 
differences, to obtain the limiting value k(t, t) of (12.1.34) more easily. The 
value of k(t, t) is one-half the curvature of Sat ret). 

As in earlier chapters, we write (12.1.32) symbolically as 

( -7f + K)u = g. (12.1.36) 

By examining the formulas for k(t, s), we have 

r E CK[O, L] =? k E CK- 2([0, L] x [0, L]). (12.1.37) 

The kernel function k is periodic in both variables, with period L, as are 
also the functions u and g. 

Recall from Example 1.2.22(a) of Chapter 1 the space C~(27f) of all C
times continuously differentiable and periodic functions on ( - 00, 00 ). Since 
the parameterization ret) is on [O,L], we generalize C~(27f) to C~(L), with 
functions having period L on (-00,00). The norm is 

Ilhlll = max {llhll oo , 11h'1100, ... , Ilh(£) 1100 } 

with the maximum norm taken over the interval [0, L]. We always assume 
for the parametrization that r E C; (L), with Ii ~ 2; and therefore the 
integral operator K is a compact operator from Cp(L) to Cp(L). More
over, from (12.1.37), K maps Cp(L) to C;-2(L). The numerical solution of 
(12.1.32) is examined in detail in Section 12.2, along with related integral 
equations. 

Using the Kelvin transform, the interior Neumann problem (12.1.1) can 
be converted to an equivalent exterior Neumann problem, as was done in 
passing between (12.1.19) and (12.1.23). Solving the exterior problem will 
correspond to finding that solution to the interior Neumann problem that 
is zero at the origin [where we assume 0 E Di]. 

The exterior Dirichlet problem (12.1.14) 

The Kelvin transform can also be used to convert the exterior Dirichlet 
problem (12.1.14) to an equivalent interior Dirichlet problem. After doing 
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so, there are many options for solving the interior problem, including using 
the first kind boundary integral equation (12.1.28). The value of u(oo) can 
be obtained as the value at 0 of the transformed problem. 

Boundary integral equations of indirect type 

Indirect BIE methods are based on representing the unknown harmonic 
function u as either a single layer potential, 

u(A) = fsp(Q) log IA - QI dSQ, 

or a double layer potential, 

u(A) = r p(Q){){) [log IA - QI] dSQ, is nQ 

(12.1.38) 

(12.1.39) 

These have physical interpretations, for example, letting p denote a given 
charge density on S or a dipole charge density on S. For a classical inter
pretation of such potentials, see Kellogg [93]. Both of these formulas satisfy 
Laplace's equation for A E 1l~.2\S. The density p is to be chosen such that 
u satisfies given boundary conditions on S. 

Double layer potentials 

Suppose the function u is the solution of the interior Dirichlet problem 
with u == f on S. Then use (12.1.8) to take limits in (12.1.39) as A -+ PES. 
This yields the boundary integral equation 

-7rp(P) + r p(Q) {){) [log IP - Qil dSQ = f(P), is nQ 
PES. (12.1.40) 

Note that the form of the left side of this equation is exactly that of 
(12.1.32) for the exterior Neumann problem. We discuss in detail the nu
merical solution of this and related equations in Section 12.2. Ivar Fredholm 
used (12.1.39) to show the solvability of the interior Dirichlet problem for 
Laplace's equation, and he did so by showing (12.1.40) is uniquely solvable 
for all f E C(S). 

The use of (12.1.40) gives a BIE of "indirect type," as the solution p 
is usually of only indirect interest, it being a means of obtaining u using 
(12.1.39). Usually, p has no immediate physical significance. 

Single layer potentials 

The single layer potentials are also used to solve interior and exterior 
problems, for both Dirichlet and Neumann problems. The single layer po
tential (12.1.38) satisfies Laplace's equation in Di UDe , and it is continuous 
in]R2, provided p E Ll(S). For example, to solve the interior Dirichlet prob
lem with boundary data u = f on S, we must solve the first kind integral 
equation 

fsp(Q) log IP - QI dSQ = f(P), PES. (12.1.41) 
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Some additional properties of the single layer potential are examined in the 
exercises at the end of this section. 

If we seek the solution of the interior Neumann problem (12.1.2) as a 
single layer potential (12.1.38), with boundary data I on S, then the density 
p must satisfy 

7rp(P) + r p( Q) aa [log IP - QI] dSQ = I(P), 
is np 

PES. (12.1.42) 

To obtain this, begin by forming the normal derivative of (12.1.38), 

au(A) [ r ] anp =np,VA i/(Q) loglA-QldSQ , 

Take the limit as A ---) PES. Using an argument similar to that used in 
obtaining (12.1.8), and applying the boundary condition au/anp = I, we 
obtain (12.1.42). The integral operator in (12.1.42) is the adjoint to that 
in (12.1.40); and the left side of the integral equation is the adjoint of the 
left side of (12.1.29). 

The adjoint equation (12.1.29) is not uniquely solvable, as p == 1 is a 
solution of the homogeneous equation. To see this, let u == 1 (and I == 0) in 
(12.1.29), thus showing that (12.1.29) is not a uniquely solvable equation. 
Since this is the adjoint equation to the homogeneous form of (12.1.42), 
we have that the latter is also not uniquely solvable (cf. Theorem 2.8.14 
in Subsection 2.8.5). An examination of how to obtain uniquely solvable 
variants of (12.1.42) is given in [6]. 

The single and double layer potentials of (12.1.38)-(12.1.39) can be given 
additional meaning by using the Green's representation formulas of this 
section. The density p can be related to the difference on the boundary 
S of solutions or their normal derivatives for Laplace's equation on the 
regions that are interior and exterior to S; see [13, pp. 317-320]. 

There are also additional representation formulas and boundary integral 
equations that can be obtained by other means. For example, representation 
formulas can be obtained from the Cauchy integral formula for functions of 
a complex variable. All analytic functions I(z) can be written in the form 

I(z) = u(x, y) + i vex, y). 

Using the Cauchy-Riemann equations for u and v, it follows that both u 
and v are harmonic functions in the domain of analyticity for f. For results 
obtained from this approach, see Mikhlin [118]. Most of the representa
tion formulas and BIE given in this section can also be obtained by using 
Cauchy's integral formula. 

Exercise 12.1.1 Derive (12.1.5)-(12.1.6). 

Exercise 12.1.2 Using (12.1.5), show that ilthe interior Dirichlet problem 
(12.1.1) has a solution, then it is unique. 
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Exercise 12.1.3 Derive (12.1.7), using the ideas sketched preceding the 
formula. 

Exercise 12.1.4 Derive (12.1.11) and (12.1.13). 

Exercise 12.1.5 Assume S is a smooth simple closed curve (r E C;(L)). 
Prove 

fs log IA - QI dSQ = 27r, AED. 

What is the value of this integral if A E S? If A E De? 

Exercise 12.1.6 Assume S is a smooth simple closed curve (r E C;(L)). 
What are the values of 

r aa [log IA - QI] dSQ is nQ 

for the three cases of A E D, A E S, and A E De? 

Exercise 12.1.7 Derive the formulas given in (12.1.33)-(12.1.34), and 
then show (12.1.37). 

Exercise 12.1.8 Consider the single layer potential u of (12.1.38). Show 
that 

u(A) ~ clog IAI as IAI ----> 00. 

What is c? Suppose you are solving the exterior Dirichlet problem by repre
senting it as the single layer potential in (12.1.38), say, with boundary data 
f on S. Then the density function p must satisfy the integral equation 

fsp(Q) log IP - QI dSQ = f(P), PES. 

In order to assure that this single layer potential u represents a function 
bounded at 00, what additional condition must be imposed on the density 
function p? 

Exercise 12.1.9 Derive the analogue of (12.1.33)-(12.1.34) for the inte
gral operator in (12.1.42). 

Exercise 12.1.10 Let the boundary parameterization for S be 

r(t) = ')'(t) (cost,sint), 

with ')'( t) a twice continuously and positive 27r-periodic function on [0,27r]. 
Find the kernel function k(t, s) of (12.1.32)-(12.1.34) for this boundary, 
simplifying as much as possible. What happens when s - t ----> O? 

Exercise 12.1.11 Generalize the preceding Exercise 12.1.10 to the bound
ary parameterization 

r(t) = ')'(t) (acost,bsint) , 
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with a, b > 0, and 'Y(t) a twice continuously and positive 27r-periodic func
tion on [0, 27r]. Find the kernel function k(t, s) of (12.1.32)-(12.1.34) for 
this boundary, simplifying as much as possible. 

12.2 Boundary integral equations of the second 
kind 

The original theory developed by Ivar Fredholm for the solvability of inte
gral equations was for the the boundary integral equations of the second 
kind introduced in the preceding section; and these equations have also 
long been used as a means to solve boundary value problems for Laplace's 
equation. In this section, we consider the numerical solution of these bound
ary integral equations of the second kind. We begin with a classic indirect 
method for solving the interior Dirichlet problem for Laplace's equation; 
and then the results for this method are extended to integral equations for 
the interior and exterior Neumann problems. 

Recall the double layer representation (12.1.39) for a function u harmonic 
on the interior region D i : 

u(A) = r p(Q) J'l0 [log IA - QI] dSQ , 
is unQ 

(12.2.1) 

To solve the interior Dirichlet problem (12.1.1), the density p is obtained 
by solving the boundary integral equation given in (12.1.40), namely, 

-7rp(P) + r p(Q) J'l0 [log IP - QI] dSQ = f(P), 
is unQ 

PES, (12.2.2) 

with f the given value of u on S. This is basically the same form of integral 
equation as in (12.1.30) for the exterior Neumann problem, with a different 
right-hand function. When the representation r(t) = (~(t), 1'](t)) of (12.1.31) 
for S is applied, this integral equation becomes 

-7rp(t) + 1£ k(t,s)p(s)ds = f(t), 0:::; t:::; L, (12.2.3) 

with k(t, s) given in (12.1.33)-(12.1.34) and f(t) == f(r(t)). The smoothness 
and periodicity of k is discussed in and following (12.1.37); and the natural 
function space setting for studying (12.2.3) is Cp(L) with the uniform norm. 
Symbolically, we write (12.2.3) as (-7r + K)p = f. 

The equation (12.2.2) has been very well studied, for over a century; for 
example, see the references and discussion of this equation in Colton [39, 
p. 216], Kress [100, p. 71], and Mikhlin [118, Chap. 4]. From this work, 
(-7r+K)-l exists as a bounded operator from Cp(L) to Cp(L). 

The functions j, p E Cp(L), and the kernel k is periodic in both variables, 
with period L, over (-00,00); and in addition, both k and p are usually 
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smooth functions. Thus the most efficient numerical method for solving the 
equation (12.2.3) is generally the Nystrom method with the trapezoidal 
rule as the numerical integration rule. Recall the extensive discussion of 
the trapezoidal rule in Proposition 6.5.6 of Chapter 6. 

Because of the periodicity, the trapezoidal rule simplifies further, and the 
approximating equation takes the form 

n 

-7rpn(t) + h L k(t, tj)Pn(tj) = f(t), o ::; t ::; L, (12.2.4) 
j=l 

with h = Lin, tj = jh for j = 1,2, ... , n. Symbolically, we write this as 
(-7r + Kn)Pn = f, with the numerical integration operator Kn defined 
implicitly by (12.2.4). Collocating at the node points, we obtain the linear 
system 

n 

-7rpn(ti) + h L k(ti' tj )Pn(tj) = f(ti), i = 1, ... ,n, (12.2.5) 
j=l 

whose solution is [Pn(tl), .. " Pn(tn)]T. Then the Nystrom interpolation 
formula can be used to obtain Pn (t): 

o ::; t ::; L. (12.2.6) 

This is a simple method to program; and usually the value of n is not too 
large, so that the linear system (12.2.5) can be solved directly, without 
iteration. 

The error analysis for the above is straightforward from Theorem 11.4.4 
of Chapter 11. This theorem shows that (12.2.4) is uniquely solvable for all 
sufficiently large values of n, say n ~ N; and moreover, 

n ~ N. (12.2.7) 

It is well known that the trapezoidal rule is very rapidly convergent when 
the integrand is periodic and smooth; and consequently, Pn ~ P with a 
similarly rapid rate of convergence. 

Example 12.2.1 Let the boundary S be the ellipse 

r(t) = (a cos t, b sin t), o ::; t ::; 27r. (12.2.8) 

In this case, the kernel k of (12.1.33) can be reduced to 

( s+t) k(t, s) = K, -2- , K,(O) = -ab 
2 [a2 sin2 0 + b2 cos2 OJ 

(12.2.9) 
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n (a, b) = (1,2) (a, b) = (1,5) (a, b) = (1,8) 
8 3.67E - 3 4.42E - 1 3.67E + 0 
16 5.75E - 5 1.13E - 2 1.47E -1 
32 1.34E -14 1.74E - 5 1.84E - 3 
64 3.96E -11 6.66E -7 
128 7.23E -14 

Table 12.1. Errors in density function pn for (12.2.10) 

and the integral equation (12.2.3) becomes 

r21r (s + t) -7rp(t) + io Ii -2- p(s) ds = f(t), o :::; t :::; 27r. (12.2.10) 

In Table 12.1, we give results for solving this equation with 

f(x, y) = eX cos y, (x,y) E S. (12.2.11) 

The true solution p is not known explicitly; but we obtain a highly accu
rate solution by using a large value of n, and then this solution is used to 
calculate the errors shown in the table. 

Results are given for (a,b) = (1,2) and (1,5). The latter ellipse is 
somewhat elongated, and this causes the kernel k to be more peaked. In 
particular, introduce the peaking factor 

( b) == maxlk(t,s)1 = [max{a,b}]2 
p a, minlk(t,s)1 min{a,b} 

Then p(l, 2) = 4, p(l, 5) = 25, p(l, 8) = 64. As the peaking factor becomes 
larger, it is necessary to increase n in order to retain comparable accuracy 
in approximating the integral Kp, and the consequences of this can be seen 
in the table. 

A graph of p is given in Figure 12.1 for (a, b) = (1,5), and it shows a 
somewhat rapid change in the function around t = 0 or (x, y) = (a,O) on 
S. For the same curve S, a graph of the error p(t) - Pn(t), 0 :s t :s 27r, 
is given in Figure 12.2 for the case n = 32. Perhaps surprisingly in light 
of Figure 12.1, the error is largest around t = 7r or (x, y) = (-a, 0) on S, 
where p is better behaved. 

12.2.1 Evaluation of the double layer potential 

When using the representation r(s) = (~(s),1J(s)) of (12.1.31) for S, the 
double layer integral formula (12.2.1) takes the form 

u(x,y) = 1L M(x,y, s)p(s) ds, (x,y) E Di (12.2.12) 



422 12. Boundary Integral Equations 
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Figure 12.1. The density p for (12.2.10) with (a, b) = (1,5) 
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Figure 12.2. The error p - P32 for (12.2.10) with (a, b) = (1,5) 

where 

M( ) - _1]'(S)[~(s) - x] + ((s)[1](s) - y] 
x, y, S - [~(s) - xJ2 + [1](s) - yJ2 . (12.2.13) 

This kernel is increasingly peaked as (x, y) approaches S. To see this more 
clearly, let S be the unit circle given by r(s) = (coss,sins), 0::; s ::; 27r. 
Then 

M( ) _ - cos s[cos s - x]- sin s[sin s - y] 
x, y, s - [ ]2 [. ]2 . coss-x + sms-y 
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To see the near-singular behavior more clearly, let (x, y) approach the point 
( cos s, sin s) along the line 

(x,y) = q(coss, sins), 0:::; q < 1. 

Then after simplifying, 

M (q cos s, q sin s, s) = _1_. 
1-q 

The integrand of (12.2.12) is increasingly peaked as q / 1. 
We use numerical integration to approximate (12.2.12); and since the 

integrand is periodic in s, the trapezoidal rule is an optimal choice 
when choosing among regular quadrature rules with uniformly distributed 
quadrature nodes. As (x, y) approaches S, the needed number of integra
tion nodes will need to be increased in order to retain equivalent accuracy 
in the approximate values of u(x, y). For (x, y) very close to S, other means 
should be used to approximate the integral (12.2.12), since the trapezoidal 
rule will be very expensive. 

To solve the original Dirichlet problem (12.1.1), we first approximate 
the density p, obtaining Pn; and then we numerically integrate the double 
layer integral based on Pn. To aid in studying the resulting approximation 
of u(x, y), introduce the following notation. Let un(x, y) be the double 
layer potential using the approximate density Pn obtained by the Nystrom 
method of (12.2.4): 

un(x, y) = 1L M(x, y, s)Pn(s) ds, (x, y) E Di . (12.2.14) 

Let un,m(x, y) denote the result of approximating un(x, y) using the 
trapezoidal rule: 

m 

(x, y) E D i . (12.2.15) 
i=l 

For the error in Un, note that U-Un is a harmonic function; and therefore, 
by the maximum principle for such functions, 

ma~ Iu(x, y) - un(x, y)1 = max Iu(x, y) - un(x, Y)I· 
(x,Y)EDi (x,Y)ES 

(12.2.16) 

Since U - Un is also a double layer potential, the argument that led to the 
original integral equation (12.2.1) also implies 

U(P) - un(P) = -7l"[p(P) - Pn(P)] 

+ r [p(Q) - Pn(Q)l ,:; a [log IP - Qil dSQ, PES. is unQ 
(12.2.17) 

Taking bounds, 

lu(P) - un(P)1 :::; [7l" + IIKlllllp - Pnlloo, PE s. (12.2.18) 
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Combined with (12.2.16), 

max_ Iu(x, y) - Un(X, y)1 S [7r + IIKII] lip - PnIL)O· 
(x,Y)ED; 

(12.2.19) 

If the region Di is convex, then the double layer kernel is strictly negative; 
and it can then be shown that 

IIKII =7r. (12.2.20) 

For convex regions, therefore, 

ma~ Iu(x, y) - un(x, y)1 S 27r lip - Pnlloo' 
(x,Y)ED; 

(12.2.21 ) 

An algorithm for solving the interior Dirichlet problem (12.1.1) can be 
based on first solving for Pn to a prescribed accuracy. Then (12.2.19) says 
Un has comparable accuracy uniformly on Di . To complete the task of 
evaluating un(x, y) for given values of (x, y), one can use the trapezoidal 
rule (12.2.15), varying m to obtain desired accuracy in un,m(x, y). The total 
error is then given by 

U(x, y) - un,m(x, y) = [u(x, y) - un(x, y)] + [un(x, y) - un,m(x, y)]. 
(12.2.22) 

Ideally, the two errors on the right side should be made comparable in size, 
to make the algorithm as efficient as possible. A Fortran program imple
menting these ideas is given in [15], and it also uses a slight improvement 
on (12.2.15) when (x,y) is near to S. 

r m=32 m=64 m= 128 m=256 
0 -1.34E - 2 -2.20E - 5 -1.68E - 6 -1.68E - 6 

.20 1.60E - 2 6.89E - 5 -1.82E - 6 -1.82E - 6 

.40 1.14E - 3 1.94E - 5 -1.49E - 7 -1.58E - 7 

.60 -7.88E - 2 -3.5E - 3 4.63E - 6 2.22E - 6 

.80 5.28E -1 2.33E - 2 -1.31E - 3 4.71E - 6 

.90 -1.13E + 0 4.82E -1 3.12E - 2 -2.64E - 4 

.94 -1.08E + 0 -8.44E -1 2.05E -1 1.85E - 3 

Table 12.2. Errors u(c(q)) - Un,m(c(q)) with n = 32 

Example 12.2.2 We continue with the preceding example (12.2.8)
(12.2.11), noting that the true solution is also given by (12.2.11). For the 
case (a, b) = (1,5) and n = 32, we examine the error in the numerical 
solutions Un and un,m along the line 

c(q)=q(acos~,bsin~), OSq<1. (12.2.23) 

A graph of the error u(c(q)) - un(c(q)), 0 S q S .94, is shown in Figure 
12.3. Note that the size of the error is around 20 times smaller than is 
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Figure 12.3. The errors u(c(q)) - un(c(q)) with n = 32 

predicted from the error of lip - P321100 = 1.74 x 10-5 of Table 12.1 and 
the bound (12.2.21). Table 12.2 contains the errors u(c(q)) -un,m(c(q)) for 
selected values of q and m, with n = 32. Graphs of these errors are given 
in Figure 12.4. Compare these graphs with that of Figure 12.3, noting the 
quite different vertical scales. It is clear that increasing m decreases the 
error, up to the point that the dominant error is that of u(x, y) - un(x, y) 
in (12.2.22). 

12.2.2 The exterior Neumann problem 

Recall the solving of the exterior Neumann problem (12.1.2) by means of 
the integral representation formula (12.1.25) and the boundary integral 
equation of (12.1.30). We rewrite the latter as 

-1fu(P) + r u(Q) fjO [log IP - QIJ dSQ 
is nQ 

= fsf(Q) log IP - QI dSQ, 

(12.2.24) 
PE S. 

The left side of this equation is the same as that of (12.2.2) for the interior 
Dirichlet problem; and it is therefore only the evaluation of the right side 
which concerns us here. Recalling (12.1.35), the right side is 

g(t) = 1L f(r(s))Je(s)2 + 1]'(s)2log Ir(t) - r(s)1 ds. (12.2.25) 
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Figure 12.4. The errors u(c(q)) - Un,m(C(q)) with n = 32 

This could be approximated using the product integration techniques of 
Section 11.5 in Chapter 11; but we consider a more efficient method. 

To simplify the notation, the parametrization r(t) of (12.2.1) is assumed 
to be defined on the standard interval [0, 27T]. Also, introduce 

4'(8) = J(r(8))Je(8)2 + 17'(8)2. (12.2.26) 

The integral (12.2.25) becomes 

rrr 
g(t) = 10 4'(8) log Ir(t) - r(8)1 d8, (12.2.27) 

We write the kernel of this integral in the form 

log Ir(t) - r(8)1 = log 12e-! sin C; 8) 1- 7Tb(t, 8) (12.2.28) 

with 

1 Ie! [r(t) - r(8)ll 
--log , t - 8 =1= 2m7T, 

7T !2sin (t -2 8)! b(t,8) = (12.2.29) 

t - 8 = 2m7T. 
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The integral (12.2.27) becomes 

[ 1 r21r I 1. (t - s) I r21r ] g(t) = -7r -;1
0 

<p(s)log 2e-:2sm -2- ds+ 1o b(t,s)<p(s)ds 

== -7r[A<p(t) + B<p(t)J. 
(12.2.30) 

Assuming r E C;(27r), the kernel function b E CK-l([O, 27rJ X [0, 27r]); and 
b is periodic in both variables t and s. Consequently, the second integral 
B<p(t) in (12.2.30) can be accurately and efficiently approximated using the 
trapezoidal rule. 

The first integral in (12.2.30) is a minor modification of the integral 
operator associated with the kernel log IP - QI for S equal to the unit 
circle about the origin, where we have 

1 r21r I 1 (t - s) I A<p(t) = -; 1o <p(s) log 2e-:2 sin -2- ds, o :S t :S 27r. 

(12.2.31 ) 

This operator was introduced in Section 6.5.4 and some properties of it 
were given there. 

In particular, 

(12.2.32) 

based on the Fourier series 

1 
1f'l(S) " in(m)eims 
.,.. = v'27f m~oo .,.. 

00 

for an arbitrary <p E L2(0, 27r). This is an expansion of A<p using the eigen
functions '¢m(t) == eimt and the corresponding eigenvalues of A. For a proof 
of this result, and for a much more extensive discussion of the properties 
of A, see Yan and Sloan [168J. 

As noted in Section 6.5.4, (12.2.32) can be used to show that A is a 
bijective bounded linear operator from HO(27r) == L2(0,27r) to Hl(27r), 
with IIAII = 1 for this mapping. The Sobolev space Hl(27r) was introduced 
in Definition 6.5.1 of Chapter 6. When A is considered as an operator from 
Cp (27r) to Cp (27r), we can show 

~ IIAII :S V 1 + "3 ~ 2.07. (12.2.33) 

For a derivation of this last bound, see [13, p. 330J. 
To approximate A<p, we approximate <p using trigonometric inter

polation; and then (12.2.32) is used to evaluate exactly the resulting 
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approximation of A<p. Let n 2': 1, h = 271"/(2n + 1), and 

tj = jh, j = 0, ±1, ±2, ... (12.2.34) 

Let Qn<P denote the trigonometric polynomial of degree::; n which interpo
lates '1'( t) at the nodes {to, h, ... , t2n}, and by periodicity at all other nodes 
tj (cf. Theorem 6.5.7 of Chapter 6). Also, let Tk ('I') denote the trapezoidal 
rule on [0,271"J with k subdivisions: 

2 k-l (2 .) 
Tk(<p) = : f; 'I' ~) , 

The interpolation polynomial can be written as 
n 

Qn<p(t) = L ojeijt . (12.2.35) 
j=-n 

The coefficients {OJ} can be obtained as numerical quadratures of the 
standard Fourier coefficients of '1'; see [13, p. 331J. 

For the error in Qn<P, recall the error bound (3.6.14) in Chapter 3. Then 

(IOgn) 
11'1' - Qn<Plloo = 0 nHa ' (12.2.36) 

In this, 'I' is assumed to be i-times continuously differentiable, and '1'(£) is 
assumed to satisfy the Holder condition 

-00 < s,t < 00, 

with c a finite constant. 
We approximate A<p(t) using AQn<p(t). From (12.2.32), 

j = 0, 
{

I, 

A'Ij;j = ~ ijt 1)·1> 0. Ij1e , 

Applying this with (12.2.35), 

n 

A<p(t) ~ AQn<p(t) = 00 + .L ~.I eijt , 
)=-n ) 
#0 

-00 < t < 00. 

To bound the error in AQn<P, we apply (12.2.33), yielding 

Using (12.2.36), this bound implies 

(IOgn) IIA<p - AQn<Plioo = 0 nHa ' 

(12.2.37) 

(12.2.38) 

(12.2.39) 

provided £+0> 0. The approximation AQn<P is rapidly convergent to A<p. 
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To complete the approximation of the original integral (12.2.30), ap
proximate Bcp(t) using the trapezoidal rule with the nodes {tj} of 
(12.2.34): 

Bcp(t) ~ T2n+1(b(t, .)cp) 
2 2n 

= 2n: 1Lb(t,t k )CP(tk ) 

k=O 

(12.2.40) 

== Bncp(t). 

To bound the error, we can use the standard Euler-MacLaurin error formula 
[13, p. 285] to show 

IBcp(t) - Bncp(t) I ::; O(n-R), cp E C~(27r). (12.2.41) 

This assumes that r E C;(27r) with;;, ;::: £ + l. 
To solve the original integral equation (12.2.24), we use the Nystrom 

method of (12.2.4)-(12.2.6) based on the trapezoidal numerical integration 
method with the 2n + 1 nodes {to, ... , t2n} of (12.2.34). The right side g 

of (12.2.30) is approximated by using (12.2.38) and (12.2.40), yielding the 
approximation 

(12.2.42) 

Error bounds can be produced by combining (12.2.39) and (12.2.41) with 
the earlier error analysis based on (12.2.7). We leave it as an exercise to 
show that if cp E C~(27r) for some £ ;::: 1, and if r E C;(27r) with;;, ;::: £ + 1, 
then the approximate Nystrom solution Un of (12.2.24) satisfies 

( lOgn) Ilu - unll oo ::; 0 7 . (12.2.43) 

Example 12.2.3 We solve the exterior Neumann problem on the region 
outside the ellipse 

r(t) = (acost,bsint), o ::; t ::; 27r. 

For purposes of illustration, we use a known true solution, 

x 
u(x,y) = 2 2· 

X +y 

This function is harmonic; and u( x, y) ----) 0 as x2 + y2 ----) 00. The Neumann 
boundary data is generated from u. Numerical results for (a, b) = (1,2) are 
given in Table 12.3; and in it, m = 2n + 1 is the order of the linear system 
being solved by the Nystrom method. A graph of the erroru(r(t))-un(r(t)) 
is given in Figure 12.5 for the case n = 16. 

Exercise 12.2.1 Derive the integral equation (12.2.9)-(12.2.10) for solv
ing the interior Dirichlet problem over an elliptical domain. 
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n m Ilu - unll oo 

8 17 3.16E - 2 
16 33 3.42E - 4 
32 65 4.89E - 8 
64 129 1.44E -15 

Table 12.3. The error Ilu - unll oo for (12.2.42) 

x 10'" . 

-3 

v V v 

~ A 1\ 1\ 

v V V v 

Figure 12.5. The error u(r(t)) - un(r(t)) for n = 16 and (a, b) = (1,2) 

Exercise 12.2.2 Write a program to solve (12.2.10), implementing the 
Nystrom method (12.2.4)-(12.2.6), as in Example 12.2.1. Experiment with 
varying values for n, (a, b), and boundary function f. For the latter, do 
experiments when f has a singular derivative (with respect to arc-length) 
on the boundary. 

Exercise 12.2.3 Using the computation of Exercise 12.1.11, develop and 
program a numerical method for the parameterization 

r(t) = (2 + cost) (acost,bsint) , o :S t :S 27r. 

Do so for a variety of values of the positive constants a, b. 

Exercise 12.2.4 Fill in the details of the arguments for the results given 
in (12.2.17)-(12.2.19). 

Exercise 12.2.5 Prove that for D a bounded convex region, IIKII = 7r, 
thus proving (12.2.20). 

Exercise 12.2.6 Confirm the formulas (12.2.27)-(12.2.29). 
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Exercise 12.2.7 Assume r E C;(27r). Show that the kernel function bet, s) 
of (12.2.29) belongs to 01<-1 ([0, 27r] X [0,27rD and that it is periodic in both 
variables t and s. 

Exercise 12.2.8 Derive the results in the paragraph preceding (12.2.33). 
In particular, show A is a bijective mapping of L2(0, 27r) to Hl(27r) with 
IIAII = 1 for this mapping. 

12.3 A boundary integral equation of the first kind 

Most of the original theoretical work with boundary integral equations was 
for integral equations of the second kind, and consequently, these types of 
boundary integral equations came to be the principal type used in appli
cations. In addition, some integral equations of the first kind can be quite 
ill-conditioned, and this led some people to avoid such equations in gen
eral. Finally, numerical methods for integral equations of the first kind were 
difficult to analyze until somewhat recently. 

Boundary integral equations of the first kind, however, are generally 
quite well behaved; and recently, they have been an increasingly popular 
approach to solving various boundary value problems. In this section, we 
look at a well-studied boundary integral equation of the first kind, and we 
introduce some general analytical tools by means of doing an error analysis 
of a numerical method for solving this integral equation. 

Returning to Section 12.1, the BIE (12.1.28) is an integral equation of 
the first kind of direct type. Introducing a change of sign, we write this 
integral equation as 

-.!. r p(Q) log IP - QI dSQ = g(P), 
7r is PE S. (12.3.1) 

In this case, the unknown density p is the value of the normal derivative on 
S of the unknown harmonic function u. This integral equation also arises 
as an indirect BIE for solving the interior Dirichlet problem for Laplace's 
equation (cf. (12.1.41) when A E S). In this section, we consider various 
numerical methods for solving this integral equation, building on the ideas 
introduced in Section 12.2 following (12.2.25). 

The solvability theory for (12.3.1) is well-developed, and an excellent 
presentation of it is given in Yan and Sloan [168]. In particular, if 

diameter(Di ) < 1, (12.3.2) 

then the equation (12.3.1) is uniquely solvable for all 9 E Hl(S). [The 
space Hl(S) is equivalent to the space Hl(27r) that was introduced in 
Definition 6.5.1 of Chapter 6, provided S is a smooth simple closed curve, 
as is assumed for this chapter.] More generally, the integral equation is 
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uniquely solvable if the equation 

Is 'lj;(Q) log IP - QI dSQ = 1, PES (12.3.3) 

does not possess a solution. This is assured if (12.3.2) is satisfied; and 
since harmonic functions remain such under uniform scalar change of vari
ables, we can assume (12.3.1) with no loss of generality. Curves S for which 
(12.3.3) has a solution are called "f-contours," and they are discussed at 
length in [168]. 

Write the first kind boundary integral equation (12.3.1) in the form 

1 r21r I 1. (t -s) I -; 10 'P(s) log 2e-"2 sm -2- ds 

_121r b(t, s)'P(s) ds = g(t), 

(12.3.4) 

o ::; t ::; 211' 

with 'P(s) == p(r(s)) Ir'(s)l. This decomposition of the integral operator 
of (12.3.1) was given earlier in (12.2.27)-(12.2.29). We write (12.3.4) in 
operator form as 

A'P+ B'P = g. (12.3.5) 

Because of the continuity and smoothness properties of b, the operator 
B maps Hq(21T) into Hq+2(21T), at least. Using the embedding result that 
Hq+2(21T) is compactly embedded in Hq+l(21T) (cf. Theorem 6.3.11), it 
follows that B is a compact operator when considered as an operator from 
Hq(21T) into Hq+l(21T). Also, recall from (6.5.18) that 

A: Hq(21T) 1-=.1 Hq+l(21T), 
onto 

q 2: o. (12.3.6) 

On account of these mapping properties of A and B, we consider the in
tegral equation (12.3.5) with the assumption g E Hq+1(21T); and we seek a 
solution 'P E Hq(21T) to the equation. 

From (12.3.6), the equation (12.3.5) is equivalent to 

(12.3.7) 

This is an integral equation of the second kind on Hq(21T); and A-I B is 
a compact integral operator when regarded as an operator on Hq(21T) into 
itself. Consequently, the standard Fredholm alternative theorem applies; 
and if the homogeneous equation 'P+ A-I B'P = 0 has only the zero solution, 
then the original nonhomogeneous equation has a unique solution for all 
right sides A-1g. From [168], if S is not a f-contour, then the homogeneous 
version of the original integral equation (12.3.5) has only the zero solution; 
and thus by means of the Fredholm alternative theorem applied to (12.3.7), 
the integral equation (12.3.5) is uniquely solvable for all g E Hq+l(21T). 
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12.3.1 A numerical method 

We give a numerical method for solving the first kind single layer equation 
(12.3.1) in the space L2(0, 27f). The method is a Galerkin method using 
trigonometric polynomials as approximations. We assume that the integral 
equation (12.3.1) is uniquely solvable for all 9 E HI (27f). 

For a given n ~ 0, introduce 

Vn = span{ 1P-n,' .. ,1Po, ... ,1Pn} 

with 1Pj(t) = eijt jv'2ir; and let Pn denote the orthogonal projection of 
L2(0, 27f) onto Vn (cf. Section 3.6.1). For <p = L am1Pm, it is straightforward 
that 

n 

Pn<p(s) = L am1Pm(s) 
m=-n 

the truncation of the Fourier series for <po 

Recall the decomposition (12.3.4)-(12.3.5) of (12.3.1), 

A<p+B<p = 9 

with A<p given in (12.2.32). It is immediate that 

Approximate (12.3.8) by the equation 

Pn(A<Pn + B<Pn) = Png, 

Letting 
n 

<Pn(s) = L a~)1Pm(S) 
m=-n 

(12.3.8) 

(12.3.9) 

(12.3.10) 

and recalling (12.2.34), the equation (12.3.10) implies that the coefficients 

{ a~)} are determined from the linear system 

(n) n {21r {21r 
maxat1, Ikl} + m~n a~) io io b(t, s)1Pm(S)1Pk(t) ds dt 

= 121r g(t)1Pk(t) dt, k = -n, . .. ,n. 

(12.3.11) 

Generally these integrals must be evaluated numerically. 
The equation (12.3.8) is equivalent to 

<p + A-I B<p ="A-Ig. (12.3.12) 

The right-side function A-Ig E L2(0, 27f), by (12.3.6) and by the earlier 
assumption that 9 E H 1(27f). From the discussion following (12.3.7), A-I B 
is a compact mapping from L2(0, 27f) into L2(0, 27f), and thus (12.3.12) is a 
Fredholm integral equation of the second kind. By the earlier assumption on 
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the unique solvability of (12.3.8), we have (1 +A-1 B)-l exists on L2(O, 211') 
to L2(O, 211'). 

Using (12.3.9), the approximating equation (12.3.10) is equivalent to 

(12.3.13) 

Equation (12.3.13) is simply a standard Galerkin method for solving the 
equation (12.3.12), and it is exactly of the type discussed in Subsection 
11.2.4. 

Since Pncp ---t cp, for all cP E L2(O,211'), and since A-1 B is a compact 
operator, we have 

11(1 - Pn)A-1 BII---t ° as n ---t 00 

from Lemma 11.1.4 in Subsection 11.1.3 of Chapter 11. Then by standard 
arguments, the existence of(1 +A-1 B)-l implies that of (1 + PnA-1B)-1, 
for all sufficiently large n. This is simply a repetition of the general argu
ment given in Theorem 11.1.2, in Subsection 11.1.3. From (11.1.24) of that 
theorem, 

(12.3.14) 

where 11·110 is the norm for HO(211') == L2(O, 211'). For more detailed bounds 
on the rate of convergence, apply Theorem 6.5.7 of Section 6.5, obtaining 

(12.3.15) 

for any q > O. 
A fully discretized variant of (12.3.13) is given in [13, p. 351]' including 

numerical examples. 

Exercise 12.3.1 Let k be a non-negative integer. Solve the integral 
equation 

-~ 1027r 
cp(s) log 12e-! sin (t; s) I ds = cos(kt), ° ~ t ~ 211'. 

Exercise 12.3.2 Obtain an explicit formula for the function b( t, s) when 
the boundary S is the ellipse of (12.2.36). Simplify it as much as possible. 

Suggestion for Further Readings 
Parts of this chapter are modifications of portions of ATKINSON [13, 

Chap. 7]. Chapters 7-9 of the latter contain a more complete and exten
sive introduction to boundary integral equation reformulations and their 
numerical solution, again for only Laplace's equation; and a very large set 
of references are given there. More complete introductions to boundary in
tegral equations and their analysis can be found in KRESS [100], MIKHLIN 
[119], and POGORZELSKI [130]. From the perspective of applications ofBIE, 
see JASWON AND SYMM [83], McLEAN [115], and POZRIKIDIS [131]. 
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A comprehensive survey of numerical methods for planar BIE of both the 
first and second kinds is given by SLOAN [148]. An important approach to 
the study and solution of BIE, one that we have omitted here, is to regard 
BlEs as strongly elliptic pseudo-differential operator equations between 
suitably chosen Sobolev spaces. Doing such, we can apply Galerkin and 
finite-element methods to the BIE, in much the manner of Chapters 8 and 
9. There is no other numerical method known for solving and analyzing 
some BIEs. As important examples of this work, see WENDLAND [163]
[165] and ARNOLD AND WENDLAND [5]. An introduction is given in [13, 
Section 7.4]. 
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